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PREFACE 

The  alterations  in  the  text  in  this  revision  consist  of  verbal 
changes  in  the  details  of  some  of  the  proofs  and  discussions,  and  in 
the  addition  of  a  chapter  on  Hyperbolic  Functions.  This  chapter 
has  been  written  with  the  same  attention  to  clearness  and  com- 
pleteness that  marks  all  other  sections  of  the  book.  Also,  cylindrical 
coordinates  have  been  employed  to  broaden  the  applications  of 
double  integration. 

The  problems  have  in  general  been  completely  revised,  and  in 
some  respects  their  appeal  and  interest  have  been  increased.  Some 
applications  to  the  mathematics  of  economics  will  be  found  in  the 
problems. 

Additional  problems  for  the  use  of  superior  students  have  been 
added  at  the  end  of  most  chapters. 

Answers  to  a  good  many  of  the  problems  are  given  in  the  text. 
Some  of  the  answers  are  purposely  omitted  in  order  to  give  the 
student  greater  self-reliance  in  checking  his  work.  Teachers  who 
desire  answers  to  the  other  problems  should  communicate  with  the 
publishers. 

The  labor  of  the  authors  will  be  amply  repaid  if  this  revised  edition 
meets  with  the  generous  and  well-nigh  universal  favor  accorded  Gran- 
ville's  Calculus  since  its  first  appearance. 

PERCEY  F.  SMITH 
WILLIAM  R.  LONGLEY 
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DIFFERENTIAL  CALCULUS 

CHAPTER  I 
COLLECTION  OF  FORMULAS 

1.  Formulas  from  elementary  algebra  and  geometry.  For  the  con- 

venience of  the  student  we  give  in  Arts.  1-4  the  following  lists  of 
formulas.    We  begin  with  algebra. 

(1)  Quadratic  Ax2  +  Bx  +  C  =  0. 

"Solution.  1.  By  factoring  :  Factor  Ax2  -f  Bx  +  C,  set  each  factor  equal 
to  zero,  and  solve  for  x. 

2.  By  completing  the  square  :   Transpose  C,  divide  by  the  coefficient 
of  x2,  add  to  both  members  the  square  of  half  the  coefficient  of  x,  and 
extract  the  square  root.  _  ,      /—  -  -  .    ,•- 

3.  By  the  formula       x  =  ~  *  ±  V*2  -_4jLC. 

&   JTX 

Nature  of  the  roots.  The  expression  B2  —  4  AC  beneath  the  radical  in 
the  formula  is  called  the  discriminant.  The  two  roots  are  real  and  unequal, 
real  and  equal,  or  imaginary,  according  as  the  discriminant  is  positive, 
zero,  or  negative. 

(2)  Logarithms 


log  ab  =  log  a  4-  log  b. 

log  f  =  log  o  -  log  6. 
b 

(3)  Binomial  theorem  (n  being 

(a  +  6)"  =  an  +  wan  -1  &  +  W^~ 
|2 

log  a™  =  n  log  a. 

log  Va  =  -  log  a. 
w 

a  positive  integer) 

log  1  =  0. 
loga  a  =  1, 

1-2}      _      3 

/     /f  71  —  »  .•% 

+            [3 

O\ 

(4)  Factorial  numbers.  nl  =  \n 

=  1.2.8.4-..(i 

1  —  1)W. 

. 


In  the  following  formulas  from  elementary  geometry,  r  or  R 

denotes  rarlins.  n.  flltitnrlp     E  area,  of  V»a.sp.  anrl  s  sla.nt 


(7)  Prism.   Volume  =  Ba. 

(8)  Pyramid.    Volume  =  f  Ba. 

(9)  Sight  circular  cylinder.   Volume  =  irr2a.   Lateral  surface  =  2  irra. 
Total  surface  =  2  Trr(r  +  a). 

(10)  Right    circular   cone.    Volume  =  \  Trr2a.     Lateral   surface  =  TITS. 
Total  surface  =  irr(r  +  s). 

(11)  Sphere.   Volume  =  |-  irrz.   Surface  =  4  irr2. 

(12)  Frustum  of  a  right  circular  cone.    Volume  =  f-  ira(R2  +  r2  +  Rr). 
Lateral  surface  =  irs(R  +  r~). 

2.  Formulas  from  plane  trigonometry.  Many  of  the  following  for- 
mulas will  be  found  useful. 

(1)  Measurement  of  angles.  There  are  two  common  methods  of  measur- 
ing angular  magnitude ;  that  is,  there  are  two  unit  angles. 

Degree  measure.  The  unit  angle  is  g-|  „•  of  a  complete  revolution  and  is 
called  a  degree. 

Circular  measure.  The  unit  angle  is  an  angle  whose  subtending  arc  is 
equal  to  the  radius  of  that  arc,  and  is  called  a  radian. 

The  relation  between  the  unit  angles  is  given  by  the  equation 

180  degrees  =  T  radians  (TT  =  3.14159  •  •  •)» 
the  solution  of  which  gives 


7T 


1  degree  =  -^=0.0174 

loU 


180 
radian  ;  1  radian  =  -  =  57.29  •  •  •  degrees. 

7T 


arc 


From  the  above  definition  we  have 

Number  of  radians  in  an  angle  = 

radius 

These  equations  enable  us  to  change  from  one  measurement  to  another. 
(2)  Relations 

I.....          1     .   ..  1 


ctn  x  ~ 


tan  x  = 


tana;' 
sin  x 


cos  or 


esc  x  = 


sin  a; 


etna;  = 


cos  x '  sin 

sin2  x  -f  cos2  x  =  1 ;  1  +  tan2  x  =  sec2  x ;  1  +  ctn2  x  =  esc2  x. 
(3)  Formulas  for  reducing  angles 


Angle 

Sine 

Cosine 

Tangent 

Cotangent 

Secant 

Cosecant 

-—  •  iC 

—  sin  x 

cos  x 

—  tan  x 

—  ctn  x 

sec  x 

—  esc  a; 

90°  -x 

cos  a 

sin  x 

etna; 

tana; 

CSC  X 

sec  a; 

90°  +  x 

cos  a: 

—  sin  x 

—  ctn  x 

—  tana; 

—  CSC  X 

sees; 

180°  -  x 

sin  x 

—  cos  re 

—  tan  x 

—  ctn.  x 

—  sec  x 

esc  a; 

180°  +  x 

—  sin  x 

—  cos  a; 

tancc 

ctn  x 

—  sec  x 

—  csc  a; 

270°  -  x 

—  coscc 

—  sin  x 

ctn  x 

tan  x 

—  CSC  X 

—  sec  a; 

270°  +  x 

QCrtO          „ 

—  cos  a; 

sin  x 

—  ctn  x 

—  tan  x 

CSC  X 

—  sec  a: 

cos  (x  +  y)  =  cos  x  cos  y  —  sin  x  sin  y. 
cos  (x  —  y)  =  cos  x  cos  ?/  +  sin  x  sin  ?/. 

*  ~  tan 


tan  (x  -  y)  = 

v        "} 


1  , 

v        y;      1  -  tan  x  tan  T/  v        "}      1  +  tan  a;  tan  y 

(5)  Functions  of  2  x  and  |  x 

sin  2  x  =  2  sin  x  cos  x  ;  cos  2  x  =  cos2  a;  —  sin2  x  ;  tan  2  x  —         arix 


1  —  tan2  x 

mnx  —  +     ft  -  cos  a;  .  „._:»_         /I  +  cos  x  .  foy,a;_  ,       /I  -  cos  x 

sin  ;r  —  ±  -«  /  -  -  -  ;  cos  -  —  ±  ,  /  -  -  -  ;  tan  -  =  ±  A  /-  —  •  -  • 

2  \        2  2  \        2  2  \l  +  cosa; 


sin 


=  ?  ~  "2"  cos  2  x ',  cos2  x  =  f  -f  J  cos  2  a;. 
(6)  Addition  theorems 

sin  a;  +  sin  ?/  =  2  sin  |  (x  +  #)  cos  ^(x  —  y). 
sin  a;  —  sin  y  =  2  cos  \(x  +  y)  sin  \ (x  —  y). 
cos  x  +  cos  ?/  —  2  cos  -5(3;  +  ?/)  cos  f  (a;  —  ^/). 
cos  a;  —  cos  y  =  —  2  sin  -j(a;  -1-  ?/)  sin  ^(x  ~  y). 

(7)  Relations  for  any  triangle 

r         ,    .  a  b  c 

Law  of  sines.  —. — -  =  — — -  —  — — -• 

sm  A      sm  B      sin  C 

Law  of  cosines.  a2  =  b2  +  c2  —  2  be  cos  A. 

Formulas  for  area.  K  —  ^bc  sin  A. 

_  \  a2  sin  B  sin  C 
~     sin  (B  +  C) 

K  =  Vs(s-  a)(s-  6)(s  —  c),    where    s  =  |(o  +  6  +  c). 

3.  Formulas  from  plane  analytic  geometry.  The  more  important  for- 
mulas are  given  in  the  following  list. 

(1)  Distance  between  two  points  PI(XI,  z/i)  and  Pz(x2,  yz) 
d  = 


Slope  of  PiP2. 

Xi 


Midpoint.  x  —  \(x\  +  %),     y  =  %(yi  + 

(2)  Angle  between  two  lines 


(For  parallel  lines,  mi  =  m2  ;  for  perpendicular  lines,  miTW2  =  —  1.) 


Point-slope  form.  y  —  yi  =  m(x  —  zi). 

Slope-intercept  form.  y  =  mx  +  b. 

Two-point  form.  -  —  —  =  —  —  —  • 

X  —  Xi         Xz  —  Xi 

Intercept  form.  -  -f  7  =  1. 

a      o 

(4)  Perpendicular  distance  from  the  line  Ax  +  By  +  C  =  0  to 

__  AXI  +  Byi  +  C^ 


±  VA2  +  B2 

(5)  Relations  between  rectangular  and  polar  coordinates 

x  =  p  cos  6,    y  =  p  sin  6,     p  =  Vcc2  +  y2,     d  =  arc  tan  -• 

3/ 

(6)  Equation  of  the  circle 

Center  (h,  fc).  (x  -  h~)2  +  (y  -  k)2  =  rz. 

(7)  Equations  of  the  parabola 

Vertex  the  origin.  y2  =  2  pa;,  focus  (^  p,  0). 

x2  =  2  p?/,  focus  (0,  |  p). 

Verto  (h,  k).          (y  —  k)2  =  2  p(x  —  h),  axis  y  =  k. 
(x  —  h~)2  =  2  p(y  —  k),  axis  x  =  h. 
Axis  the  y-axis.  y  =  Ax2  +  C. 

(8)  Equations  of  other  curves 

Ellipse  with  center  at  the  origin  and  with  foci  on  the  x-axis.  (a  >  &) 


62 

Hyperbola  with  center  at  the  origin  and  with  foci  on  the  x-axis. 

2f_K?  =  1 
a2      62 

Equilateral  hyperbola  with  center  at  the  origin  and  with  the  co'drdit 
axes  for  asymptotes. 

xy-  C. 
See  also  Chapter  XXVI. 

4.  Formulas  from  solid  analytic  geometry.  Some  of  the  more  imp 
tant  formulas  are  given. 

(1)  Distance  between  PI(XI,  yi,  zi)  and  PZ(XZ,  yz,  z%) 

d  =  Vaa  -  X22  +     i  -   22  +  21  -  z22. 


(2)  Straight  line 

Direction  cosines  :  cos  a,  cos  j3,  cos  7. 

Direction  numbers  :  a,  b,  c. 

cos  a  _  cos  /3  _  cos 


Then 


a  b  c 

cos2  a.  +  cos2  P  +  cos2  7  =  1. 
a 


cos  a:  = 


cos  p  = 


Vtf  + 
b 


cos  7  = 


=t  Va2  +  b2  +  c2 
c 


±  Va2  +  b2  +  c2 
For  the  line  joining  (xi,  yi,  zi)  and  (x2,  2/2,  22) 
cos  a  _   cos  J3  _  cos  7 

£2  -  xi  ~  7/2  -  y\  ~  22  ~  zi 
(3)  Two  lines 

Direction  cosines  :  cos  a,  cos  /?,  cos  7  ;  cos  ce',  cos  (3',  cos  7'. 
Direction  numbers  :  a,b,c;  a',  &',  c'. 
If.  d  =  angle  between  the  lines, 

cos  0  =  cos  a  cos  ce'  -f  cos  /?  cos  /9'  +  cos  7  cos  7',    ' 
aa'  +  W  +  cc' 


cos 


Va2  +  b2  +  c2  Va'2  +  b'2  +  c'2 


Parallel  lines.  . 

a'      b'      c' 

Perpendicular  lines.        aa'  +  bb'  4-  cc'  =  0. 

(4)  Equations  of  the  straight  line  with  direction  numbers  a,  &,  c  pass- 
ng  through  (xi,  yi,  zi) 

a;-  a?i  __  y  —  yi  _  z-  zv 
a  b  c 

(5)  Plane.  For  the  plane  Ax  +  By  +  Cz  +  D  =  0  the  coefficients  A,  B,  C 
,re  the  direction  numbers  of  a  line  perpendicular  to  the  plane. 

Equation  of  a  plane  passing  through  (xi,  y\,  z\)  and  perpendicular  to  the 
ine  with  direction  numbers  A,  B,  C. 

A(x-  a*)  +  B(y  -  #i)  +  C(z  -  21)  =  0. 

(6)  Two  planes 

Equations  :  Ax  +  By  +  Cz  +  D  =  0, 

A'x  +  B'y  +  C'z  +  D'  =  0. 

Direction  numbers  of  the  line  of  intersection  : 


If  6  =  angle  between  the  planes,  then 


cos  0 


AA'  +  BB'  4-  CC' 


B'2  +  C'2 


(7)  Cylindrical  coordinates.*   The  distance  z  of  a  point  P(z, 
the  .XT-plane  and  the  polar  coordinates  (p,  6)  of 
its  projection  (a;,  y,  0)  on  the  XT-plane  are  called 
the  cylindrical  coordinates  of  P.    The  cylindrical 
coordinates  of  P  are  written  (p,  9,  0). 

If  the  rectangular  coordinates  of  P  are  x,  y,  z, 
then,  from  the  definitions  and  the  figure,  we  have 


2)  from 


x  —  p  cos 


y2 


y  —  p  sin 

6  =  arc  tan  ^- 
x 


Z  —  Z', 


(8)  Spherical  coordinates.*  The  radius  vec- 
tor r  of  a  point  P,  the  angle  0  between  OP  and 
the  z-axis,  and  the  angle  8  between  the  projec- 
tion of  OP  on  the  XT-plane  and  the  aj-axis  are 
called  the  spherical  coordinates  of  P.  0  is  called 
the  colatitude  and  9  the  longitude.  The  spherical 
coordinates  of  P  are  written  (r,  0,  0). 

If  the  rectangular  coordinates  of  P  are  x,  y,  z, 
then,  from  the  definitions  and  the  figure,  we  have 

x  —  r  sin  0  cos  9,     y  =  r  sin  0  sin  6,     z  =  r  cos  0 ; 


r 2  =  x2  +  y2  +  z 

5.  Greek  alphabet 

LETTERS    NAMES 
A  a     Alpha 


=  arc  tan  -» 


=  arc  tan 


B   p 

r  7 

A  S 
E    e 

z  r 

H    7J 

e  e 

Beta 
Gamma 
Delta 
Epsilon 
Zeta 
Eta 
Theta 

LETTERS 

NAMES 

I     i 

Iota 

K     K 

Kappa 

A   X 

Lambda 

M  ft 

Mu 

N   v 

Nu 

%  £ 

Xi 

0   o 

Omicron 

n  TT 

Pi 

LETTERS    NAMES 
P  p     Rho 
S  o-  s  Sigma 

Tau 

Upsilon 

Phi 

Chi 

Psi 

Omega 


T  T 

T  y 

$  0 

X  x 


*  For  a  discussion  of  cylindrical  and  spherical  coordinates  see  Smith,   Gale,   and 
Neelley's  "New  Analytic  Geometry,  Eevised  Edition"  (Ginn  and  Company),  pp.  320-322. 


CHAPTER  II 

VARIABLES,  FUNCTIONS,  AND  LIMITS 

6.  Variables  and  constants.  A  variable  is  a  quantity  to  which  an 
unlimited  number  of  values  can  be  assigned  in  an  investigation. 
Variables  are  denoted  usually  by  the  later  letters  of  the  alphabet. 

A  quantity  whose  value  is  fixed  in  any  investigation  is  called  a 
constant. 

Numerical  or  absolute  constants  retain  the  same  values  in  all  prob- 
lems; as  2,  5,  Vr,  TT,  etc. 

Arbitrary  constants  are  constants  to  which  numerical  values  may 
be  assigned,  and  they  retain  these  assigned  values  throughout  the 
investigation.  They  are  usually  denoted  by  the  earlier  letters  of 
the  alphabet. 

Thus,  in  the  equation  of  a  straight  line, 


a 

x  and  y  are  the  variable  coordinates  of  a  point  moving  along  the 
line,  while  the  arbitrary  constants  a  and  b  are  the  intercepts,  for 
which  definite  values  are  assumed. 

The  numerical  (or  absolute)  value  of  a  constant  a,  as  distinguished 
from  its  algebraic  value,  is  represented  by  |o|.  Thus,  |—  2|  =  2  =  |2|. 
The  symbol  \a\  is  read  "the  numerical  value  of  a." 

7.  Interval  of  a  variable.  Very  often  we  confine  ourselves  to  a  por- 
tion only  of  the  number  system.   For  example,  we  may  restrict  our 
variable  so  that  it  shall  take  on  only  values  lying  between  a  and  6. 
Also,  a  and  b  may  be  included,  or  either  or  both  excluded.  We  shall 
employ  the  symbol  [a,  b],  a  being  less  than  6,  to  represent  the  num- 
bers a,  b,  and  all  the  numbers  between  them,  unless  otherwise  stated. 
This  symbol  [a,  b]  is  read  "the  interval  from  a  to  b." 

8.  Continuous  variation.  A  variable  x  is  said  to  vary  continuously 
through  an  interval  [a,  b]  when  x  increases  from  the  value  a  to  the 
value  6  in  such  a  manner  as  to  assume  all  values  between  a  and  b 
in  the  order  of  their  magnitudes,'  or  when  x  decreases  from  x  —  b  to 
x  =  a,  assuming  in  succession  all  intermediate  values.  This  may  be 

sin-w  Viv  flip  r\ift.0ram  nn  na^fi  8. 


The  origin  being  at  0,  lay  off  on  the  straight  line  the  points  A 
and  B  corresponding  to  the  numbers  a  and  b.  Also,  let  the  point 
P  correspond  to  a  particular 

value   of  the  variable  x.   Evi-     g -| "§" ^ 

dently  the  interval  [a,  6]  is  rep- 
resented by  the  segment  AB.    As  x  varies  continuously  through 
the  interval  [a,  b],  the  point  P  generates  the  segment  AB  when  x 
increases,  or  the  segment  BA  when  x  decreases. 

9.  Functions.  When  two  variables  are  so  related  that  the  value  of 
the  first  variable  is  determined  when  the  value  of  the  second  variable 
is  given,  then  the  first  variable  is  said  to  be  a  function  of  the  second. 

Nearly  all  scientific  problems  deal  with  quantities  and  relations  of 
this  sort,  and  in  the  experiences  of  everyday  life  we  are  continually 
meeting  conditions  illustrating  the  dependence  of  one  quantity  on 
another.  For  instance,  the  weight  a  man  is  able  to  lift  depends  on 
his  strength,  other  things  being  equal.  Similarly,  the  distance  a  boy 
can  run  may  be  considered  as  depending  on  the  time.  Or  we  may 
say  that  the  area  of  a  square  is  a  function  of  the  length  of  a  side,  and 
the  volume  of  a  sphere  is  a  function  of  its  diameter. 

10.  Independent  and  dependent  variables.   The  second  variable,  to 
which  values  may  be  assigned  at  pleasure  within  limits  depending 
on  the  particular  problem,  is  called  the  independent  variable,  or 
argument;  and  the  first  variable,  whose  value  is  determined  when 
the  value  of  the  independent  variable  is  given,  is  called  the  dependent 
variable,  or  function. 

Frequently,  when  we  are  considering  two  related  variables,  it  is 
in  our  power  to  fix  upon  either  as  the  independent  variable;  but 
having  once  made  the  choice,  no  change  of  independent  variable  is 
allowed  without  certain  precautions  and  transformations.  For  ex- 
ample, the  area  of  a  square  is  a  function  of  the  length  of  its  side. 
Conversely,  the  length  of  a  side  is  a  function  of  the  area. 

11.  Notation  of  functions.  The  symbol /(ic)  is  used  to  denote  a  func- 
tion of  x,  and  is  read  /  of  x.  In  order  to  distinguish  between  different 
functions,  the  prefixed  letter  is  changed,  as  F(x},  <J>(x),  /'(&),  etc. 

During  any  investigation  a  functional  symbol  indicates  the  same 
law  of  dependence  of  the  function  upon  the  variable.  In  the  simpler 
cases  this  law  takes  the  form  of  a  series  of  analytical  operations  upon 
the  variable.  Hence,  in  such  a  case,  the  functional  symbol  will  indicate 
the  same  operations  or  series  of  operations  applied  to  different  values 
of  the  variable.  Thus,  if 

f(x)  =x2-9x  +  U, 

then  /fo)=02-  9  #4-14. 


Also     /(&  +  !)  = 

/(0)=02- 
/(-  1)  =  (-  1)2  ~  9(-  1)  +  14  =  24, 
/(3)  =  32  -  9  •  3  +  14  =  -  4. 

12.  Division  by  zero  excluded.  The  quotient  of  two  numbers  a  and 
&  is  a  number  x  such  that  a  =  bx.  Obviously,  division  by  zero  is 
ruled  out  by  this  definition.  For  if  6  =  0,  and  we  recall  that  any 
number  times  zero  equals  zero,  we  see  that  x  does  not  exist  unless 
a  =  0.  But,  in  this  case,  x  may  be  any  number  whatever.  The  forms 

a     0 
0'    0' 
are,  therefore,  meaningless. 

Care  should  be  taken  not  to  divide  by  zero  inadvertently.  The  fol= 
lowing  fallacy  is  an  illustration. 

Assume  that  a  =  6. 

Then,  evidently,  ab  =  a2. 

Subtracting  &2,  ab  -  &2  =  a2  -  62. 

Factoring,  6  (a  —  6)  =  (a  +  5)  (a  —  &). 

Dividing  by  a  —  6,  6  =  a  +  6. 

But  a  =  6; 

therefore  6  =  26, 

or  1  =  2. 

The  absurd  result  is  due  to  the  fact  that  we  divided  by  a  —  6  =  (X, 

PROBLEMS 

1.  Given  /(z)  =  x3  -  5  x2  -  4  x  +  20,  show  that 

/(I)  =  12,    /(5)  =  0,    /(0)  =  -2/(3),    /(7)  =  5/(-l). 

2.  If  /(a)  =  4  ~  2  x2  +  x*,  find  /(O),  /(I),  /(-  1),  /(2),  /(-  2). 

3.  If  J?(0)  =  sin  2  d  +  cos  0,  find  F(0),  F(%  IT},  F(ir). 

4.  Given  /(x)  =  x3  -  5  x2  -  4  x  +  20,  show  that 

f(t+l)=P-2t2-nt  +  12. 

5.  Given  f(y)  =  y2  -  2  y  +  6,  show  that 

f(y  +  k)  =  y2  —  2  y  +  6  +  2(y  —  1)7&  +  ft2. 

6.  Given  /(a;)  =  #3  +  3  x,  show  that 

•/V/y»       1        jrt  \      __„„     "/Vo^     — —     Q  |  0*2        1        "t    1  w     — L    X    T*O  *     —I—     W" 
/  V*v      |^   /fr/    ^^    /  l*v*y    ™~    <J  ^»v       ^^    A.  jlv      \^    v    «v/v       n      '  t*    • 

7.  Given  /(cc)  =  ->  show  that  /(x  +  h]  —  f(x]  = 2        ,  • 


10.  Given  <p(x)  —  log       •     >  snow  that 


11.  Given  f(x)  =  sin  x,  show  that 

f(x  +  2h)  -  f(x)  =  2  cos  (x  +  h)  sin  h. 
HINT.  Use  (6),  p.  3. 

13.  Graph  of  a  function;  continuity.    Consider  the  function  x2, 
and  let 

/  -4    \  f) 

(1)  y  =  x2. 

This  relation  gives  a  value  of  y  for  any  value  of  x ; 
that  is,  y  is  defined  by  (1)  for  all  values  of  the  inde- 
pendent variable.   The  locus  of  (1),  a  parabola  (see 
figure),  is  called  the  graph  of  the  function  x2.   If  x 
varies  continuously  (Art.  8)  from  x  =  a  to  x  —  b,  then 
y  will  vary  continuously  from  y  =  a2  to  y  =  b2,  and 
the  point  P(x,  y}  will  move  continuously  along  the  graph  from  the 
point  (a,  a2)  to  (6,  &2).  Also,  a  and  b  may  have  any  values.  We  then 
say,  "the  function  x2  is  continuous  for  all 
values  of  x." 

Consider  the  function  -,  and  let 
x 


(2) 


This  equation  gives  a  value  of  y  for  any 
value  of  x  except  x  =  0  (Art.  12).   Fora:  =  0 
the  function  is  not  defined.  The  graph,  the  locus 
of  (2),  is  an  equilateral  hyperbola  (see  figure).    If  x  increases  con- 
tinuously through  any  interval  [a,  b]  which  does  not  include  x  =  0, 

then  y  will  decrease  continuously  from  -  to  ~>  and  the  point  P(x,  y} 

a      b  '     1\    /     1 


will  trace  the  graph  between  the  corresponding  points  ( a,  - )  i  ( 6,  r 

^  \  Ql/  \  0: 

Then  we  say,  "the  function  -  is  continuous  for  all  values  of  x  except 

x 

x  =  0."  There  is  no  point  on  the  graph  for  x  =  0. 

These  examples  illustrate  the  concept  of  continuity  of  a  function. 
A  definition  is  given  in  Art.  17. 

14.  Limit  of  a  variable.  The  idea  of  a  variable  approaching  a  limit 
occurs  in  elementary  geometry  in  establishing  a  formula  for  the  area 
of  a  circle.  The  area  of  a,  regular  inscribed  polygon  with  any  number 
of  sides  n  is  considered,  and  n  is  then  assumed  to  increase  indefinitely. 
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The  variable  area  then  approaches  a  limit,  and  this  limit  is  defined 
as  the  area  of  the  circle.  In  this  case  the  variable  v  (the  area)  in- 
creases constantly,  and  the  difference  a  —  v,  where  a  is  the  area  of 
the  circle,  diminishes  and  ultimately  becomes  less  than  any  preas- 
signed  number,  however  small. 

The  relation  illustrated  is  made  precise  by  the 

DEFINITION.  The  variable  v  is  said  to  approach  the  constant  I  as 
a  limit  when  the  successive  values  of  u  are  such  that  the  numerical 
value  of  the  difference  v  —  I  ultimately  becomes  and  remains  less 
than  any  preassigned  positive  number,  however  small. 

The  relation  defined  is  written  lim  v  =  l.  For  convenience,  we  shall 
use  the  notation  v  —*l,  read,  "v  approaches  I  as  a  limit,"  or,  more 
briefly,  "v  approaches  1."  (Some  authors  use  the  notation  v  =  I.) 

ILLUSTRATIVE  EXAMPLE.  Let  the  values  of  v  be 


without  end.  Then,  obviously,  lim  v  =  2,  or  v  —  »  2. 

If  we  mark  on  a  straight  line,  'as  in  Art.  8,  the  point  L  correspond- 
ing to  the  limit  I,  and  from  L  lay  off  on  each  side  a  length  e,  however 
small,  then  the  points  determined  by  v  will  ultimately  all  lie  within 
the  segment  corresponding  to  the  interval  [I  —  e,  I  +  e]. 

15.  Limiting  value  of  a  function.  In  applications,  the  situation  that 
usually  arises  is  this.  We  have  a  variable  v,  and  a  given  function  z 
of  v.  The  independent  variable  v  assumes  values  such  that  v-*l. 
We  then  have  to  examine  the  values  of  the  dependent  variable  z, 
and,  in  particular,  determine  if  z  approaches  a  limit.  If  there  is  a 
constant  a  such  that  lim  z  =  a,  then  the  relation  described  is  written 

lim  z  =  a, 

»->  i 

read,  "the  limit  of  z,  as  v  approaches  Z,  is  a." 

13.  Theorems  on  limits.  In  calculating  the  limiting  value  of  a  func- 
tion, the  following  theorems  may  be  applied.  Proofs  are  given-  in  Art.  20. 

Suppose  u,  v,  and  w  are  functions  of  a  variable  x,  and  suppose  that 
lim  u  =  A,  lim  v  =  B,  lim  w  =  C, 

x-+  a  x-f  a  *-»  a 

Then  the  following  relations  hold. 

(1)  lim  (u  +  v  -  w)  =  A  -f  B  -  C. 

x-»  a 

(2)  lim  (uvw)  =  ABC. 


of  a  quotient  is  equal,  respectively,  to  the  same  algebraic  sum,  product, 
or  quotient  of  the  respective  limits,  provided,  in  the  last  named,  that  the 
limit  of  the  denominator  is  not  zero. 

If  c  is  a  constant  (independent  of  x)  and  B  is  not  zero,  then,  from 
the  above, 

c      c 

(4)       Km  (u  -\-  c)  =  A  +  c,      lim  cu  =  cA,     lim  -  =  —  • 

a;->  c  x->  a  x->  a  V        JD 

Consider  some  examples. 

1.  Prove  lim  (x2  +  4  x)  -  12. 

x->2 

Solution.  The  given  function  is  the  sum  of  x2  and  4  x.   We  first  find  the  limit- 
ing values  of  these  two  functions.   By  (2), 

lim  x2  =  4,  since  x2  =  x  •  x. 

x->2 

By  (4),  lim  4  x  =  4  lim  x  -  8. 

X-^Z  x-*2 

Hence,  by  (1),  the  answer  is  4  +  8  =  12. 

2.  Prove  lim  t-^jf-  =  -  f  • 

s^zz  +  2  4 

Solution.  Considering  the  numerator,  lim  (z2  —  9)  =  —  5,  by  (2)  and  (4).   For 

3->2 

the  denominator,  lim  (z  +  2)  =  4.  Hence,  by  (B),  we  have  the  required  result. 

z-»2 

17.  Continuous  and  discontinuous  functions.   In  Ex.  1  of  the  pre- 
ceding article,  where  it  was  shown  that 

lim  (x2  +  4  x)  =  12, 

z-»2 

we  observe  that  the  answer  is  the  value  of  the  function  for  x  =  2. 
That  is,  the  limiting  value  of  the  function  when  x  approaches  2  as  a 
limit  is  equal  to  the  value  of  the  function  for  x  =  2.  The  function  is 
said  to  be  continuous  for  x  =  2.  The  general  definition  is  as  follows. 
DEFINITION.  A  function  /(x)  is  said  to  be  continuous  for  x  =  a  if 
the  limiting  value  of  the  function  when  x  approaches  a  as  a  limit  is 
the  value  assigned  to  the  function  for  x  =  a.  In  symbols,  if 


then  f(x]  is  continuous  for  x  =  a. 

The  function  is  said  to  be  discontinuous  for  x=  aif  this  condition 
is  not  satisfied. 

Attention  is  called  to  the  following  two  cases  of  common  oc- 
currence. 


For  x  —  1,  /(x)  =  /(I)  =  3.  Moreover,  if  x  approaches  1  as  a  limit, 
the  function  /(x)  approaches  3  as  a  limit  (Art.  16).  Hence  the 
function  is  continuous  for  x  =  1. 

CASE  II.  The  definition  of  a  continuous  function  assumes  that 
the  function  is  already  defined  for  x  =  a.  If  this  is  not  the  case,  how- 
ever, it  is  sometimes  possible  to  assign  such  a  value  to  the  function 
for  x  =  a  that  the  condition  of  continuity  shall  be  satisfied.  The 
following  theorem  covers  these  cases. 

Theorem.  ///(«)  is  not  defined  for  x  —  a,  and  if 

lim /(*)=*, 

x— *  Q 

then  /(x)  will  be  continuous  for  x  =  a  if  B  is  assumed  as  the  value  of 
f(x)  for  x  =  a. 

O  A 

Thus,  the  function  x  ~ 

x  —  2 

is  not  defined  for  x  =  2  (since  then  there  would  be  division  by  zero). 
But  for  every  other  value  of  x, 

x2  —  4_      ,  Q. 
jc  — 2  ~  ' 

and  Km  (x  +  2)  =  4; 

x->2 

2  A 

„_-,  A 

therefore  Km  - — -^  —  4. 

x-2  X  —  2 

Although  the  function  is  not  defined  for  x  =  2,  if  we  arbitrarily  as- 
sign to  it  the  value  4  for  x  =  2,  it  becomes  continuous  for  this  value. 

A  function  /(x)  is  said  to  be  continuous  in  an  interval  when  it  is 
continuous  for  all  values  of  x  in  this  interval.* 

In  the  calculus  we  have  to  calculate  frequently  the  limiting  value 
of  a  function  of  a  variable  v  when  v  approaches  as  a  limit  a  value  a 
lying  in  an  interval  in  which  the  function  is  continuous.  This  limit- 
ing value  is  the  value  of  the  function  for  v  =  a. 

18.  Infinity  (oo  ).  If  the  numerical  value  of  a  variable  v  ultimately 
becomes  and  remains  greater  than  any  preassigned  positive  number, 

*  In  this  book  we  shall  deal  only  with  functions  which  are  in  general  continuous,  that  is, 
continuous  for  all  values  of  x,  with  the  possible  exception  of  certain  isolated  values,  our 
results  in  general  being  understood  as  valid  only  for  those  values  of  x  for  which  the  function 
in  question  is  actually  continuous. 


however  large,  we  say  v  becomes  infinite.  If  v  takes  on  only  positive 
values,  it  becomes  positively  infinite;  if  negative  values  only,  it 
becomes  negatively  infinite.  The  notation  used  for  the  three  cases  is 

lirn  v  —  oo,        lim  v  =  +  oo ,        lim  v  =  —  oo . 

In  these  cases  v  does  not  approach  a  limit  as  defined  in  Art.  14.  The 
notation  lim  v  =  oo,  or  v  — >  oo,  must  be  read  u  v  becomes  infinite/' 
and  not  "  v  approaches  infinity."  * 
We  may  now  write,  for  example, 

lim  -  =  oo. 

JB-OiC 

meaning  that  -  becomes  infinite  when  x  approaches  zero.  • 
x 

Referring  to  Art.  17,  it  appears  that  if 

lim/(X)  =  00, 

K-»  a 

that  is,  if  f(x)  becomes  infinite  as  x  approaches  a  as  a  limit,  then 
f(x]  is  discontinuous  for  x  —  a. 

A  function  may  have  a  limiting  value  when  the  independent 
variable  becomes  infinite.  For  example, 

lim  i  =  0. 

#-»  05   X 

And,  in  general,  if  f(x)  approaches  the  constant  value  A  as  a  limit 
when  x  — » oo,  we  use  the  notation  of  Art.  17  and  write 

lim  f(x)  =  A. 

«-»  00 

Certain  special  limits  occur  frequently.  These  are  given  below.  The 
constant  c  is  not  zero. 

Written  in  the  form  of  limits  Abbreviated  form  often  used 

(1)  lim -  =  oo.  £=oo. 

s-00  0 

(2)  lim  cv  =  oo.  c  •  oo  =  oo. 

*-»  co 
/o\  v       V  OO 

(3)  lim -  =  oo.  —  =  oo. 

»-» oo  C  C 

(4)  lim-  =  0.  -  =  0. 

P-.OO  V  00 

*  On  account  of  the  notation  used  and  for  the  sake  of  uniformity,  the  expression 
r  — *  +  °o  is  sometimes  read  "  v  approaches  the  limit  plus  infinity."  Similarly,  v  — »  —  oo  is 
read  "v  approaches  the  limit  minus  infinity,"  and  v  — >  eo  is  read  "v,  in  numerical  value, 
approaches  the  limit  infinity." 

This  phraseology  is  convenient,  but  the  student  must  not  forget  that  infinity  is  not  a 
limit,  for  infinity  is  not  a  number  at  all. 


These  special  limits  are  useful  in  finding  the  limiting  value  of  the 
quotient  of  two  polynomials  when  the  variable  becomes  infinite. 
The  following  example  will  illustrate  the  method. 

ILLUSTRATIVE  EXAMPLE.  Prove  lim  2  x*  ~3a?2  +  4  __  2 

x->a>  5x~X2  -  7  X3  1 

Solution.  Divide  numerator  and  denominator  by  x3,  the  highest  power  of  x 
present  in  either.  Then  we  have 


lim 


X2       X 


The  limit  of  each  term  in  numerator  or  denominator  containing  x  is  zero,  by  (4). 
Hence,  by  (1)  and  (3)  of  Art.  16  we  obtain  the  answer.  In  any  similar  case  the 
first  step  is  therefore  as  follows. 

Divide  both  numerator  and  denominator  by  the  highest  power  of  the  variable 
occurring  in  either. 

If  u  and  v  are  functions  of  x,  and  if 

lim  u  =  A,    lim  v  =  0, 

x 

and  if  A  is  not  zero,  then 


x  -»  a 


lim     =  00. 

x->aV 


This  notation  provides  for  the  exceptional  case  of  (3),  Art.  16, 
when  5  =  0  and  A  is  not  zero.  See  also  Art.  20. 


PROBLEMS 

Prove  each  of  the  following  statements, 
1  Km    5  -2s2   _  __  2 
•^^Sx+Sa;2"      5' 


Proof.  lim   Q-/    =Iim      __ 

a;-»  oo  3  X  +  5  X2     »-»oo    §  _i_  K 
X 

[Dividing  both  numerator  and  denominator  by  a;2.] 

The  limit  of  each  term  in  numerator  and  denominator  containing  x  is  zero,  by 
(4).  Hence,  by  (1)  and  (3),  Art.  16,  we  obtain  the  answer. 


3  ,.     4  t2  +  3  t  +  2  _      1 
3'S!   t*  +  2t-G   -T 

*.  lim  aa*  +  8a*'  +  *'.: 


h-**  4  -  3  o?ft  -  2 

_  ,.      (2  z  +  3  fc)3  -  4  fc2s      - 
6.  lim  -  —  '        '  —  -5  -  =  1. 


~  _    _          7  K 
-      2  a;'  -, 


-  n 
~ 


Q  r 
8.  lim 


6  a3  -  5  a;2  +  3 


„ 
=  3. 


9  Hm1 

"*-.« 

i  n  lim 
x™ 

11    i;>v, 

11.  lim 

s  -.  co 

1n  v 

12.  lim 

«-,  co 

13.  lim 


+  M"-1  +  •  •  •  +  bn  &0 
+  aix""1  -I  -----  \-an  __  «« 
+  &1**-1  +  •••  +  &„  6n* 
+  fa2  +  c 


+  fx 


n 

=  0. 


+  ex2  4-  /»  + 

4 

=  2  a2. 


14.  lim  • 
A  -  o 


n 


=  nxn~l. 


(n  =  positive  integer 


x2  —  4 


tfl  ,.     Vo;  +  h  —  V^ 
16.  lim  -  ~r  -  = 


Proof.  The  limiting  value  cannot"  be  found  by  substituting  h  =  0,  for  we  the: 
obtain  (Art.  12)  the  indeterminate  form  T-   We  then  transform  the  expression  i: 
a  suitable  manner  as  indicated  below,  namely,  rationalize  the  numerator. 
Vx  +  h  —  Vx      Vx  +  h  +  Va;  _       x  +  h  —  x       __  1 


+  Vx     h(\/x  +  h+ 


Vx 


Hence 


lim  . 


a  +     ~ 


=  iim 


17.  Given  /(x)  =  x2,  show  that 


fc-0 


18.  Given  /(x)  =  ax2  +bx  +  c,  show  that 


19.  Given  /(cc)  =  -»  show  that 


).  If  f(x)  =  x3,  find  lim 


+  fe)  ~ 


JUJ.lVJ.liO 


19.  Infinitesimals.  A  variable  v  which  approaches  zero  as  a  limit 
is  called  an  infinitesimal.  This  is  written  (Art.  14) 

lim  v  =  0    or    v  —  >  0, 

and  means  that  the  numerical  value  of  v  ultimately  becomes  and 
remains  less  than  any  preassigned  positive  number,  however  small. 

If  lim  v  =  l,  then  lim  (v  —  1)  =  0  ;  that  is,  the  difference  between  a 
variable  and  its  limit  is  an  infinitesimal. 

Conversely,  if  the  difference  between  a  variable  and  a  constant  is  an 
infinitesimal,  then  the  variable  approaches  the  constant  as  a  limit. 

20.  Theorems  concerning  infinitesimals  and  limits.   In  the  following 
considerations  all  variables  are  assumed  to  be  functions  of  the  same 
independent  variable  and  to  approach  their  respective  limits  as  this 
variable  approaches  a  fixed  value  a.  The  constant  e  is  a  preassigned 
positive  number,  as  small  as  we  please,  but  not  zero. 

We  first  prove  four  theorems  on  infinitesimals. 

I.  An  algebraic  sum  of  n  infinitesimals  is  an  infinitesimal,  n  being 
a  fixed  number. 

For  the  numerical  value  of  the  sum  will  become  and  remain  less 
than  e  when  the  numerical  value  of  each  infinitesimal  becomes  and 

remains  less  than  -• 
n 

II.  The  product  of  a  constant  c  by  an  infinitesimal  is  an  infinitesimal. 
For  the  numerical  value  of  the  product  will  be  less  than  e  when 

the  numerical  value  of  the  infinitesimal  is  less  than  -r-^-r  • 

Ic| 

III.  The  product  of  n  infinitesimals  is  an  infinitesimal,  n  being  a 
fixed  number. 

For  the  numerical  value  of  the  product  will  become  and  remain 
less  than  e  when  the  numerical  value  of  each  infinitesimal  becomes 
and  remains  less  than  the  nth  root  of  e. 

IV.  If  lim  v  =  1,  and  I  is  not  zero,  then  the  quotient  of  an  infinitesimal 
i  by  v  is  also  an  infinitesimal. 

For  we  can  choose  a  positive  number  c,  numerically  less  than  I, 
such  that  the  numerical  value  of  v  ultimately  becomes  and  remains 
greater  than  c,  and  also  such  that  the  numerical  value  of  i  becomes 
and  remains  less  than  ce.  Then  the  numerical  value  of  the  quotient 
will  become  and  remain  less  than  e. 

Proofs  of  the  theorems  of  Art.  16.   Let 


Then  i,  j,  k  are  functions  of  x,  and  each  approaches  zero  as  *  -» «J 
that  is,  they  are  infinitesimals  (Art.  19).  From  equations  (1),  we 
obtain 

(2)  u  +  v-w-(A  +  B-C)  =  i+j-k. 

The  right-hand  member  is  an  infinitesimal  by  theorem  I  above. 
Hence,  by  Art.  19, 

(3)  lim  (u  +  v  -  w}  =  A  -f  B  -  C. 

x->  a 

From  (1),  we  have  u  =  A-\-i,  v  =  B+j.  By  multiplication  and 
transposing  AB  we  get 

(4)  uv  —  AB  =  A}  +  Ei  +  ij. 

By  the  above  theorems  I-III  the  right-hand  member  is  an  infinitesi- 
mal, and  hence 

(5)  lim  uv  —  AB. 

z-»  a 

The  proof  is  readily  extended  to  the  product  uwo. 
Finally,  we  may  write 


(6) 


u 


i      A  _  Bi  -  Aj  . 


v       B      B+j      B      B(B+j) 

The  numerator  in  (6)  is  an  infinitesimal  by  theorems  I  and  II.  By 
(3)  and  (4),  lim  B(B+j)  =  B2.  Hence,  by  theorem  IV,  the  right- 
hand  member  in  (6)  is  an  infinitesimal,  and 


(7) 

a;-*  a   "          -O 

Hence  the  statements  in  Art.  16  are  proved. 


CHAPTER  III 

DIFFERENTIATION 

21.  Introduction.  We  shall  now  proceed  to  investigate  the  man- 
ner in  which  a  function  changes  in  value  as  the  independent  variable 
changes.  The  fundamental  problem  of  the  differential  calculus  is  to 
establish  a  measure  of  this  change  in  the  function  with  mathematical 
precision.    It  was  while  investigating  problems  of  this  sort,  dealing 
with  continuously  varying  quantities,  that  Newton*  was  led  to  the 
discovery  of  the  fundamental  principles  of  the  calculus,  the  most 
scientific  and  powerful  tool  of  the  modern  mathematician. 

22.  Increments.   The  increment  of  a  variable  in  changing  from  one 
numerical  value  to  another  is  the  difference  found  by  subtracting  the 
first  value  from  the  second.    An  increment  of  x  is  denoted  by  the 
symbol  Ax,  read  "delta  x."  The  student  is  warned  against  reading 
this  symbol  "delta  times  x." 

Evidently  this  increment  may  be  either  positive  or  negative  f 
according  as  the  variable  in  changing  increases  or  decreases.  Similarly, 

Ay  denotes  an  increment  of  y, 
A<p  denotes  an  increment  of  0, 
A/(cc)  denotes  an  increment  of  f(x),  etc. 

If  in  y  —  f(x]  the  independent  variable  x  takes  on  an  increment  Ax, 
then  Ay  will  denote  the  corresponding  increment  of  the  function  /(#) 
(or  dependent  variable  y}. 

The  increment  Ay  is  always  to  be  reckoned  from  the  definite 
initial  value  of  y  corresponding  to  the  arbitrarily  fixed  initial  value 
of  x  from  which  the  increment  Ax  is  reckoned.  For  instance,  consider 
the  function 


*  Sir  Isaac  Newton  (1642-1727),  an  Englishman,  was  a  man  of  the  most  extraordinary 
genius.  He  developed  the  science  of  the  calculus  under  the  name  of  Fluxions.  Although 
Newton  had  discovered  and  made  use  of  the  new  science  as  early  as  1670,  his  first  published 
work  in  which  it  occurs  is  dated  1687,  having  the  title  "  Philosophiae  Naturalis  Principia 
Mathematica."  This  was  Newton's  principal  work.  Laplace  said  of  it,  "  It  will  always  remain 
preeminent  above  all  other  productions  of  the  human  mind."  See  frontispiece. 

t  Some  writers  call  a  negative  increment  a  decrement. 
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DIFFERENTIAL  CALCULUS 


Assuming  x  =  10  for  the  initial  value  of  x  fixes  y  =  100  as  the 
initial  value  of  y. 

Suppose  x  increases  to  x  =  12,  that  is,  Ace  =  2 ; 
then  y  increases  to  y  =  144,     and    Ay  =  44. 

Suppose  x  decreases  to  x  =  9,  that  is,    Ax  =  —  1 ; 
then  y  decreases  toy  =  81,      and    Ay  =  —  19. 

In  the  above  example,  y  increases  when  x  increases  and  y  decreases 
when  x  decreases.  The  corresponding  values  of  Ax  and  Ay  have 
like  signs.  It  may  happen  that  y  decreases  as  x  increases,  or  the 
reverse ;  in  either  case  Ax  and  Ay  will  then  have  opposite  signs. 

23.  Comparison  of  increments.   Consider  the  function 


(1) 


y  —  x2. 


Assuming  a  fixed  initial  value  for  x,  let  x  take  on  an  increment  Ax. 
Then  y  will  take  on  a  corresponding  increment  Ay,  and  we  have 


Ax)2, 


or 


Subtracting  (1), 
(2) 


(Ax)2. 


Ay  =          2  x  •  Ax  +  (Ax)2 


we  get  the  increment  Ay  in  terms  of  x  and  Ax. 

To  find  the  ratio  of  the  increments,  divide  both  members  of  (2) 
by  Ax,  giving 

=P  =  2  x  +  Ax. 

Ax 

If  the  initial  value  of  x  is  4,  it  is  evident  (Art.  16)  that 


Let  us  carefully  note  the  behavior  of  the  ratio  of  the  increments  of 
x  and  y  as  the  increment  of  x  diminishes. 


Initial 
Value  of  x 

New 
Value  of  x 

Increment 
Ax 

Initial 
Value  of  y 

New 
Value  of  y 

Increment 
Ar/ 

Ay 
Ax 

4 

5.0 

1.0 

16 

25. 

9. 

9. 

4 

4.8 

0.8 

16 

23.04 

7.04 

8.8 

4 

4.6 

O.G 

16 

21.16 

5.16 

8.6 

4 

4.4 

0.4 

16 

19.36 

3.36 

8.4 

4 

4.2 

0.2 

16 

17.64 

1.64 

8.2 

JL  JLC\.  JL  JLWJ.N 


It  is  apparent  that  as  Ax  decreases,  A?/  also  diminishes,  but  their 
ratio  takes  on  the  successive  values  9,  8.8,  8.6,  8.4,  8.2,  8.1,  8.01, 

illustrating  the  fact  that  the  value  of  •-—  can  be  brought  as  near  to 

/AX 

8  as  we  please  by  making  Ax  sufficiently  small.   Therefore 

lim   ^  =  8. 

AZ-»  o  Ax 

24.  Derivative  of  a  function  of  one  variable.  The  fundamental 
definition  of  the  differential  calculus  is  as  follows. 

The  derivative  *  of  a  function  is  the  limit  of  the  ratio  of  the  increment 
of  the  function  to  the  increment  of  the  independent  variable,  when  the 
latter  increment  varies  and  approaches  zero  as  a  limit. 

When  the  limit  of  this  ratio  exists,  the  function  is  said  to  be  differ- 
entiable,  or  to  possess  a  derivative. 

The  above  definition  may  be  given  in  a  more  compact  form  sym- 
bolically as  follows.  Given  the  function 

(1)  y=f(x}, 

and  consider  x  to  have  a  fixed  value. 

Let  x  take  on  an  increment  Ax  ;  then  the  function  y  takes  on  an 
increment  Ag/,  the  new  value  of  the  function  being 

(2)  2/  +  A2/  =  /(x  +  Az). 

To  find  the  increment  of  the  function,  subtract  (1)  from  (2),  giving 

(3)  A«/  =  /(x  +  Ax)-/(x). 

Dividing  both  members  by  the  increment  of  the  variable,  Ax, 


Ax  ~  Ax 

The  limit  of  the  right-hand  member  when  Ax  —  »  0  is,  from  the 
definition,  the  derivative  of  /(x),  or  by  (1),  of  y,  and  is  denoted  by  the 

symbol  -j^-  Therefore 

,  .,  dy  /(x  +  A*)-/(*) 

(A)  £  =  ,£?.  -  IT  — 

defines  the  derivative  of  y  [or  /(a;)]  with  respect  to  x. 
From  (4)  we  get  also 

*=Hm£2. 

dx      AX^O  Ax 


^  Ul*  J?  JUJXJUJN  T1A.L,   UA.LUUJLUS 

Similarly,  if  u  is  a  function  of  t,  then 

fill  r\  7V 

~  =  lim  -r^  =  derivative  of  u  with  respect  to  t. 
at      Ai-»  o  Ac 

The  process  of  finding  the  derivative  of  a  function  is  called  differ- 
entiation. 

25.  Symbols  for  derivatives.  Since  Ay  and  Ax  are  always  finite  and 
have  definite  values,  the  expression 


is  really  a  fraction.  The  symbol 


however,  is  to  be  regarded  not  as  a  fraction  but  as  the  limiting  value  of 
a  fraction.  In  many  cases  it  will  be  seen  that  this  symbol  does  possess 
fractional  properties,  and  later  on  we  shall  show  how  meanings  may 

be  attached  to  dy  and  dx,  but  for  the  present  the  symbol  -^  is  to  be 
considered  as  a  whole.  x 

Since  the  derivative  of  a  function  of  x  is  in  general  also  a  function 
of  x,  the  symbol  f'(x)  is  also  used  to  denote  the  derivative  of  /(x). 

Hence'if  *=/(*), 

cLiJ 

we  may  write  -r-  =f(%), 

ax 

which  is  read  "the  derivative  of  y  with  respect  to  x  equals  /  prime 
of  x."  The  symbol  ^ 

dx 

when  considered  by  itself  is  called  the  differentiating  operator,  and 
indicates  that  any  function  written  after  it  is  to  be  differentiated  with 
respect  to  x.  Thus, 

-7^  or  -r-  y  indicates  the  derivative  of  y  with  respect  to  x  ; 
dx      ax 
j 

-T-  f(x)  indicates  the  derivative  of  f(x~)  with  respect  to  x  ; 
ax 

~  (2  x2  +  5)  indicates  the  derivative  of  2  x2  +  5  with  respect  to  x. 

dv 
y'  is  an  abbreviated  form  of  -j^-- 

j 
The  symbol  D*  is  used  by  some  writers  instead  of  ~  If,  then, 


W6  may  write  the  identities 

' 


It  must  be  emphasized  that  the  variable,  in  the  essential  step  of 
letting  Ax  -»  0,  is  Ax,  and  not  x.  The  value  of  the  latter  is  assumed 
fixed  from  the  start.  To  emphasize  that  x  =  XQ  throughout,  we  may 
write 


26.  Differentiable  functions.   From  the  Theory  of  Limits  it  is  clear 
that  if  the  derivative  of  a  function  exists  for  a  certain  value  of  the 
independent  variable,  the  function  itself  must  be  continuous  for  that 
value  of  the  variable. 

The  converse,  however,  is  not  always  true,  functions  having  been 
discovered  that  are  continuous  and  yet  possess  no  derivative.  But 
such  functions  do  not  occur  often  in  applied  mathematics,  and  in  this 
book  only  differentiate  functions  are  considered,  that  is,  functions  that 
possess  a  derivative  for  all  values  of  the  independent  variable  save  at 
most  for  isolated  values. 

27.  General  Rule  for  Differentiation.  From  the  definition  of  a  deriv- 
ative it  is  seen  that  the  process  of  differentiating  a  function  y  =  /(«) 
consists  in  taking  the  following  distinct  steps. 

GENERAL  RULE  FOR  DIFFERENTIATION* 

FIRST  STEP.  In  the  function  replace  x  by  x  +  Ax,  and  calculate  the 
new  value  of  the  function,  y  +  Ay. 

SECOND  STEP.  Subtract  the  given  value  of  the  function  from  the  new 
value  and  thus  find  Ay  (the  increment  of  the  function). 

THIRD  STEP.  Divide  the  remainder  Ay  (the  increment  of  the  function) 
by  Ax  (the  increment  of  the  independent  variable'). 

FOURTH  STEP.  Find  the  limit  of  this  quotient  when  Ax  (the  incre- 
ment of  the  independent  variable)  varies  and  approaches  zero  as  a  limit. 
This  is  the  derivative  required. 

The  student  should  become  thoroughly  familiar  with  this  rule  by 
applying  the  process  to  a  large  number  of  examples.  Three  such 
examples  will  now  be  worked  out  in  detail.  Note  that  the  theorems 
of  Art.  16  are  used  in  the  Fourth  Step,  x  being  held  constant. 

*  Alsn  nulled  t.ho  Faur-Kten  Rule. 
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ILLUSTRATIVE  EXAMPLE  1.  Differentiate  3  x2  +  5. 

Solution.  Applying  the  successive  steps  in  the  General  Rule,  we  get,  after  placinj 
y  =  3  x2  +  5. 

First  Step.       y  +  Ay  =  3(x  +  Ax)2  +  5 

=  3  x2  +  6  x  •  Ax  +  3(Ax)2  -f-  5. 

Second  Step,  y  +  Ay  =  3  x2  +  6  x  •  Ax  +  3 (Ax)2  +  5 

y  =3x2 +5 

Ay  =  6x-  Ax  +  3(Ax)2 

Third  Step.  -^-  =  6x  +  3-  Ax. 

Ax 

Fourth  Step.   In  the  right-hand  member  let  Ax  — >  0.   Then  by  (A) 
dy      n         A 

y  —  f~  ™        A  M  n 

,          — ~    \J    Ju.         Xi/tC. 

ox 
Or  y1  =  j-  (3  x2  +  5)  =  6  x. 

ILLUSTRATIVE  EXAMPLE  2.  Differentiate  x3  —  2  x  +  7. 
Solution.   Place        y  =  x3  —  2  x  +  7. 

First  Step.      y  +  Ay  =  (x  +  Ax)3  -  2(x  +  Ax)  +  7 

=  a;3  +  3  x2  •  Ax  +  3  x  •  (Ax)2  +  (Ax)3  -2x-2-  Ax +  7 

Seccmd  Step,  y  +  Ay  =  x3  +  3  x2  •  Ax  +  3  x  •  (Ax)2  +  (Ax)3  -  2  a:  -  2  •  Ax +  7 

y =x3 —  2x +  7 

Ay  =        3x2-  Ax  +  3x-  (Ax)2  +  (Az)3  —  2  •  Aa; 

Third  Step.  ^-  =  3  x2  +3  x  •  Aa;  +  (Ax)2  -2. 

Ax 

Fourth  Step.   In  the  right-hand  member  let  Ax  -*  0.  Then  by  (4) 

dx 
Or  y'  = 

u:c 

ILLUSTRATIVE  EXAMPLE  3.   Differentiate  —• 
Solution.   Place        y  = 

First  Step.      y  +  Ay  = 


(x  +  Ax)2 


ft 

Second  Step,  y  +  Ay  = 


y 


(x  +  Ax)2 
c 


A    _         c  ___  c  __  —  c-  Ax(2  x  +  Ax) 

y  ~ 


Ax')2 

2  a; 

- 
x2(x 

Fourth  Step.   In  the  right-hand  member  let  Ax  —  >  0.   Then  by 


_,.,(.,,  Av  2  a;  +  Ax 

Third  Step.  —  *•  =  —  c  --  -  —  !L-  -- 

Ax  x2(x+Ax)2 


Use  the  General  Rule  in  differentiating  each  of  the  following  functions. 


1.  0  =  2  -  3  x.  Ans.  y'  =  -  3. 

2.  y  =  mx  +  b. 

3.  0  =  ax2. 

4.  s  =  2  t  -  t2. 

5.  0  =  ex3. 

6.  0  =  3  x  —  x3. 


12.  «  =  • 


8.0  =  x4. 

o 

9.  p  = 
10.0 
11.  s 


2  v3. 


6  +  1 
3 


-f  2 


y'  =  m 
y'  =  2 
s'=2 
0'  =  3 
0'  =  3 
tt'  =  8 
0'  =  4 
dp 

ax. 
-2L 
ex2. 
-3x2. 

/y»3 

2 

13. 

14. 
15. 
16. 
17. 
18. 

"      l-2x 
6 

P     6  +  2 

°      Ct  +  D 

X3  +  l 

y—  -• 
1 

y  rr  • 

dd 
dy 

(6  +  I)2 
6x 

dx 
ds 

(x2  +  2)2 
4 

y     x2  +  l 

X2 

dt 

t2 

y  —  *        2 

"  dx 

dp_ 
d0 

ds_ 

df  ~ 

%__ 
dx 

dy  _ 
dx 

dy  — 
dx 

dli  — 
dx 


AD-  BC 
(Ct  +  D)2' 


2x 
Cx2  +  a2)2' 

1  -x2 
(x2+l)2' 

8x 


19.  y  =  3  x2  -  4  x  -  5. 

20.  s  =  at2  +  U  +  c. 
21.u  =  2v3-  3v2. 

22.  y  =  ax3  +  &z2  -j-  ex  +  d. 

23.  p=(a-&0)2. 

24.  y=(2-a?(l-2aO. 

25.  7/=Ax 


26.  s  =  (a  +  60s. 

a; 


27.0  = 


29.0  = 


a  +  bx2 

a  +  6x2 
z2 

x2 
a  +  bx2' 


28.  Interpretation  of  the  derivative  by  geometry.  We  shall  now 
consider  a  theorem  which  is  fundamental  in  all  applications  of  the 
differential  calculus  to  geometry.  It  is 
necessary  to  recall  the  definition  of  the 
tangent  line  to  a  curve  at  a  point  P  on 
the  curve.  Let  a  secant  be  drawn  through 
P  and  a  neighboring  point  Q  on  the  curve 
(see  figure).  Let  Q  move  along  the  curve 
and  approach  P  indefinitely.  Then  the 
secant  will  revolve  about  P,  and  its  limiting  position  is  the  tangent 
line  at  P.  Let 

(1)  ?/=/(£) 

be  the  equation  of  a  curve  AB.    This  curve  is  the  graph  of  /(a?) 
(see  figure). 
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Now  differentiate  (1)  by  the  General  Rule  and  interpret  each  step 
geometrically  from  the  figure  (p.  25).  We  choose  a  point  P(x,  y) 
on  the  curve,  and  a  second  point  Q(x  +  Ax,  y  +  Ay)  near  P,  also 
on  the  curve. 

FIRST  STEP.  y  +  Ay  =  f(x  +  Ax)  =  NQ 

SECOND  STEP.         y  +  Ay  =  /(x  +  Ax)  =  NQ 

y_ =  /(x) =  MP 

A»i/  —  'fY'Y*  .L    A'y'N  .,,_„  "ff/y\    — —   7?^") 

i^y    —  J  \  *V    ^^   LJiArJ  J  \w /      ~~~    -ivV^J 

m         o™.  Aw     /(x  +  Ax)  —  /(x)       JKQ      ,RQ 

THIRD  STEP.        T^  =<a — ! — TZ —       =  —    =  ~^ 


=  tan  Z  RPQ  =  tan  <j> 
=  slope  of  secant  line  PQ. 

At  this  point,  therefore,  we  see  that  the  ratio  of  the  increments  A?/ 
and  Ax  equals  the  slope  of  the  secant  line  drawn  through  the  points 
P(x,  y]  and  Q(x  -f  Ax,  y  +  Ay)  on  the  graph  of  /(x). 

Let  us  examine  the  geometric  meaning  of  the  Fourth  Step.  The 
value  of  x  is  now  regarded  as  fixed.  Hence  P  is  a,  fixed  point  on  the 
graph.  Also,  Ax  is  to  vary  and  approach  zero  as  a  limit.  Obviously, 
therefore,  the  point  Q  is  to  move  along  the  curve  and  approach  P  as  a 
limiting  position.  The  secant  line  drawn  through  P  and  Q  will  then 
turn  about  P  and  approach  the  tangent  line  at  P  as  its  limiting 
position.  In  the  figure, 

<f>  =  inclination  of  the  secant  line  PQ, 
T  =  inclination  of  the  tangent  line  PT. 
Then  lim  4>  =  r.  Assuming  that  tan  0  is  a  continuous  function  (see 

Az-»0 

Art.  70),  we  have,  therefore, 

FOURTH  STEP.         ^  —  /'(x)  =  lim  tan  <j>  =  tan  r, 

ax  AZ->  o 

=  slope  of  the  tangent  line  at  P. 
Thus  we  have  derived  the  important 

Theorem.  The  value  of  the  derivative  at  any  point  of  a  curve  is  equal 
to  the  slope  of  the  tangent  line  to  the  curve  at  that  point. 

It  was  this  tangent  problem  that  led  Leibnitz*  to  the  discovery  of 
the  differential  calculus. 


ILLUSTRATIVE  EXAMPLE.  Find  the  slopes  of  the  tangents  to  the  parabola  y  =  x1 
at  the  vertex  and  at  the  point  where  x  =  %. 

Solution.  Differentiating  by  the  General  Rule  (Art.  27),  we  get 
(2)       ^  =  2  x  =  slope  of  tangent  line  at  any  point  (x,  y)  on  curve. 
To  find  slope  of  tangent  at  the  vertex,  substitute  x  =  0  in  (2) , 


Therefore  the  tangent  at  the  vertex  has  the  slope  zero  ;  that 
is,  it  is  parallel  to  the  x-axis  and  in  this  case  coincides  with  it. 

To  find  the  slope  of  the  tangent  at  the  point  P,  where  x  =  .?, 
substitute  in  (2),  giving  , 

!=!> 

that  is,  the  tangent  at  the  point  P  makes  an  angle  of  45°  with  the  s-axis. 

PROBLEMS 

Find  by  differentiation  the  slope  and  inclination  of  the  tangent  line  to 
each  of  the  following  curves  at  the  point  indicated.  Verify  the  result  by 
drawing  the  curve  and  the  tangent  line. 

l.y=x*  —  2,  where  x  -  1.  Ans.   2  ;  63°  26'. 

2.  y  =  2  x  -  %  x2,  where  x  =  3.  4.  y  =  3  -f-  3  x  -  x3,  where  x  -  -  1. 

4 

3-  y  -  -  —  T'  where  z  =  2.  5.  y  =  xs  -  3  x2,  where  x  =  l. 

x  —  j. 

6.  Find  the  point  on  the  curve  y  =  5  x  —  x2  where  the  inclination  of 
the  tangent  line  is  45°.  Ans.    (2,  6). 

7.  Find  the  points  on  the  curve  y  =  x3  +  x  where  the  tangent  line  is 
parallel  to  the  line  y  =  4x.  Ans.    (1,  2),  (-  1,  -  2). 

In  each  of  the  three  following  problems  find  (a)  the  points  of  intersection 
of  the  given  pair  of  curves  ;  (b)  the  slope  and  inclination  of  the  tangent 
line  to  each  curve,  and  the  angle  between  the  tangent  lines,  at  each  point 
of  intersection  (see  (2),  p.  3). 

8.  y  =  1  -  x2,  Ans.  Angle  of  intersection  =  arc  tan  f  =  53°  8'. 
y  =  x*-l. 

9.y  =  z2,  10.  y  =  xs  -  3  x, 


11.  Find  the  angle  of  intersection  between  the  curves  9  y  =  x3  and 
y  =  6  +  8x-x*  at  the  point  (3,  3).  Ans.   21°  27'. 

written  by  Newton  were  already  in  existence,  and  from  these  some  claim  Leibnitz  got  the 
new  ideas.  The  decision  of  modern  times  seems  to  be  that  both  Newton  and  Leibnitz 
Evented  the  calculus  independently  of  each  other.  The  notation  used  today  was  intro- 
duced by  Leibnitz. 


CHAPTER  IV 
RULES  FOR  DIFFERENTIATING  ALGEBRAIC  FORMS 

29.  Importance  of  the  General  Rule.  The  General  Rule  for  differen- 
tiation, given  in  the  last  chapter  (Art.  27)  is  fundamental,  being  found 
directly  from  the  definition  of  a  derivative,  and  it  is  very  important 
that  the  student  should  be  thoroughly  familiar  with  it.  However,  the 
process  of  applying  the  rule  to  examples  in  general  has  been  found 
too  tedious  or  difficult  :  consequently  special  rules  have  been  derived 
from  the  General  Rule  for  differentiating  certain  standard  forms  of 
frequent  occurrence  in  order  to  facilitate  the  work. 

It  has  been  found  convenient  to  express  these  special  rules  by 
means  of  formulas,  a  list  of  which  follows.  The  student  should  not 
only  memorize  each  formula  when  deduced,  but  should  be  able  to 
state  the  corresponding  rule  in  words. 

In  these  formulas  u,  v,  and  w  denote  functions  of  x  which  are 
differentiate. 

FORMULAS  FOR  DIFFERENTIATION 
T  dc  -  n 

JL  ~T"  —  U. 

dx 

n  *F  =  i. 

dx 

TTT  ^  /     i  -.      du  .  dv     dw 

III  T-(W  +  v~  w)  —  T-  +  3  --  T" 
dx^  '      dx     dx      dx 

T\T  d  ,    .         dv 

IV  ~r  (cv)  =  c  -r- 
dx  dx 

IT-  d  ,    ^         dv  .      du 

V  -r-  (uv)  —  u  3-  +  v  -r-  * 

dx  ^     '         dx        dx 


VI 

dx  dx 

fj 

Via  —  (xn)  -  nxn~l. 

dx 

du  _     dv 
VTT  d  (u\  -  V  dx  ~  U  dx 

V11  ~^Z\7.    --  ~z  -  * 


du 

-• 

c         c 

Jx  =  dv"dx.'y  lt>eing  a  function  of  y- 
IX  ~  =  -r->y  being  a  function  of  x. 


30.  Differentiation  of  a  constant.   A  function  that  is  known  to  have 
the  same  value  for  every  value  of  the  independent  variable  is  con- 

stant, and  we  may  denote  it  by 

y  =  c. 

As  x  takes  on  an  increment  Ax,  the  function  does  not  change  in 
value,  that  is,  Ay  =  0,  and 


T->  j.  T  A 

But  lim  -T-  &  =  -f-  —  0. 

&x-*o&x     dx 

I  .-.$  =  0. 

dx 

The  derivative  of  a  constant  is  zero. 

This  result  is  readily  foreseen.  For  the  locus  of  y  =  c  is  a  straight 
line  parallel  to  OX,  and  its  slope  is  therefore  zero.  But  the  slope  is 
the  value  of  the  derivative  (Art.  28). 

31.  Differentiation  of  a  variable  with  respect  to  itself 

Let  y  =  x. 

Following  the  General  Rule  (Art.  27),  we  have 
FIRST  STEP.  y  +  Ay  =  x  +  Ax. 

SECOND  STEP.  Ay  =  Ax. 

THIRD  STEP.  ^  =  1. 

Ax 

FOURTH  STEP.  'f'~^' 

II  .-.£  =  1 

11  dx 

The  derivative  of  a,  variable  with  respect  to  itself  is  unity. 

This  result  is  readily  foreseen.   For  the  slope  of  the  line  y  =  x  is 
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32.  Differentiation,  of  a  sum 

Let  y  =  u-\-v  —  w. 

By  the  General  Rule, 

FIRST  STEP.  y  +  Ay  =  u-i-Au  +  v-\~Av  —  w  —  Aw. 

SECOND  STEP.  Ay  =  Au  +  Av  —  Aw. 

THIRD  STEP.  ^  =  A»  +  A»_A». 

Ax     Ax     Ax      Ax 
Now  (Art.  24), 

,.  A^  dw  ,.  Av  da  ,.  Aw  ow 
lim  -:  —  =  -^—'  hm  -T  —  =  -r->  lim  —  —  =  —  —  . 
Aa;->oAx  ax  Az-*oAx  ox  Ax-oAx  ax 

Hence,  by  (1),  Art.  16, 

FOURTH  STEP.  dy_du,dv__dw^ 

dx     dx      dx      dx 

TTT  ^  /     r  ^     du  .  dv     dw 

IH  .*.—  -(u+  v-w)  =  --  +  ----—' 

dx  dx     dx   ~  dx 

A  similar  proof  holds  for  the  algebraic  sum  of  any  number 
functions. 

The  derivative  of  the  algebraic  sum  of  n  functions  is  equal  to  the  saw 
algebraic  sum  of  their  derivatives,  n  being  a  fixed  number. 

33.  Differentiation  of  the  product  of  a  constant  and  a  function    . 

Let  y  =  cv. 

By  the  General  Rule, 

FIRST  STEP.  y  +  A?/  =  c(v  +  At?)  =  cv  + 

SECOND  STEP.  Ay  =  cAv. 

THIRD  STEP.  T^'T2- 

Ax        Ax 

Whence,  by  (4),  Art,  16, 

FOURTH  STEP.  :r  =  c~- 

ax        ax 


TTT 

IV  /. 

dx  dx 

The  derivative  of  the  product  of  a  constant  and  a  function  is  equal 
the  product  of  the  constant  and  the  derivative  of  the  function. 

34.  Differentiation  of  the  product  of  tv/o  functions 

Let  y  =  uv. 


SECOND  STEP.  Ay  =  uAv  +  vAu  +  AuAv. 

THIRD  STEP.  ^  =  u^-  +  v^  +  Au~- 

Ax        Ax        Ax  Ax 

Applying  (2)  and  (4),  Art.  16,  noting  that  Km  Au  =  0,  and  hence 

/\?) 

that  the  limit  of  the  product  Au  -r—  is  zero,  we  have 

FOURTH  STEP.  ^  =  u  ^-  +  v  ~ 

dx        dx       dx 

,T  .    d  ,    .         dv  ,      du 

V  .'.  -—  (uv)  =  u  —  +  v—— 

dx  dx        dx 

The  derivative  of  the  product  of  two  functions  is  equal  to  the  first 
function  times  the  derivative  of  the  second,  plus  the  second  function 
times  the  derivative  of  the  first. 

35.  Differentiation  of  the  product  of  n  functions,  n  being  a  fixed 
number.  When  both  sides  of  V  are  divided  by  uv,  this  formula 
assumes  the  form 

Cv      f         \  Cvtv  \Jvv 

dx         _  dx  .  dx 

uv     ~  u       v 

If,  then,  we  have  the  product  of  n  functions 

y  =  viV2  •  •  •  vn, 


we  may  write 

^  \      dvi  d  ,  \ 

••*>_&  sfr*-"** 

'  Vn  Vi  V2V%  •  '  •  Vn 

dvi  dvj      d_ 
_dx  .  dx  .  dx 

Vi  V2 


_^E_L^.-4-— 4-  i    dx 

~  IT          »2  «3  Vn  ' 

Multiplying  both  sides  by  Viv2  •  •  •  vn,  we  get 

.  dv2 
dx 

dvn 
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The  derivative  of  the  product  of  n  functions,  n  being  a  fixed  number, 
is  equal  to  the  sum  of  the  n  products  that  can  be  formed  by  multiplying 
the  derivative  of  each  function  by  all  the  other  functions. 

36.  Differentiation  of  a  function  with  a  constant  exponent.  The 
Power  Rule.   If  the  n  factors  in  the  above  result  are  each  equal  to  v, 

we  get  ,  , 

A  (Vn}         dv 
dx  dx 

_____      -     --      M       -  . 

vn  v 

TTT  £?       y      ,,\  n          1     dV 

VI  /.  -—  (vn)  =  nvn~1  —  • 

dx  dx 

When  v  =  x,  this  becomes 

Via  -—  (xn)  =  me"-1. 

We  have  so  far  proved  VI  only  for  the  case  when  n  is  a  positive 
integer.  In  Art.  65,  however,  it  will  be  shown  that  this  formula 
holds  true  for  any  value  of  n,  and  we  shall  make  use  of  this  general 
result  now. 

The  derivative  of  a  function  with  a  constant  exponent  is  equal  to  the 
product  of  the  exponent,  the  function  with  the  exponent  diminished  by 
unity,  and  the  derivative  of  the  function. 

This  rule  is  called  the  Power  Rule. 

37.  Differentiation  of  a  quotient 

Let  y  =  %,  (t>5*0) 

By  the  General  Rule, 

FIRST  STEP.  +  A   =  ' 


SECOND  STEP.  Ay  = 


v  +  Ay      v          v(v 

A  »^-^ 

THIRD  STEP.  ^  =    ^       A*. 

Acc        v(v 

Applying  (l)-(4),  Art.  16, 

dtt  _ 

FODBTH  STEP.  =    fe 


The  derivative  of  a  fraction  is  equal  to  the  denominator  times  the 
derivative  of  the  numerator,  minus  the  numerator  times  the  derivative 
of  the  denominator,  all  divided  by  the  square  of  the  denominator. 

When  the  denominator  is  constant,  set  v  =  c  in  VII,  giving 

du 


Vila  T 

dxc        c 

[Since  ^  =  ^  =  0.1 
L  dx     dx        J 

We  may  also  get  VII  a  from  IV  as  follows  : 

du 
_d_/u\_  1  du_d%t 


dx  \c/      c  dx 

The  derivative  of  the  quotient  of  a  function  by  a  constant  is  equal  to 
the  derivative  of  the  function  divided  by  the  constant. 

PROBLEMS* 
Differentiate  the  following  functions. 

1.  y  =  #3. 

Solution.  ^  =  T-  (z3)  =  3  x2-  Ans^  By  VI  « 

ax     ax 

[n  =  3.] 

2.  y  =  ax*  —  bx2. 

by  III 

by  IV 
By  VI  a 

3.  y  =  x%  +  5. 

Solution.  ^  =  A  (**)  +  T-  (5)  by  HI 

ax     ax  ox 

=  f  x^".  Aws.  By  VI  a  and  I 

40  •£  i 

•^  =  --- 


V£     v^ 

Solution.  ^  =  A  (3  x^)  -~  (7  x~ 

—  i\a  x^  +  •§•  x~"^  +  -^  X~T.  Ans.  By  IV  and  VI  a 


Solution. 

^  —  —  (ay 
dx~  dx 

*  —  bx2)  =  —  (as 
dx 

V-A 

dx 

~    dx 

I4>-6I<*°> 

=  4  ax3  - 

-  2  bx.  Ans. 

*  When  learning  to  differentiate,  the  student  should  have  oral  drill  in  differentiating 
simole  functions. 
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Solution.        = 


-  3)4  j-  (x2  -  3) 

[0  =  x2  —  3,  and  n  =  5.] 
-3)4-2o?  =  10a:(a;2-3)4.  Ans. 


by  VI 


We  might  have  expanded  this  function  by  the  Binomial  Theorem  ((3), 
p.  1),  and  then  applied  III,  etc.,  but  the  above  process  is  to  be  preferred. 


Solution. 


=  -     (a2  -  z2)*  =  i  (a2  -  z2)~*  -~  (a2  -  z2) 


by  VI 


0  =  a2  —  x2,  and  n  =  •*•.] 

^  —  i    f          f\        1\  *v 


Ans. 


7.  y  =  (3  x2  +  2)  Vl  +  5  x2. 

Solution.  ^  =  (3  a;2  +  2)  ^-  (1  +  5  z2)^  +  (1  +  5  re2)*  -7-  (3  x2  +  2)  by  V 

ax  ax  ax 


[«  =  3  a;2  +  2,  and  »  =  (1  +  5  a;2)^.] 

=  (3 x2  +  2) i (1  +  5 re2)-* ^-(1  +  5 a;2)  +  (1+5 z2)* Go;    by VI etc. 
2  oa; 

=  (3o;2+2)(l  +5 
+ 


e  .  ,. 
Solution.  ~  = 

dx 


T" 
ax 


a  -  x 
_  2  x(a2  -  x2)  +  x(a2  +  x2) 

(a2  -  *2)t 
[Multiplying  both  numerator  and  denominator  by  (a2  — 


.  Ans. 


(a2  -  x2)? 
Prove  each  of  the  following  differentiations. 

9.  £  (3  x*  ~  2  xz  +  8)  =  12  x*  -  4  a. 
do; 


by  VII 


10.     -  (4  +  3  x  -  2  z3)  =  3  -  6  x2. 


15.  j  (2  f  -  3  f)  —  f  P  -  2  i  *. 
18.  I- (2  IT* +4: 


=     a;      -  a? 


,0    d  {a  +  bx  +  cx2\            a 

lo.    ,     I                                    —  C           „• 

da;  V          %          j            x 

1Q    «        ^          2 

dy 
dx 

1      ,      1 

ij-   i/  —      o        "       /-" 

u             ~\  X 

4Vx     a;Va;' 

on    n       tt  -r  OJ  4"  Ct 

ds 

a      .      6     .  3  c^7? 

20.  S  —  p  • 

V* 

dt 

ZfVt     2Vi         2 

dy 

a              a 

21.  y  -  Yea  4-     ,—  • 
\~ax 

dx 

2Vaa;     2  ccV^ 

dr 

1 

&&.    T  —    VI  —  L  U. 

d6 

Vl-20 

23.  /(O  =  (2  -  3  i2)3. 

f'(f)  = 

-  18  t(2  -  3  t2)2. 

3 

24.  ^(a;)  —  V4  —  9  x. 

F  (x)  — 

(4-9  a;)* 

25                 -1 

dy 

a; 

Va2  —  a;2 

dx 

(a2  -  a;2)* 

— 

3 

26.  f(6)  —  (2  —  5  0)5. 

- 

(2-5  0)1 

/        &\2 

dy 

2  &/        &\ 

27.  y  =  f  a  -  -j  • 

dx 

a;2  (a     x) 

28.  y  =  (  a  +  ~z  J  • 

dx 

x3  \       x2) 

y  r- 

dy_ 
dx 

2  a  +  3'6a; 

29.  y  —  x\a  4-  oa;. 

2  Va  +  te 



ds 

a2  4-  2  i2 

30.  s  =  tfVa2  4-  <2. 

dt 

V^+l2' 

11    11      a  ~  x. 

dy  _ 

2a 

ol.  W  —  —  ;       ' 

a  4-  x 

dx 

(a  4-  a;)2 
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a2  +  x2 

dy          4  a2x 

32.  y  =  -^  ;• 

a2  —  £2 

dx      (a2  -  re2)2 
dy                 a2 

..           Va2  +  x2 

33.  y             ^        • 
f 

Qd     fl/ 

dx         z2Va2  +  x2 
<fo    .         a2 

*>*•   £/               /-                 - 

Va2  —  a;2 
35.  r  =  02V3  -40. 

^      (a2  -  re2)1 
dr      G6-We2 

d6       V3  -  4  0 
dy                        c 

/I  -  cz 

36>  ^  -~  \  1  +  ca;  ' 

dx          (1  +  ex)  Vl  -  c2x2 
dw                 2  a2z 

/a2  +  x2 

Z"iJ       \a2-x2 

da;      (a2  -  x2)  Va4  -  z4 
ds                    4 

o/O     1     Q   4 
no                        /         '     " 

oo.  S  —  -y/  „   "   o  ,  * 
39.  y  =  V2  pa. 

T 

40.  v  =  -  Va2  —  x2. 
a 

df      (2  +  3  0*(2  -  3  0" 
dx     y 
dx         a?y 

dx  ~      ~\x 

Differentiate  each  of  the  following  functions. 


42.  f(x)  = 


43.0  = 

44.  y  = 


2-x 
1  +  2  x2' 

x 
Va  —  bx 


46.  r  = 


t 


^a+&^ 


50.  y  =  (a?  +  2)2Va;2  +  2. 
+  2  a; 


51.  y  -  -o 


T-n 


rvF 


y-7-ly 

find    thft   Vfllllfi   of   —^   for   the   fflVPTI 


54.  y=(2  x)*  +  (2 


=  4. 


.   f  . 


55.  T/  =  V9  +  4  z2  ;  a;  =  2. 


3. 


58.  y  =  x^S  -x2;  x  =  2. 

59.  y  =  x2  Vl  +  a;3  ;  a;  =  2. 

60.  0  =  (4  -  x2)3  ;  x  =  3. 


0. 
20. 


63.  y  = 


+  2  "a  ;  a?  =  3. 


38.  Differentiation  of  a  function  of  a  function.  It  sometimes  hap- 
pens that  y,  instead  of  being  defined  directly  as  a  function  of  x,  is 
given  as  a  function  of  another  variable  v,  which  is  defined  as  a  func- 
tion of  x.  In  that  case  y  is  a  function  of  x  through  v  and  is  called  a 
function  of  a  function. 

2  v 

For  example,  if  y  =  -z  -  »' 

1  —  v 

and  v  =  1  —  x2, 

then  y  is  a  function  of  a  function.  By  eliminating  v  we  may  express  y 
directly  as  a  function  of  x,  but  in  general  this  is  not  the  best  plan 

when  we  wish  to  find  ~^- 
ax 

If  y  —  J(v)  and  v  —  <f>(x),  then  y  is  a  function  of  2  through  v.  Hence, 
when  we  let  x  take  on  an  increment  Aa;,  v  will  take  on  an  increment  A» 
and  y  will  also  take  on  a  corresponding  increment  Ay.  Keeping  this 
in  mind,  let  us  apply  the  General  Rule  simultaneously  to  the  two 

functions  ,,  N         , 

y=j(v)    and 

FIRST  STEP.     y+Ay=f(v+Av) 

SECOND  STEP. 
y 


THIRD  STEP. 


The  left-hand  members  show  one  form  of  the  ratio  of  the  increment 
of  each  function  to  the  increment  of  the  corresponding  variable,  and 
the  right-hand  members  exhibit  the  same  ratios  in  another  form.  Be- 
fore passing  to  the  limit  let  us  form  a  product  of  these  two  ratios, 
choosing  the  left-hand  forms  for  this  purpose. 

Aw    Au      -,  •  i  i    Aw 

This  gives  A    •  T~'  which  equals  -r^- 

Av    A:c  Aic 

Write  this  -j~  =  -*~  •  T~~  • 

FOURTH  STEP.  When  Ax  — »•  0,  then  also  Ay  -*  0.  Passing  to  the 
limit, 

(A)  *SL  =  *3L.*!Lm  By  (2),  Art.  16 

^  '  dx     dv   dx 

This  may  also  be  written 


If  y  =  f(v)  and  v  =  4>(x)r  the  derivative  of  y  with  respect  to  x  equals 
the  product  of  the  derivative  of  y  with  respect  to  v  by  the  derivative  of  v 
with  respect  to  x. 

39.  Differentiation  of  inverse  functions.  Let  y  be  given  as  a  func- 
tion of  x  by  means  of  the  relation 


It  is  often  possible  in  the  case  of  functions  considered  in  this  book 
to  solve  this  equation  for  x,  giving 


that  is,  we  may  also  consider  y  as  the  independent  and  x  as  the 
dependent  variable.  In  that  case 

f(x)    and    <j>(y) 

are  said  to  be  inverse  functions.  When  we  wish  to  distinguish  between 
the  two  it  is  customary  to  call  the  first  one  given  the  direct  function 
and  the  second  one  the  inverse  function.  Thus,  in  the  examples  which 
follow,  if  the  second  members  in  the  first  column  are  taken  as  the 
direct  functions,  then  the  corresponding  members  in  the  second 
column  will  be  respectively  the  inverse  functions. 


=  Iog0  y. 
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Let  us  now  differentiate  the  inverse  functions 

y=f(x)    and    x  = 
simultaneously  by  the  General  Rule. 
FIRST  STEP.     y+Ay=f(x+Ax) 
SECOND  STEP.  y+Ay=f(x 


_ 
Ay=f(x+  Ax)  -/(a:)        Ax 

THIRD  STEP          &v__f(x  +  Ax)-f(x\     Ax 

Ax  Ax  Ay  Ay 

Taking  the  product  of  the  left-hand  forms  of  these  ratios,  we  get 

Al/.Az  =  1 
Ax    Ay       ' 

£=*-• 

Ax     Ax 
Ay 

FOURTH  STEP.  When  Ax  —  >  0,  then  also,  in  general,  Ay  -*  0.  Pass- 
ing to  the  limit, 

(C)  =  ->  by  (3),  Art.  16 


dx 
dy 


or 


The  derivative  of  the  inverse  function  is  equal  to  the  reciprocal  of  the 
derivative  of  the  direct  function. 

40.  Implicit  functions.  When  a  relation  between  x  and  y  is  given 
by  means  of  an  equation  not  solved  for  y,  then  y  is  called  an  implicit 
function  of  x.  For  example,  the  equation 

(1)  x2  -  4  y  =  0 

defines  y  as  an  implicit  function  of  x.  Evidently  x  is  also  defined  by 
means  of  this  equation  as  an  implicit  function  of  y. 

It  is  sometimes  possible  to  solve  the  equation  defining  an  implicit 
function  for  one  of  the  variables  and  thus  obtain  an  explicit  function. 
For  instance,  equation  (1)  may  be  solved  for  y,  giving 

y  =  \  x2, 
showing  y  as  an  explicit  function  of  x.   In  a  given  case,  however, 


41.  Differentiation  of  implicit  functions.  When  y  is  defined  as  an 
implicit  function  of  x,  it  was  explained  in  the  last  article  that  it 
might  be  inconvenient  to  solve  for  y  in  terms  of  z  or  #  in  terms  of  y 
(that  is,  to  find  y  as  an  explicit  function  of  x,  or  x  as  an  explicit 
function  of  y}. 

We  then  follow  the  rule  : 

Differentiate  the  terms  of  the  equation  as  given,  regarding  y  as  a  func- 

dii 
tion  of  x,  and  solve  for  -rL- 

This  process  will  be  justified  in  'Art.  231.  Only  corresponding 
values  of  x  and  y  which  satisfy  the  given  equation  may  be  substi- 
tuted in  the  derivative.  , 

Let  us  apply  this  rule  in  finding  -^  from 

axd  +  2  x3y  —  y7x  =  10. 


- 

•   ax 

(2x3-7  xy^  ^-  =  y7 
ax 


—  —  r-v  r-i  fi 

dx          2  x3  —  7  xy6 

The  student  should  observe  that  in  general  the  result  will  contain 
both  x  and  y. 

PROBLEMS 

Find  •—  for  each  of  the  following  functions. 
dx 


Ans.        = 
dz 

-  u2,  u  =  xs  -  x.  ^-~    -=  ~  2  u(B  x2  -  1). 

•••' 


6.  x  = 


8.  x2  +  y2  —  r2.  14.  x  +  2vxy  +  y  =  a. 

Q     7)2~2  4.  o2o;2  —  n2h2  1^'  X     ~t~  a  *  ^U  +  2/    =  O   • 

*/•       V       *V  1^      VV       y  ~~~     W*       V/       • 

_  —_  —  1 C    /y»4  — j—  ^4.  y^*ii    \    ^j^  TT  20 

17    or3  —  3  /b2T7/  4-  ™3  —  1 

0  0  0  1  < .    C6u/  O   U    J(jU     i^  Ow      —   JL. 

1 1        a  _|_     a  a  ;—  /— 

12.  a;3  -  3  oay  +  7/3  =  0.  \x+Vy~~    ' 

Find  the  slope  of  each  of  the  following  curves  at  the  given  point. 

19.  x2  +  xy  +  2  y2  =  28 ;  (2,  3).  Ans.   -  J. 

20.  x3  -  3  xy2  +  7/3  =  1 ;  (2,  -  1).  -  f . 

21.  V2~z  -f  V§~#  =  5  ;  (2,  3).  23.  x3  -  axy  +  3  CM/  =  3  a3 ;  (a,  a). 

22.  x2  -  2^/xy  -  y2  =  52 ;   (8,  2).      24.  x2  -  x^xy  -2y2  =  6;  (4,  1). 

25.  Show  that  the  parabolas  y2  =  2  px  +  p2  and  y2  =  p2  —  2  px  inter- 
sect at  right  angles. 

26.  Show  that  the  circle  x2  +  y2  —  12  x  —  Q  y  +  25  =  Qis  tangent  to  the 
circle  x2  +  y2  +  2  x  +  y  =  10  at  the  point  (2,  1). 

27.  At  what  angle  does  the  line  y  =  2x  cut  the  curve  x2  —  xy  +  2  y2  =  28  ? 

28.  If  f(x)  and  $(y}  are  inverse  functions,  show  that  the  graph  of  0(rc) 
may  be  found  as  follows:   construct  the  graph  of  —  f(x)  and  rotate  it 
around  the  origin  90°  counterclockwise. 

ADDITIONAL  PROBLEMS 

1.  The  vertex  of  the  parabola  y2  =  2px  is  the  center  of  an  ellipse. 
The  focus  of  the  parabola  is  an  end  of  one  of  the  principal  axes  of  the 
ellipse,  and  the  parabola  and  ellipse  intersect  at  right  angles.    Find  the 
equation  of  the  ellipse.  Ans.  4  x2  +  2  y2  =  p2. 

2.  A  circle  is  drawn  with  its  center  at  (2  a,  0)  and  with  a  radius  such 
that  the  circle  cuts  the  ellipse  &2£2  +  a2y2  =  a2b2  at  right  angles.  Find  the 
radius.  "  Ans.  r2  =  f  (3  a2  +  b2). 

3.  From  any  .point  P  on  an  ellipse  lines  are  drawn  to  the  foci. .  Prove 
that  these  lines  make  equal  acute  angles  with  the  normal  at  P. 

4.  Prove  that  the  line  Bx  +  Ay  =  AB  is  tangent  to  the  ellipse 
b2x2  +  a2y2  =  a2b2  if,  and  only  if,  £2a2  +  A262  =  A2B2. 

5.  Find  the  equation  of  the  tangent  to  the  curve  xmyn  =  am+n  at  any 
point.  Prove  that  the  portion  of  it  intercepted  between  the  axes  is  divided 

in  the  ratio  —  at  the  point  of  contact.  Ans.  my\(x  —  x\)  +  nxi(y  —  y\)  =  0. 
n 

6.  If  He  is  the  slope  of  a  tangent  to  the  hyperbola  b2x2  —  a2y2  =  a2b2, 
prove  that  its  equation  is  y  =  kx  db  Va2&2  —  b2,  and  show  that  the  locus  of 
the  points  of  intersection  of  the  perpendicular  tangents  is  x2  +  y2  =  a2  —  b2. 


CHAPTER  V 

VARIOUS  APPLICATIONS  OF  THE  DERIVATIVE 
42.  Direction  of  a  curve.   It  was  shown  in  Art.  28  that  if 


is  the  equation  of  a  curve  (see 
figure),  then 

-p  =  slope  of  the  line  tangent 
to  the  curve  at  P(x,  y). 

The  direction  of  a  curve  at 

any  point  is  denned  as  the  direction  of  the  tangent  line  to  the  curve 
at  that  point.  Let  r  —  inclination  of  the  tangent  line.  Then  the 
slope  =  tan  r,  and 

-^-  =  tan  r  =  slope  of  the  curve  at  any  point  P(x,  y). 

At  points  such  as  D,  F,  H,  where  the  direction  of  the  curve  is 
parallel  to  the  x-axis  and  the  tangent  line  is  horizontal, 

T  =  0 ;  therefore  -j*-  =  0. 
ax 

At  points  such  as  A,  B,  G,  where  the  direction 
of  the  curve  is  perpendicular  to  the  #-axis  and 
the  tangent  line  is  vertical,  i  o 

r  =  90°;  therefore  ~-  becomes  infinite. 

ILLUSTRATIVE  EXAMPLE  1.  Given  the  curve  y  =  ^-  -  x2  +  2  (see  figure). 

(a)  Find  the  inclination  T  when  x  =  1. 

(b)  Find  T  when  x  =  3. 

(c)  Find  the  points  where  the  direction  of  the  curve  is  parallel  to  OX. 

(d)  Find  the  points  where  r  =  45°. 

(e)  Find  the  points  where  the  direction  of  the  curve  is  parallel  to  the  line 
2x—3y=6  (line  AB). 

Solution.  Differentiating,  —  =  x2  —  2  x  =  tan  T. 
ax 


(a)  When  x  =  1,  tan  r  =  1  -  2  =  -  1 ;  therefore  r  =  135°.  Ans. 

(b)  When  x  =  3,  tan  r  =  9  -  6  =  3 ;  therefore  r  =  71°  34'.  Ans. 

(c)  When  r  =  0,  tan  r  =  0 ;  therefore  x2  —  2  x  =  0.   Solving  this  equation,  we 
get  x  =  0  or  2.    Substituting  in  the  equation  of  the  curve,  we  find  y  =  2  when 
x  —  0,  y  =  f  when  x  —  2.    Hence  the  tangent  lines  at  C(0,  2)  and  D(2,  f )  are 
horizontal.  Ans. 

(d)  When  r  —  45°,  tan  r  =  1 ;  therefore  x2  -  2  x  =  1.  Solving  this  equation,  we 
get  x  =  1  ±  V2  =  2.41  and  —  0.41,  giving  two  points  where  the  slope  of  the  curve 
(or  tangent)  is  unity. 

(e)  Slop_e  of  the  given  line  =  f ;    therefore   x2  —  2  x  =  f .    Solving,  we  get 
x  =  1  ±  Vf  =  2.29  and  -  0.29,  giving  the  abscissas  of  the  points  F  and  E  where 
the  direction  of  the  given  curve  (or  tangent)  is  parallel  to  the  line  AB. 

Since  a  curve  at  any  point  has  the  same  direction  as  its  tangent 
line  at  that  point,  the  angle  between  two  curves  at  a  common  point 
will  be  the  angle  between  their  tangent  lines  at  that  point. 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  angle  of  intersection  of  the  circles 

(B)  x2  +  y2-2y~  9. 

Solution.  Solving  simultaneously,  we  find  the  points  of  intersection  to  be 
(3,  2)  and  (1, -2). 

Let  mi  =  slope  of  the  tangent  to  the  circle  A  at  (x,  y), 
and        m,2  =  slope  of  the  tangent  to  the  circle  B  at  (x,  y). 

___  dy  _  2  -  x 
1  ~~  dx~     y 


Then  from  (A), 
and  from  (B), 


by  Art.  41 


By  Art.  41 


dx     1  —  y 
Substituting  x  =  3,  y  =  2,  we  have 

mi  =  —  ^  =  slope  of  tangent  to  (A)  at  (3,  2). 
mz  =  —  3  =  slope  of  tangent  to  (.B)  at  (3,  2). 

The  formula  for  finding  the  angle  6  between  two  lines  whose  slopes  are  mi 
and  mz  is 

(2),  Art.  3 


Substituting, 


tan  6  =  • 


1  +  1 


=  1; 


5  =  45°.  Ans. 


This  is  also  the  angle  of  intersection  at  the  point  (1,  —  2). 

43.  Equations  of  tangent  and  normal;  lengths  of  subtangent  and  sub- 
normal.  The  equation  of  a  straight  line  passing 
through  the  point  (si,  2/1)  and  having  the  slope 
m  is  y-yi  =  m(x-  a?i).       (3),  Art.  3 

If  this  line  is  tangent  to  the  curve  AB  at  the 

point  PI (xi,  yi),  then  m  is  equal  to  the  slope  of 

the  curve  at  (x\,  y\).   Denote  this  value  of  m  by  mi.  Hence  at  the 

point  .of  contact  PI(ZI,  y\)  the  equation  of  the  tangent  line  TPi  is 
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The  normal  being  perpendicular  to  the  tangent,  its  slope  is  the 
negative  reciprocal  of  mi  ((2),  Art.  3).  And  since  it  also  passes 
through  the  point  of  contact  Pi(xir  y\),  we  have  for  the  equation 
of  the  normal  PiN, 

(2)  y-yi  =  -  — 0-*i). 

That  portion  of  the  tangent  which  is  intercepted  between  the 
point  of  contact  and  OX  is  called  the  length  of  the  tangent  (=  TP{), 
and  its  projection  on  the  cc-axis  is  called  the  length  of  the  subtangent 
(=  TM).  Similarly,  we  have  the  length  of  the 
normal  (=  PiN)  and  the  length  of  the  sub- 
normal  (=  MN). 


In  the  triangle  TPiM,  tan  r  =  mi  = 
therefore 


(3) 


MP 


TM 


i . 


TM*  =  -=-^  =  z±  =  length  of  subtangent. 


MN 


In  the  triangle  MPiN,  tan  r  =  mi  =  ——— ;  therefore 


(4) 


=  length  of  subnormal. 


The  length  of  the  tangent  (TPi)  and  the  length  of  the  normal 
(PiN)  may  then  be  found  directly  from  the  figure,  each  being  the 
hypotenuse  of  a  right  triangle  having  two  legs  known. 

When  the  length  of  subtangent  or  subnormal  at  a  point  on  a  curve 
is  determined,  the  tangent  and  normal  may  easily  be  constructed. 

PROBLEMS 

1.  Find  the  equations  of  tangent  and  normal  and  the  lengths  of  sub- 
tangent,  subnormal,  tangent,  and  normal,  at  the  point  (a,  a)  on  the  cissoid 


2  a  —  x 
Solution. 


dy  __  S  ax2  —  xs 


dx      y(2  a 
Substituting  x  =  a,  y  =  a,  we  have 
3  a3  -  a3 


_ 


a(2  a  -  a)2 


=  2  =  slope  of  tangent.         o 


Substituting  in  (1)  gives 

y  =  2  x  —  a,  equation  of  tangent. 


Also,    FT  =  V  (TM)2  +  (MP)2  =  -^  j  +  a2  =  |  V5  =  length  of  tangent, 
and  PAT"  =  V(MN)*  +  (MP)2  =  V4  a2  +  a2  =  a  v/5  =  length  of  normal. 

Find  the  equations  of  the  tangent  and  normal  at  the  given  point. 
2.  y  =  x3  -  3  x;  (2,  2).         Aws.    9x-y-l6  =  Q,  x  +  9y-2Q  =  Q. 

9  v  -4-  1 

8.y=   Q i          ;  (2,5).  73-0-9  =  0,3  +  70-37  =  0. 

6  —  X 

4.  2  a;2  -  xy  +  y2  =  16  ;  (3,  2). 

5.  y*  +  2  y  -  4  re  +  4  =  0  ;  (1,  -  2). 

6.  Find  the  equations  of  the  tangent  and  normal  at  (xi,  y\]  to  the 
ellipse  b2x2  +  a2y2  =  a2o2. 

Ans.   b2xix  +  a2yiy  =  a2b2,  a2yix  —  b2xiy  =  x\y\(a2  —  62). 

7.  Find  the  equations  of  the  tangent  and  normal,  and  the  lengths  of 
the  subtangent  and  subnormal,  at  the  point  (xi}  y\)  on  the  circle  z2  +  y2  =  r2. 

Ans.  XiX  +  yiy  =  r2,  x\y  -  yix  =  0,  -  ^->  -  XL 

Xi 

8.  Show  that  the  subtangent  to  the  parabola  y2  =  2  px  is  bisected  at 
the  vertex,  and  that  the  subnormal  is  constant  and  equal  to  p. 

Find  the  equations  of  the  tangent  and  normal,  and  the  lengths  of  the 
subtangent  and  subnormal,  to  each  of  the  following  curves  at  the  points 
indicated. 

9.  ay  =  x2 ;  (a,  a).  Ans.   2  x  —  y  =  a,  x  +  2  y  =  3  a,  ~>  2  a. 

£ 

10.  x2  -  4  y2  =  9 ;  (5,  2).  5  x  -  8  y  =  9,  8  x  +  5  y  =  50,  -1/,  f . 

11.  9  x2  +  4  y2  =  72;  (2,  3). 
12.xy  +  y2  +  2  =  0;  (3,  -2). 

13.  Find  the  area  of  the  triangle  formed  by  the  z-axis  and  the  tangent 
and  the  normal  to  the  curve  y  =  6  x  —  x2  at  the  point  (5,  5).     Ans.   ^f-5-. 

14.  Find  the  area  of  the  triangle  formed  by  the  y-axis  and  the  tangent 
and  the  normal  to  the  curve  y2  —  9  —  x  at  the  point  (5,  2). 

Find  the  angles  of  intersection  of  each  of  the  following  pairs  of  curves. 

15.  y2  =  x  +  1,  x2  +  y2  -  13.  Ans.   109°  39'. 

16.  y  =  6  -  x2,  lxz  +  yz  =  32. 

Ans.  At  (±  2,  2),  5°  54';  at  (±  1,  5),  8°  58'. 

17.  y  =  x2,  y2  -  3  y  =  2  x. 

18.  x2  +  4  y2  =  61,  2  x2  -  y2  =  41. 


Find  the  points  of  contact  of  the  horizontal  and  vertical  tangents  to 
each  of  the  following  curves. 

19.  y  =  5  x  —  2  x2.  Ans.   Horizontal,  (f,  -2/). 

20.  3  y2  —  6  y  -  x  =  0.  Vertical,  (—  3,  1). 

21.  x2  +  6  xy  +  25  y2  -  16.  Horizontal,  (3,  -  1),  (-  3,  1). 

Vertical,  (5,  -  f ),  (-  5,  f ). 

22.  x2-Sxy  +  25y2-Sl. 

23.  xz  -24:xy  +  169  y2  =  25. 

24.  169  x2  +  Wxy  +  y2  =  144. 

25.  Show  that  the  hyperbola  x2  —  yz  =  5  and  the  ellipse  4  x2  +  9  y2  =  72 
intersect  at  right  angles. 

26.  Show  that  the  circle  x2  +  y2  —  8  ax  and  the  cissoid  (2  o  —  x)y2  =  z3 

(a)  are  perpendicular  at  the  origin ; 

(b)  intersect  at  an  angle  of  45°  at  two  other  points.    (See  figure  in 
Chapter  XXVI.) 

27.  Show  that  the  tangents  to  the  folium  of  Descartes  x3  +  y3  =  3  axy 
at  the  points  where  it  meets  the  parabola  y2  =  ax  are  parallel  to  the  y-axis. 
(See  figure  in  Chapter  XXVI.) 

28.  Find  the  equation  of  the  normal  to  the  parabola  y  =  5x  +  x2  which 
makes  an  angle  of  45°  with  the  z-axis. 

29.  Find  the  equations  of  the  tangents  to  the  circle  x2  +  y2  =  58  which 
are  parallel  to  the  line  3  x  —  7  y  —  19. 

30.  Find  the  equations  of  the  normals  to  the  hyperbola  4  x2  —  y2  —  36 
which  are  parallel  to  the  line  2  x  4-  5  y  —  4. 

31.  Find  the  equations  of  the  two  tangents  to  the  ellipse  4  x2  +  y2  =  72 
which  pass  through  the  point  (4,  4).      Ans.  2  x  +  y  —  12, 14  x  +  y  =  60. 

32.  Show  that  the  sum  of  the  intercepts  on  the  coordinate  axes  of  the 
tangent  line  at  any  point  to  the  parabola  x*  +  y2  =  a2  is  constant  and 
equal  to  a.    (See  figure  in  Chapter  XXVI.) 

a         2         a 

33.  Show  that  for  the  hypocycloid  or  +  y5  —  fl3  the  portion  of  the 

tangent  line  at  any  point  included  between  the  coordinate  axes  is  constant 
and  equal  to  a.  (See  figure  in  Chapter  XXVI.) 

x2 

34.  The  equation  of  the  path  of  a  ball  is  y  =  x  —  -r^r ;    the  unit  of 

distance  is  1  yd.,  the  #-axis  being  horizontal,  and  the  origin  being  the 
point  from  which  the  ball  is  thrown,  (a)  At  what  angle  is  the  ball  thrown  ? 
(b)  At  what  angle  will  the  ball  strike  a  vertical  wall  75  yd.  from  the 
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what  angle  will  it  strike  the  roof  ?  (d)  If  thrown  from  the  top  of  a  build- 
ing 24  yd.  high,  at  what  angle  will  the  ball  strike  the  ground  ?  (e)  If 
thrown  from  the  top  of  a  hill  which  slopes  downward  at  an  angle  of  45°, 
at  what  angle  will  the  ball  strike  the  ground  ?  v  .._ 

35.  The  cable  of  a  suspension  bridge  hangs  in       ^>*- — ^^   J. 
the  form  of  a  parabola  and  is  attached  to  support- 
ing pillars  200  ft,   apart.    The  lowest  point  of  the  cable  is  40  ft.  below 
the  points  of  suspension.  Find  the  angle  between  the  cable  and  the  sup- 
porting pillars. 

44.  Maximum  and  minimum  values  of  a  function ;  introduction.  In 
a  great  many  practical  problems  we  have  to  deal  with  functions 
which  have  a  greatest  (maximum)  value  or  a  least  (minimum) 
value,*  and  it  is  important  to  know  what  particular  value  of  the 
variable  gives  such  a  value  of  the  function. 

For  instance,  suppose  that  it  is  required  to  find  the  dimensions  of 
the  rectangle  of  greatest  area  that  can  be  inscribed  in  a  circle  of 
radius  5  inches.  Consider  the  circle  in  the  following  figure.  Inscribe 
any  rectangle,  as  BD. 

Let  CD  =  x ;  then  DE  =  VlOO  —  x2,  and  the  area  of  the  rectangle 
is  evidently 

(1)  A  =  x  VlOO  -x2. 

That  a  rectangle  of  maximum  area  must  exist  may  be  seen  as  follows. 
Let  the  base  CD  (=  x)  increase  to  10  inches  (the  diameter) ;  then 
the  altitude  DE  =  VlOO  —  x2  will  decrease  to  zero  and  the  area  will 
become  zero.  Now  let  the  base  decrease  to 
zero;  then  the  altitude  will  increase  to  10 
inches  and  the  area  will  again  become  zero. 
It  is  therefore  evident  by  intuition  that  there 
exists  a  greatest  rectangle.  By  a  careful  study 
of  the  figure  we  might  suspect  that  when  the 
rectangle  becomes  a  square  its  area  would  be 
greatest,  but  this  would  be  guesswork.  A 
better  way  would  evidently  be  to  plot  the 
graph  of  the  function  (1)  and  note  its  behavior.  To  aid  us  in  draw- 
ing the  graph  of  (1),  we  observe  that 

(a)  from  the  nature  of  the  problem  it  is  evident  that  x  and  A  must 
both  be  positive ;  and 

(b)  the  values  of  x  range  from  zero  to  10  inclusive. 

Now  construct  a  table  of  values  and  draw  the  graph,  as  in  the 


What  do  we  learn  from  the  graph? 


X 

A 

0 

0 

1 

9.9 

2 

19.6 

3 

28.6 

4 

36.6 

5 

43.0 

6 

48.0 

7 

49.7 

8 

48.0 

9 

39.6 

10 

0.0 

(a)  If  carefully  drawn,  we  may  find  quite  accurately  the  area  of 
the  rectangle  corresponding  to  any  value  of  x  by  measuring  the  length 
of  the  corresponding  ordinate.   Thus, 

when  x  =  OM  =  3  in., 

then  A  =  MP  =  28.6  sq.  in. ; 

and  when  x  =  ON  =  4|  in., 

then  A  —  NQ  =  about  39.8  sq.  in.  (found  by  measurement). 

(b)  There  is  one  horizontal  tangent  (RS}.  The  ordinate  TH  from 
its  point  of  contact  T  is  greater  than  any  other  ordinate.  Hence  this 
observation :  One  of  the  inscribed  rectangles  has  evidently  a,  greater  area 
than  any  of  the  others.   In  other  words,  we  may  infer  from  this  that 
the  function  defined  by  (1)  has  a  maximum  value.   We  cannot  find 
this  value  (=  HT]  exactly  by  measurement,  but  it  is  very  easy  to 
find  by  the  calculus.     We  observed  that  at   T  the  tangent  was 
horizontal;  hence  the  slope  will  be  zero  at  that  point  (Art.  42).  To 
find  the  abscissa  of  T  we  then  find  the  derivative  of  A  with  respect 
to  x  from  (1),  place  it  equal  to  zero,  and  solve  for  x.  Thus  we  have 


(1) 


Solving, 


A  =  x  VlOO  -  x2, 

dA  ^  100  -  2  x2t    100  -  2  x2 

dx      VlOO  -  x2     VlOO-z2 

x  =  5  V2. 


Hence  the  rectangle  of  maximum  area  inscribed  in  the  circle  is  a 
square  of  area 

A  =  CD  X  DE  =  5V2  X  5V2  =  50  sq.  in. 

The  length  of  HT  is  therefore  50. 

Take  another  example.   A  wooden  box  is  to  be  built  to  contain 
108  cu.  ft.   It  is  to  have  an  open  top  and  a  square  base.   What  must 
be  its  dimensions  in  order  that  the  amount  of  material  required  shall 
be  a  minimum;  that  is,  what  dimensions 
will  make  the  cost  the  least  ? 

Let  x  =  length  of  side  of  square  base  in  feet, 
and    y  =  height  of  box. 

Since  the  volume  of  the  box  is  given,  how- 
ever, y  may  be  found  in  terms  of  x.   Thus, 

Volume  =  &22/  =  108; 


We  may  now  express  the  number  (=  M]  of  square  feet  of  lumber 
required  as  a  function  of  x  as  follows. 

Area  of  base  =  x2  sq.  ft., 


and 


(2) 


432 
Area  of  four  sides  =  4  xy  =  —  sq.  ft.  Hence 

M  =  x2  +  4M 
x 


260 

226 

200 

175 

150 

126 

100 

T5 

50 

25 


0 


\B 


8      9     10 


is  a  formula  giving  the  number  of  square  feet  required  in  any  such  bos 
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What  do  we  learn  from  the  graph? 

(a)  If  carefully  drawn,  we  may  measure  the  ordinate  correspond- 
ing to  any  length.  (=  x)  of  the  side  of  the  square  base  and  so  deter- 
mine the  number  of  square  feet  of  lumber  required. 

(b)  There  is  one  horizontal  tangent  (RS).    The  ordinate  of  its 
point  of  contact  T  is  less  than  any  other  ordinate.  Hence  this  obser- 
vation :   One  of  the  boxes  evidently  takes  less  lumber  than  any  of  the 
others.    In  other  words,  we  may  infer  that  the  function  defined  by 
(2)  has  a  minimum  value.    Let  us  find  this  point  on  the  graph  ex- 
actly, using  the  calculus.  Differentiating  (2)  to  get  the  slope  at  any 
point,  we  have 


- 

-         -   Ll  A,  -          „ 

dx  x2 

At  the  lowest  point  T  the  slope  will  be  zero.  Hence 

9        432-n- 
x2  ~ 

that  is,  when  x  =  6  the  least  amount  of  lumber  will  be  needed. 
Substituting  in  (2),  we  see  that  this  is 

M  =  108  sq.  ft 

The  fact  that  a  least  value  of  M  exists  is  also  shown  by  the  follow- 
ing reasoning.  Let  the  base  increase  from  a  very  small  square  to  a 
very  large  one.  In  the  former  case  the  height  must  be  very  great  and 
therefore  the  amount  of  lumber  required  will  be  large.  In  the  latter 
case,  while  the  height  is  small,  the  base  will  take  a  great  deal  of 
lumber.  Hence  M  varies  from  a  large  value,  grows  less,  then  in- 
creases again  to  another  large  value.  It  follows,  then,  that  the  graph 
must  have  a  "lowest"  point  corresponding  to  the  dimensions  which 
require  the  least  amount  of  lumber  and  therefore  would  involve  the 
least  cost. 

We  will  now  proceed  to  the  treatment  in  detail  of  the  subject  of 
maxima  and  minima. 

45.  Increasing  and  decreasing  functions.*  Tests.  A  function  y  ~f(x) 
is  said  to  be  an  increasing  function  if  y  increases  (algebraically)  when 
x  increases.  A  function  y  =f(x)  is  said  to  be  a  decreasing  function 
if  y  decreases  (algebraically)  as  x  increases. 

The  graph  of  a  function  indicates  plainly  whether  it  is  increasing 
or  decreasing.  For  instance,  consider  the  graph  in  Fig.  a,  p.  51. 


FIG.  a 


\ 

Ay 
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that  is,  as  x  increases  the  function  (=  y)  increases.   Obviously,  Ay 
and  Ax  agree  in  sign. 

On  the  other  hand,  in  the  graph  of 
Fig.  6,  as  we  move  along  the  curve  from 
left  to  right  the  curve  is  falling ;  that  is, 
as  x  increases,  the  function  (=  y)  always 
decreases.  Clearly,  A?/  and  Ax  have  op- 
posite signs. 

That  a  function  may  be  sometimes  increasing  and  sometimes 
decreasing  is  shown  by  the  graph  (Fig.  c)  of 

(1)       y  =  2  x3  -  9  x2  +  12  x  -  3. 

As  we  move  along  the  curve  from  left  to 
right  the  curve  rises  until  we  reach  the  point 

A,  falls  from  A  to  B,  and  rises  to  the  right  of 

B.  Hence 

(a)  from  x  =  —  oo  to  x  =  l  the  function  is 
increasing; 

(b)  from  x  =  1  to  x  =  2  the  function  is  de- 
creasing; 

(c)  from  x  =  2  to  x  =  +  °°  the  function  is 
increasing. 

At  any  point,  such  as  C,  where  the  function  is  increasing,  the 
tangent  makes  an  acute  angle  with  the  x-axis.  The  slope  is  positive. 
On  the  other  hand,  at  a  point,  such  as  D,  where 
the  function  is  decreasing,  the  tangent  makes 
an  obtuse  angle  with  the  x-axis,  and  the  slope  is 
negative.  Hence  the  following  criterion : 

A  junction  is  increasing  when  its  derivative  is 
positive,  and  decreasing  when  its  derivative  is 
negative. 

For  example,  differentiating  (1)  above,  we 
have 


FIG.  b 


(2) 


dx 


=  f'(x)  =  6  x2  -  18  x  +  12  =  Q(x  -  l)(z  -  2). 


When  x  <  1,  f'(x)  is  positive,  and  /(x)  is  increasing. 
When  1  <  x  <  2,  f'(x)  is  negative,  and  /(x)  is  decreasing. 
When  x  >  2,  f'(x)  is  positive,  and  /(x)  is  increasing. 

These  results  agree  with  the  conclusions  arrived  at  above  from 
the  graph. 


immediately  preceding  or  following. 

A  minimum  value  of  a  function  is  one  that  is  less  than  any  value 
immediately  preceding  or  following. 

For  example,  in  Fig.  c,  Art.  45,  it  is  clear  that  the  function  has  a 
maximum  value  MA  (=  y  =  2)  when  x  =  1,  and  a  minimum  value 
NB  (=y  =  l)  when  x  =  2. 

The  student  should  observe  that  a  maximum  value  is  not  neces- 
sarily the  greatest  possible  value  of  a  function  nor  a  minimum  value 
the  least.  For  in  Fig.  c  it  is  seen  that  the  function  (=  y)  will  have 
values  to  the  right  of  B  that  are  greater  than  the  maximum  MA,  and 
values  to  the  left  of  A  that  are  less  than  the  minimum  NB. 

If  f(x)  is  an  increasing  function  of  x  when  x  is  slightly  less  than  a, 
and  a  decreasing  function  of  x  when  x  is  slightly  greater  than  a,  that 
is,  if  f'(x)  changes  sign  from  -f  to  —  as  x  increases  through  a,  then 
/(#)  has  a  maximum  value  when  x  =  a.  Therefore,  if  continuous, 
f'(x)  must  vanish  when  x  =  a. 

Thus,  in  the  above  example  (Fig.  c),  at  C,  f'(x)  is  positive;  at 
A}  /'(#)  =  0 ;  at  D,  f'(x)  is  negative. 

On  the  other  hand,  if  /(#)  is  a  decreasing 
function  when  #  is  slightly  less  than  a,  and  an 
increasing  function  when  x  is  slightly  greater 
than  a,  that  is,  if /'(#)  changes  sign  from  —  to  + 
as  a;  increases  through  a,  then  /(#)  has  a  mini- 
mum  value  when  x  =  a.  Therefore,  if  contin- 
uous,  /'(#)  must  vanish  when  x  =  a.  '  FlG-  c 

Thus,  in  Fig.  c,  at  .D,  /'(»)  is  negative;  at  B}  f(x)  =  0;  at  E, 
f'(x)  is  positive. 

We  may  then  state  the  conditions  in  general  for  maximum  and 
minimum  values  of  /(#). 

/(*)  is  a  maximum  if  f(x)  =  0  and  /'(x)  changes  sign  from  +  to  —. 
f(x)  is  a  minimum  if  f(x)  =  0  and/'(x)  changes  sign  from  —  to  +. 

The  values  of  the  variable  satisfying  the  equation  f'(x)  =  0  are 
called  critical  values;  thus,  from  (2),  Art.  45,  x  =  1  and  x  =  2  are  the 
critical  values  of  the  variable  for  the  function  whose  graph  is  shown 
in  Fig.  c.  The  critical  values  determine  turning  points  where  the 
tangent  is  parallel  to  OX. 

To  determine  the  sign  of  the  first  derivative  at  points  near  a 
particular  turning  point,  substitute  in  it,  first,  a  value  of  the  variable 
slightly  less  than  the  corresponding  critical  value,  and  then  one 


slightly  greater.  If  the  first  sign  is  +  and  the  second  — ,  then  the 
function  has  a  maximum  value  for  the  critical  value  considered. 

If  the  first  sign  is  -  and  the  second  +,  then  the  function  has  a 
minimum  value. 

If  the  sign  is  the  same  in  both  cases,  then  the  function  has  neither 
a  maximum  nor  a  minimum  value  for  the  critical  value  considered. 
For  example,  take  the  above  function  in  (1),  Art.  45, 

(1)  y  =/(«)  =  2  xs  -  9  x2  +  12  x  -  3. 
Then,  as  we  have  seen, 

(2)  /'(aO  =  6(z-l)(a;-2). 

Setting  /'(x)  =  0,  we  find  the  critical  values  x  =  1,  x  =  2.  Let  us 
first  test  x  —  1.  We  consider  values  of  x  near  this  critical  value  to  be 
substituted  in  the  right-hand  member  of  (2),  and  observe  the  signs 
of  the  factors.  (Compare  Art.  45.) 

When  x  <  1,  /'(x)  =  (-)(-)  =  +. 

When  x  >  1,  /' (z)  =  (+)(-)  =  -. 

Hence  f(x)  has  a  maximum  value  when  x  —  1.  By  the 
table,  this  value  \sy—  /(I)  =  2. 

Next,  test  x  =  2.  Proceed  as  before,  taking  values  of  x  now  near 
the  critical  value  2. 

When  x  <  2,  /'(z)  =  (+)(-)  =  -. 
When  x  >  2,  j'(x)  =  (+)(+)=+. 

Hence  f(x)  has  a  minimum  value  when  x  =  2.  By  the  table  above, 
this  value  is  y  =/(2)  =  1. 

We  shall  now  summarize  our  results  in  a  working  rule. 

47.  First  method  for  examining  a  function  for  maximum  and  mini- 
mum values.  Working  rule. 

FIRST  STEP.  Find  the  first  derivative  of  the  function. 

SECOND  STEP.  Set  the  first  derivative  equal  to  zero  and  solve  the  resulting 
equation  for  real  roots.  These  roots  are  the  critical  values  of  the  variable. 

THIRD  STEP.  Considering-  one  critical  value  at  a  time,  test  the  first 
derivative,  first  for  a  value  a  trifle  less  *  and  then  for  a  value  a  trifle  greater 
than  the  critical  value.  If  the  sign  of  the  derivative  is  first  +  o,nd  then  — , 
the  function  has  a  maximum  value  for  that  particular  critical  value  of  the 
variable;  but  if  the  reverse  is  true,  then  it  has  a  minimum  value.  If  the 
sign  does  not  change,  the  function  has  neither. 

*  In  this  connection  the  term  "little  less,"  or  "trifle  less,"  means  any  value  between  the 
next  smaller  root  (critical  value)  and  the  one  under  consideration;  and  the  term  "little 
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In  the  Third  Step,  it  is  often  convenient  to  resolve  f'(x)  into 
factors,  as  in  Art.  46. 

ILLUSTRATIVE  EXAMPLE  1.  In  the  first  problem  worked  out  in  Art.  44  we  showed 
by  means  of  the  graph  of  the  function 

A  =xVlOO  -x2 

that  the  rectangle  of  maximum  area  inscribed  in  a  circle  of  radius  5  in.  con- 
tained 50  sq.  in.  This  may  now  be  proved  analytically  as  follows  by  applying  the 
above  rule. 

Solution.  /(»)  =  s 

First  Step.  /'(a?)  = 


lOO-x2 
Second  Step.   Setting  /'(«)  =  0,  we  have 

x  =  5^2  =  7.07, 

which  is  the  critical  value.  Only  the  positive  sign  of  the  radical  is  taken,  since, 
from  the  nature  of  the  problem,  the  negative  sign  has  no  meaning. 

Third  Step.   When  x  <  SV2,  then  2  x2  <  100,  and  f'(x)  is  +. 

When  x  >  5  V2,  then  2  x2  >  100,  and  /'(»)  is  -. 

Since  the  sign  of  the  first  derivative  changes  from  +  to  -,  the  function  has  a 
maximum  value  /(5V2)  =  5^2  •  5\/2  =  50.  Ans. 

ILLUSTRATIVE  EXAMPLE  2.  Examine  the  function  (x  —  l)2(x  +  I)3  for  maxi- 
mum and  minimum  values. 

Solution,     /(x)  =  (x  -  l)2(x  +  I)3. 

First  Step.  f'(x)  =2(x-l)(x  +  V3  +  3(x-U2(x  +  l)2=(x-l)(x+l)2(5x-l). 

Second  Step,  (x  -!)(»  +  1)2(5  x  -  1)  =  0. 

Hence  x  =  1,  —  1,  |,  are  the  critical  values. 

Third  Step,      /'(a?)  =  B(x  -  1)  (z  +  l)2(z  -  f  ). 

Examine  first  the  critical  value  x  =  1  (C  in  figure). 

When  x  <  1,  /'(a?)  =  5(-)  (+)2(+)  =  -. 
When  x  >  1,  /'(*)  =  5(+)(+)2(-f)  =  +. 

Therefore,  when  x  =  1  the  function  has  a  minimum  value  /(I)  =  0  (=  ordinate 
of  C). 

Examine  now  the  critical  value  x  =  f  (Bin  figure). 

When  x  <  £,/'(x)  =  5(-)(+)2(-)  =  +. 
When  x  >  i  /'(*)  =  5(-)  (+)2(+)  =  -. 

Therefore,  when  x  =  j  the  function  has  a  maximum  value  /(j)  =1.11  (=  ordi- 
nate of  B). 

Examine  lastly  the  critical  value  x  —  —  1  (Am  figure). 

When  a?  <  -  1,  /'(»)  =  5(-)(-)2(-)  =  +. 
When  a?  >  -  1,  /'(x)  =  5(-)(+)2(-)  =  +. 
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48.  Maximum  or  minimum  values  when  f'(x)  becomes  infinite  and 
f(x)  is  continuous.   Consider  the  graph  in  the  figure.   At  B,  or  Or, 


FIG.  d 


f(x)  is  continuous  and  has  a  maximum  value,  but /'(a;)  becomes  in- 
finite, since  the  tangent  line  at  B  is  parallel  to  the  j/-axis.  At  E,  f(x) 
has  a  minimum  value,  and  f(x)  again  becomes  infinite.  In  our  dis- 
cussion of  all  possible  maximum  and  minimum  values  of  f(x),  we 
must  therefore  include  as  critical  values  also  those  values  of  x  for 
which  f'(x)  becomes  infinite,  or,  what  is  the  same  thing,  values  of  x 
satisfying 

(1)  T7T  =  0. 

i  (TI 

The  Second  Step  of  the  rule  of  the  preceding  section  must  then 
be  modified  as  indicated  by  (1).  The  other  steps  are  unchanged. 

In  Fig.  d  above,  note  that /'(a)  also  becomes  infinite  at  A,  but  the 
function  is  neither  a  maximum  nor  a  minimum  at  A. 

ILLUSTRATIVE  EXAMPLE.  Examine  the  function  a  —  b(x  —  c)*  for  maxima  and 
minima. 

Solution.  f(x)  =  a  -  b(x  -  -^  p 

/'(*>=-   2b 


Since  x  ~  c  is  a  critical  value  for  which  ~-  =  0  (and /'(a)  =  °°),  but  for  which 

J  (%) 
/(»)  is  not  infinite,  let  us  test  the  function  for  maximum  and  minimum  values  when 


PROBLEMS 

Examine  each  of  the  following  functions  for  maximum  and  minimum 
values. 

1.  x3  —  6  x2  +  9  x.  Ans.   x  =  l,  gives  max.  =  4. 

x  =  3,  gives  min.  =  0. 

2.  10  +  12  x  -  3  xz  -  2  xs.  x  =  l,  gives  max.  =  17. 

x  =  —  2,  gives  min.  =  —  10. 

3.  2  x3  +  3  x2  +  12  x  —  4.  No  max.  or  min. 

4.  x3  -f-  2  x2  -  15  x  -  20. 

5.  2  x2  —  x4.  jc  =  0,  gives  min.  =  0. 

x  =  ±  1,  gives  max.  =  1. 

6.  a4  —  4  £.  o;  =  l,  gives  min.  =  —  3. 

7.  x4  —  x2  +  1. 

8.  3  z4  —  4  cc3  —  12  x2.  x  =  —  1,  gives  min.  =  —  5. 

x  =  0,  gives  max.  =  0. 
x  =  2,  gives  min.  =  —  32. 

9.  x5  —  5  x*.  x  =  0,  gives  max.  =  0. 

x  =  4,  gives  min.  =  —  256. 

10.  3  x5  —  20  x3. 

o  a3 

11.  x2  H '  a?  =  a,  gives  min.  =  3  a2. 

a; 

Os 

10    0  r  _  2_. 
1(6.  .£  J?  g 

a4 
13.  a2  -f  — •  x  =  ±  a,  gives  min.  =  2  a2. 

1 4       ax      ,  x  =  —  a,  gives  min.  =  —  •§. 

'  a;2  +  a2  a;  =  a,  gives  max.  =  f. 

15. -T— • 
a;  4-  o 

16.  - 


+  a 
+  2  a2 


18.  (2  +  x)2(l  -  x)2. 

19.  (2  +  re)  2(1  -x)3. 

z 

20.  6  +  c(x  —  a)a.  x  =  a,  gives  min.  =  6. 


Mr. 


mav     rvr  t-mn 


i  3. 

22.  (2  +  x)3(l  -  a;)3.  Arts,  x  =  1,  gives  min.  =  0. 

x  •=  —  1,  gives  max.  =  V4  =  1.6. 

23.  x(a  +  x)2(a  —  a;)3.  x  =  ~  a,  gives  max.  =  0. 

x  =  —  %  a,  gives  min.  =  —  f  J  a6. 
#  =  i  a,  gives  max.  =  -f |f  a6, 
a;  =  a,  gives  neither. 

—  -i 

24.  (2  x  -  a)3 (z  —  a)s.  x  =  §  a,  gives  max.  =  f  a. 

x  =  a,  gives  min.  =  0. 
x  =  i  a,  gives  neither. 

25         x  "*"  2       .  x  =  0,  gives  max.  =  |. 

*a;2  +  2a;4-4  x  =  —  4,  gives  min.  = 


29.  — 

x      a  —  x 


30. 


a  —  2a; 
31    s2  +  a; 


a; 


i         -  ~'  =  —  3,  gives  max.  =  —  5. 

x  +  1  x  =  1,  gives  min.  =  3. 

27    ff2  +  z  +  4  ^  x  =  —  2,  gives  max.  =  f . 

'#2  +  2o;  +  4  a;  =  2,  gives  min.  =  f. 

oo    (x  —  a}(b  —  x}  2  ab      .  (b  —  a)2 

28.  -^ ^ '--  x  —  — — ->  gives  max.  =  —. — —-• 

x2  a+b  4  ab 


a2  ,      b2                                                  a2       .           .          (a  +  6)2 
— I x  —  —       gives  mm.  = — • 


49.  Maximum  and  minimum  values.  Applied  problems.  In  many 
problems  we  must  first  construct,  from  the  given  conditions,  the 
function  whose  maximum  and  minimum  values  are  required,  as  was 
done  in  the  two  examples  worked  out  in  Art.  44.  This  sometimes 
offers  considerable  difficulty.  No  rule  applicable  in  all  cases  can  be 
given,  but  in  many  problems  we  may  be  guided  by  the  following 

General  directions 

(a)  Set  up  the  function  whose  maximum  or  minimum  value  is  in- 
volved in  the  problem. 

(b)  If  the  resulting  expression  contains  more  than  one  variable,  the 
conditions  of  the  problem  will  furnish  enough  relations  between  the  vari- 
ables so  that  all  may  be  expressed  in  terms  of  a  sinale  one. 


(c)  To  the  resulting  function  of  a  single  variable  apply  the  above  rule 
(p.  53)  for  finding  maximum  and  minimum  values. 

(d)  In  practical  problems  it  is  usually  easy  to  tell  which  critical  value 
will  give  a  maximum  and  which  a  minimum  value,  so  it  is  not  always 
necessary  to  apply  the  third  step. 

(e)  Draw  the  graph  of  the  function  in  order  to  check  the  work. 

The  work  of  finding  maximum  and  minimum  values  may  fre- 
quently be  simplified  by  the  aid  of  the  following  principles,  which 
follow  at  once  from  our  discussion  of  the  subject. 

(a)  The  maximum  and  minimum  values  of  a  continuous  function 
must  occur  alternately. 

(b)  When  c  is  a  positive  constant,  cf(x)  is  a  maximum  or  a  mini- 
mum for  such  values  of  x,  and  such  only,  as  make  f(x)  a  maximum  or  a 
minimum. 

Hence,  in  determining  the  critical  values  of  x  and  testing  for  max- 
ima and  minima,  any  constant  factor  may  be  omitted. 

When  c  is  negative,  cf(x)  is  a  maximum  when  f(x)  is  a  minimum, 
and  conversely. 

(c)  If  c  is  a  constant,  f(x)  and  c-\-f(x)  have  maximum  and  mini- 
mum values  for  the  same  values  of  x. 

Hence  a  constant  term  may  be  omitted  when  finding  critical  values 
of  x  and  testing. 

PROBLEMS 

1.  It  is  desired  to  make  an  open  top  box  of  greatest  possible  volume 
from  a  square  piece  of  tin  whose  side  is  a,  by  cutting  equal  squares  out 
of  the  corners  and  then  folding  up  the  tin  to  form  the  sides.  What  should 
be  the  length  of  a  side  of  the  squares  cut  out  ? 

Solution.  Let    x  =  side  of  small  square  =  depth  of  box ; 
then  a  —  2  x  =  side  of  square  forming  bottom  of  box, 

and  volume  is         V  =  (a  —  2  x]2x, 

which  is  the  function  to  be  made  a  maximum  by  varying  x. 
Applying  the  rule,  p.  53, 


First  Step.  -~  =  (a  -  2  z)2  -  4  x(a  -  2  a?)  =  a2  -  8  ax  +  12  x2. 

Second  Step.  Solving  a2  -  8  ax  +  12  x2  =  0  gives  critical  values  x  =  -  and  -• 

2         6 
It  is  evident  from  the  figure  that  x  =  %  must  give  a  minimum,  for  then  all  the 

£ 

tin  would  be  cut  away,  leaving  no  material  out  of  which  to  make  a  box.  By  the  usual 
test,  x  —  |  is  found  to  give  a  maximum  volume  -~ .  Hence  the  side  of  the  square  to 


The  drawing  of  the  graph  of  the  function  in  this  and  the  following  problems  is 
left  to  the  student. 

2.  Assuming  that  the  strength  of  a  beam  with  rectangular  cross  sec- 
tion varies  directly  as  the  breadth  and  as  the  square  of  the  depth,  what 
are  the  dimensions  of  the  strongest  beam  that  can  be  sawed 

out  of  a  round  log  whose  diameter  is  d? 

Solution.  If  x  —  breadth  and  y  =  depth,  then  the  beam  will 
have  maximum  strength  when  the  function  xy2  is  a  maximum. 
From  the  figure,  y2  =  d2  —  x2 ;  hence  we  should  test  the  function 
f(x)  =  x(d2  -  x2). 

First  Step.  f'(x)  =  -  2  x2  +  d2  -  x2  =  d2  -  3  x2. 

Second  Step.  d2  —  3x2  =  0.  .-.  x  =  -7=  =  critical  value  which  gives  a  maximum. 
Therefore,  if  the  beam  is  cut  so  that 

Depth  =  Vf  of  diameter  of  log, 

and  Breadth  =  V^  of  diameter  of  log, 

the  beam  will  have  maximum  strength. 

3.  What  is  the  width  of  the  rectangle  of  maximum  area  that  can  be 
inscribed  in  a  given  segment  OAA'  of  a  parabola? 

HINT.  If  OC  =  h,  BC  =  h-x  and  PP'  =  2y;  there- 
fore the  area  of  rectangle  PDD'P'  is 
2(h-x)y. 
But  since  P  lies  on  the  parabola  y2  —  2  px,  the  function  to 

be  tested  is  

/(a?)  =2(h-x~)V2px. 

Ans.  Width  =  f  h. 

4.  Find  the  altitude  of  the  cone  of  maximum  volume  that  can  be 
inscribed  in  a  sphere  of  radius  r.  B 

HINT.   Volume  of  cone  =  |  irx2y.   But 

x2  =  BC  x  CD  =  y(2  r-y); 
therefore  the  function  to  be  tested  is 

TT  -^ 

Ans.  Altitude  of  cone  =  f  r.  D 

5.  Find  the  altitude  of  the  cylinder  of  maximum  volume  that  can  be 
inscribed  in  a  given  right  cone. 

HINT.  Let  AC  =  r  and  BC  =  h.  Volume  of  cylinder  =  irx2y. 
But  from  similar  triangles  ABC  and  DBG, 

r-x  =  h-h-        '  x  =  r(h~y}- 
h 

Hence  the  function  to  be  tested  is 


6.  If  three  sides  of  a  trapezoid  are  each  10  in.  long,  how  long  must  the 
fourth  side  be  if  the  area  is  a  maximum  ?  Ans.   20  in. 

7.  It  is  required  to  inclose  a  rectangular  field  by  a  fence,  and  then  to 
divide  it  into  two  lots  by  a  fence  parallel  to  one  of  the  sides.  If  the  area  of 
the  field  is  given,  find  the  ratio  of  the  sides  so  that  the  total  length  of  fence 
shall  be  a  minimum.  Ans.   2/3. 

8.  A  rectangular  garden  is  to  be  laid  out  along  a  neighbor's  lot  and  is 
to  contain  432  sq.  rd.    If  the  neighbor  pays  for  half  the  dividing  fence, 
what  should  be  the  dimensions  of  the  garden  so  that  the  cost  to  the  owner 
of  inclosing  it  may  be  a  minimum  ?  Ans.   18  rd.  x  24  rd. 

9.  A  radio  manufacturer  finds  that  he  can  sell  x  instruments  per  week 
at  p  dollars  each,  where  5  x  =  375  —  B  p.    The  cost  of  production  is 
(500  +  15  x  +  %  x2)  dollars.    Show  that  the  maximum  profit  is  obtained 
when  the  production  is  about  30  instruments  per  week. 

10.  In  Problem  9  suppose  the  relation  between  x  and  p  is 

x  =  100-5 

Show  that  the  manufacturer  should  produce  only  about  25  instruments  per 
week  for  maximum  profit. 

11.  In  Problem  9  suppose  the  relation  between  x  and  p  is 

x*  =  2500  -  20  p. 
How  many  instruments  should  be  produced  each  week  for  maximum  profit  ? 

12.  The  total  cost  of  producing  x  articles  per  week  is  (ax2  +  bx  +  c) 
dollars  and  the  price  (p  dollars)  at  which  each  can  be  sold  is  p  =  J3  —  a  x2. 
Show  that  the  output  for  maximum  profit  is 


_  Va2  +  3  a(0  -  b)  -  a 
X~  3a 

13.  In  Problem  9  suppose  a  tax  of  t  dollars  per  instrument  is  imposed 
by  the  government.    The  manufacturer  adds  the  tax  to  his  cost  and  de- 
termines the  output  and  price  under  the  new  conditions. 

(a)  Show  that  the  price  increases  by  a  little  less  than  half  the  tax. 

(b)  Express  the  receipts  from  the  tax  in  terms  of  t  and  determine  the 
tax  for  maximum  return. 

(c)  When  the  tax  determined  in  (b)  is  imposed,  show  that  the  price  is 
increased  by  about  33  per  cent. 

14.  The  total  cost  of  producing  x  articles  per  week  is  (ax2  +  bx  -f  c) 
dollars,  to  which  is  added  a  tax  of  t  dollars  per  article  imposed  by  the 
government,  and  the  price  (p  dollars)  at  which  each  can  be  sold  is  p  =  /3  —  ax. 
Show  that  the  tax  brings  in  the  maximum  return  when  t  =  ^  (/3  —  b)  and 
that  the  increase  in  price  is  always  less  than  the  tax. 

NOTE.  In  applications  in  economics  a,  6,  c,  a,  /?  are  positive  numbers. 


15.  A  steel  plant  is  capable  of  producing  x  tons  per  day  of  a  low-grade 

steel  and  y  tons  per  day  of  a  high-grade  steel,  where  y  =   :  ~     x-  If  the 

10  —  cc 

fixed  market  price  of  low-grade  steel  is  half  that  of  high-grade  steel,  show 
that  about  5|  tons  of  low-grade  steel  are  produced  per  day  for  maximum 
profit. 

16.  A  telephone  company  finds  there  is  a  net  profit  of  $15  per  instru- 
ment if  an  exchange  has  1000  subscribers  or  less.    If  there  are  over  1000 
subscribers,  the  profits  per  instrument  decrease  1£  for  each  subscriber 
above  that  number.  How  many  subscribers  would  give  the  maximum  net 
profit?  Ans.   1250. 

17.  The  cost  of  manufacturing  a  given  article  is  p  dollars  and  the  num- 
ber which  can  be  sold  varies  inversely  as  the  nth  power  of  the  selling  price. 
Find  the  selling  price  which  will  yield  the  greatest  total  net  profit. 

Ans.     np-' 
n  —  l 

18.  What  should  be  the  diameter  of  a  tin  can  holding  1  qt.  (58  cu.  in.) 
and  requiring  the  least  amount  of  tin  (a)  if  the  can  is  open  at  the  top  ? 
(b)  if  the  can  has  a  cover  ?  .  -  .  - 

Ans.    (a)  A/—  =  5.29  in.;  (b)  >.3/^  =  4.20  in. 

\     7T  \     7T 

19.  The  lateral  surface  of  a  right  circular  cylinder  is  4  T  sq.  ft.   From 
the  cylinder  is  cut  a  hemisphere  whose  diameter  equals  the  diameter  of 
the  cylinder.  Find  the  dimensions  of  the  cylinder  if  the  remaining  volume 
is  a  maximum  or  minimum.    Determine  whether  it  is  a  maximum  or  a 
minimum.  .  Ans.   Radius  =  1  ft.,  altitude  =  2  ft.  ;  maximum. 

20.  Find  the  area  of  the  largest  rectangle  with  sides  parallel  to  the 
coordinate  axes  which  can  be  inscribed  in  the  figure  bounded  by  the  two 
parabolas  3  y  =  12  —  x2  and  6  y  =  x2  —  12.  Ans.   16. 

21.  Two  vertices  of  a  rectangle  are  on  the  z-axis.  The  other  two  vertices 
are  on  the  lines  whose  equations  are  y  =  2  x  and  3  x  4-  y  =  30.   For  what 
value  of  y  will  the  area  of  the  rectangle  be  a  maximum?         Ans.  y  =  6. 

22.  One  base  of  an  isosceles  trapezoid  is  a  diameter  of  a  circle  of  radius 
a,  and  the  ends  of  the  other  base  lie  on  the  circumference  of  the  circle. 
Find  the  length  of  the  other  base  if  the  area  is  a  maximum.          Ans.   a. 

23.  A  rectangle  is  inscribed  in  a  parabolic  segment  with  one  side  of  the 
rectangle  along  the  base  of  the  segment.  Show  that  the  ratio  of  the  area 

of  the  largest  rectangle  to  the  area  of  the  segment  is  —7? 

24.  The  strength  of  a  rectangular  beam  varies  as  the  product  of  the 
breadth  and  the  square  of  the  depth.  Find  the  dimensions  of  the  strong- 
est beam  that  can  be  cut  from  a  log  whose  cross  section  is  an  ellipse  of 
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25.  The  stiffness  of  a  rectangular  beam  varies  as  the  product  of  the 
breadth  and  the  cube  of  the  depth.    Find  the  dimensions  of  the  stiffest 
beam  that  can  be  cut  from  a  cylindrical  log  whose  radius  is  a. 

Ans.   a  x  aV3. 

(mZ  j_  ;]W2 

26.  The  equation  of  the  path  of  a  ball  is  y  =  mx  —  * — ~~ — »  where 

oUU 

the  origin  is  taken  at  the  point  from  which  the  ball  is  thrown  and  m  is  the 
slope  of  the  curve  at  the  origin.  For  what  value  of  m  will  the  ball  strike 
(a)  at  the  greatest  distance  along  the  same  horizontal  level?  (b)  at  the 
greatest  height  on  a  vertical  wall  300  ft.  away?  Ans.  (a)  1 ;  (b)  4|. 

27.  A  window  of  perimeter  p  ft.  is  in  the  form  of  a  rectangle  surmounted 
by  an  isosceles  right  triangle.   Show  that  the  window  will  admit  the  most 
light  when  the  sides  of  the  rectangle  are  equal  to  the  sides  of  the  right 
triangle. 

28.  The  sum  of  the  surfaces  of  a  sphere  and  a  cube  being  given,  show 
that  the  sum  of  their  volumes  will  be  least  when  the  diameter  of  the  sphere 
is  equal  to  the  edge  of  the  cube.    When  will  the  sum  of  the  volumes  be 
greatest? 

29.  Find  the  dimensions  of  the  largest  rectangle  which  can  be  inscribed. 

2  2 

in  the  ellipse  —2  +  |j  =  1.  Ans.   a\/2  x  & \/2. 

30.  Find  the  area  of  the  largest  rectangle  which  can  be  drawn  with 
its  base  on  the  #-axis  and  with  two  vertices  on  the  witch  whose  equation 

is  y  -    08(*3     •    (See  figure  in  Chapter  XXVI.)  Ans.   4  a2. 

x2  +  4  a* 

31.  Find  the  ratio  of  the  area  of  the  smallest  ellipse  that  can  be  cir- 
cumscribed about  a  rectangle  to  the  area  of  the  rectangle.   The  area  of  an 
ellipse  is  nab,  where  a  and  b  are  the  semiaxes.  Ans.   J  TT. 

32.  The  two  lower  vertices  of  an  isosceles  trapezoid  are  the  points 
(—  6,  0)  and  (6,  0).   The  two  upper  vertices  lie  on  the  curve  x2  +  4  y  =  36. 
Find  the  area  of  the  largest  trapezoid  which  can  be  drawn  in  this  way. 

Ans.   64. 

33.  The  distance  between  the  centers  of  two  spheres  of  radii  a  and  6, 
respectively,  is  c.    Find  from  what  point  P  on  the  line  of  centers  AB  the 
greatest  amount  of  spherical  surface  is  visible.    (The  area  of  the  curved 
surface  of  a  zone  of  height  h  is  2  irrh,  where  r  is  the  radius  of  the  sphere.) 


(c)  circumscribed  right  cone  of  minimum  volume. 

Ans.    (a)  4 V3  in. ;  (b)  6.31  in. ;  (c)  24  in. 

36.  Prove  that  a  conical  tent  of  a  given  capacity  will  require  the  least 
amount  of  canvas  when  the  height  is  \/2  times  the  radius  of  the  base. 
Show  that  when  the  canvas  is  laid  out  flat  it  will  be  a  circle  with  a  sector 
of  152°  9'  cut  out.   How  much  canvas  would  be  required  for  a  tent  10  ft. 
high?  Ans.   272  sq.  ft. 

37.  Given  a  point  on  the  axis  of  the  parabola  y2  —  2  px  at  a  distance  a 
from  the  vertex ;  find  the  abscissa  of  the  point  on  the  curve  nearest  to  it. 

Ans.  x  ~  a  —  p. 

38.  Find  the  point  on  the  curve  2  y  =  x2  which  is  nearest  to  the  point 
(4,  1).  Ans.   (2,  2), 

39.  If  PQ  is  the  longest  or  shortest  line  segment  which  can  be  drawn 
from  P(a,  &)  to  the  curve  y  =  f(x),  prove  that  PQ  is  perpendicular  to  the 
tangent  to  the  curve  at  Q. 

40.  A  formula  for  the  efficiency  of  a  screw  is  E  =  -* l  -an  •  •,  where  Q 

h  +  tan  e 

is  the  angle  of  friction  and  h  is  the  pitch  of  the  screw.  Find  h  for  maximum 
efficiency.  Ans.  h  =  sec  0  —  tan  8. 

41.  The  distance  between  two  sources  of  heat  A  and  B,  with  intensi- 
ties a  and  6  respectively,  is  L    The  total  intensity  of  heat  at  a  point  P 

between  A  and  B  is  given  by  the  formula 

,  -.APS 

I  =  ^  + 2 ,  &»*-.--•$-.  i 3 

x2  ^  (I  -  x)2  ^ 

where  x  is  the  distance  of  P  from  A.  For  what  position  of  P  will  the  tem- 
perature be  lowest  ?  a%i 

Ans.  x  =  — j i  • 

03+&3 

42.  The  lower  base  of  an  isosceles  trapezoid  is  the  major  axis  of  an 
ellipse;  the  ends  of  the  upper  base  are  points  on  the  ellipse.    Show  that 
the  maximum  trapezoid  of  this  type  has  the  length  of  its  upper  base 
half  that  of  the  lower. 

43.  An  isosceles  triangle  with  vertex  at  (0,  &)  is  to  be  inscribed  in  the 
ellipse  b2x2  +  a2y2  =  a2b2.    Find  the  equation  of  the  base  if  the  area  of 
the  triangle  is  a  maximum.  Ans.   2  y  -f  6  =  0. 

44.  Find  the  base  and  altitude  of  the  isosceles  triangle  of  minimum  area 
which  circumscribes  the  ellipse  bzx2  +  a2y2  =  a2b2,  and  whose  base  is 
parallel  to  the  a-axis.  Ans.  Altitude  =  36,  base  =  2  aV3. 


45.  Let  P(a,  &)  be  a  point  in  the  first  quadrant  of  a  set  of  rectangular 
axes.  Draw  a  line  through  P  cutting  the  positive  ends  of  the  axes  at  A. 
and  B.  Calculate  the  intercepts  of  this  line  on  OX  and  OY  in  each  of  the 
following  cases. 

(a)  when  the  area  OAB  is  a  minimum; 

(b)  when  the  length  AB  is  a  minimum; 

(c)  when  the  sum  of  the  intercepts  is  a  minimum; 

(d)  when  the  perpendicular  distance  from  0  to  A  B  is  a  maximum. 

Ans.    (a)  2  a,  2  6  ;  (b)  a  +  a*6$,  &  +  a?b*  ; 


(c)  a  +        &,  6  +        6;  (d) 

a          ,    6 

50.  Derivative  as  the  rate  of  change.  In  Art.  23  the  functional 
relation 

(1)  y  =  x2 

gave  as  the  ratio  of  corresponding  increments 

(2)  ||  =  2z  +  Az. 
When  x  —  4  and  Ax  =  0.5,  equation  (2)  becomes 

(3)  |f  =  8.5. 

Then,  we  say,  the  average  rate  of  change  of  y  with  respect  to  a: 
equals  8.5  when  x  increases  from  x  =  4  to  x  —  4.5. 
In  general,  the  ratio 

An 

(A)  -ip  =  average  rate  of  change  of  y  with  respect  to  x  when  x  changes 

x         from  x  to  x  +  Ax. 
Constant  rate  of  change.  When 

(4)  y  =  ax  +  b, 

we  have  -—  =  a. 

Ax 

That  is,  the  average  rate  of  change  of  y  with  respect  to  x  equals  a,, 
the  slope  of  the  straight  line  (4),  and  is  constant.  In  this  case,  and 
in  this  case  only,  the  change  in  y  (Ay),  when  x  increases  from  any 
value  x  to  x  -f-  Ax,  equals  the  rate  of  change  a  times  Ax. 

Instantaneous  rate  of  change.  If  the  interval  from  x  to  x  -f  Ax 
decreases  and  Ax  —  >  0,  then  the  average  rate  of  change  of  y  with 
respect  to  x  in  this  interval  becomes  at  the  limit  the  instantaneous 
rate  of  change  of  y  with  respect  to  x.  Hence,  by  Art.  24, 

(B)  -^  =  instantaneous  rate  of  change  of  y  with  respect  to  x  for  a 

- 


For  example,  from  (1)  above, 

(5)  ^  =  2*. 
dx 

When  x  =  4,  the  instantaneous  rate  of  change  of  y  is  8  units  per 

unit  change  in  x.   The  word  "instantaneous"  is  often  dropped  in  (5). 

Geometric  interpretation.  Let  the  graph  of 

(6)  y=f(x) 

be  drawn,  as  in  the  figure.  When  x  in- 
creases from  OM  to  ON,  then  y  increases 
from  MP  to  NQ.  The  average  rate  of 

change  of  y  with  respect  to  x  equals  the     o\  <^'  /    M     N   x: 
slope  of  the  secant  line  PQ.  The  instanta- 
neous rate  when  x  =  OM  equals  the  slope  of  the  tangent  line  PT. 

Hence  the  instantaneous  rate  of  change  of  y  at  P(x,  y}  is  equal  to 
the  constant  rate  of  change  of  y  along  the  tangent  line  at  P. 

When  x  =  XQ,  the  instantaneous  rate  of  change  of  y,  or  /(#),  in  (6) 
is  f(xo).  If  x  now  increases  from  XQ  to  XQ  +  Ax,  the  exact  change  in 
y  is  not  equal  to  f'(xo)Ax,  unless  /'(#)  is  constant,  as  in  (4).  We  shall 
see  later,  however,  that  this  product  is  equal  to  Ay,  nearly,  when  Ax 
is  sufficiently  small. 

51.  Velocity  in  rectilinear  motion.  Important  applications  arise 
when  the  independent  variable  in  a  rate  is  the  time.  The  rate  is 
then  called  a  time-rate.  Velocity 

in   rectilinear    motion    affords   a    -, — ^ ^>- >. 

,  ,  A   o  p  p'         B 

simple  example. 

Consider  the  motion  of  a  point  P  on  the  straight  line  AB.  Let 
s  be  the  distance  measured  from  some  fixed  point,  as  0,  to  any  posi- 
tion of  P,  and  let  t  be  the  corresponding  elapsed  time.  To  each  value 
of  t  corresponds  a  position  of  P  and  therefore  a  distance  (or  space)  s. 
Hence  s  will  be  a  function  of  t,  and  we  may  write 

s  =/(*). 

Now  let  t  take  on  an  increment  At  •  then  s  takes  on  an  increment 
As,  and  A 

(1)  —  =  the  average  velocity 

LjJ* 

of  P  when  the  point  moves  from  P  to  P',  during  the  time  interval  At 
If  P  moves  with  uniform  motion  (constant  velocity),  the  above  ratio 
will  have  the  same  value  for  every  interval  of  time  and  is  the  velocity 


of  the  average  velocity  as  At  approaches  zero  as  a  limit ;  that  is, 
(O  ,-|. 

The  velocity  at  any  instant  is  the  derivative  of  the  distance  (=  space) 
with  respect  to  the  time,  or  the  time-rate  of  change  of  the  distance. 

When  v  is  positive,  the  distance  s  is  an  increasing  function  of  t, 
and  the  point  P  is  moving  in  the  direction  AB.  When  v  is  negative, 
s  is  a  decreasing  function  of  t,  and  P  is  moving  in  the  direction  BA. 
(Art.  45.) 

To  show  that  this  definition  agrees  with  the  conception  we  al- 
ready have  of  velocity,  let  us  find  the  velocity  of  a  falling  body  at 
the  end  of  two  seconds. 

By  experiment  it  has  been  found  that  a  body  falling  freely  from 
rest  in  a  vacuum  near  the  earth's  surface  follows  approximately  the 
law 

(2)  s  =  16.1 12, 

where  s  =  distance  of  fall  in  feet,  t  =  time  in  seconds.  Apply  the 
General  Rule  (Art.  27)  to  (2). 

FlKSTSTEP.  s+As=16.1(£  +  A£)2  =  16JJ2  +  32.2*-A£+16.1(A02. 
SECOND  STEP.    As  =  32.2 1  •  At  +  16.1(A02. 

As 
THIRD  STEP,      -r-  =  32.2 1  -f  16.1  At  =  average  velocity  throughout 

the  time  interval  At. 
Placing  t  =  2, 

An 

(3)  -r-  =  64.4  + 16.1  At  =  average  velocity  throughout  the  * 

time  interval  At  after  two 
seconds  of  falling. 

Our  notion  of  velocity  tells  at  once  that  (3)  does  not  give  us  the 
actual  velocity  at  the  end  of  two  seconds. ;  for  even  if  we  take  At  very 
small,  say  T^-Q  or  TWO"  of  a  second,  (3)  still  gives  only  the  average 
velocity  during  the  corresponding  small  interval  of  time.  But  what 
we  do  mean  by  the  velocity  at  the  end  of  two  seconds  is  the  limit  of 
the  average  velocity  when  At  diminishes  toward  zero;  that  is,  the  ve- 
locity at  the  end  of  two  seconds  is,  from  (3),  64.4  feet  per  second. 
Thus  even  the  everyday  notion  of  velocity  which  we  get  from  experi- 
ence involves  the  idea  of  a  limit,  or,  in  our  notation, 


v  =  lim  ( ~)=  64.4  ft.  per  second. 

Ai-,0\A«/  ^ 
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52.  Related  rates.  In  many  problems  several  variables  are  in- 
volved each  of  which  is  a  function  of  the  time.  Relations  between 
the  variables  are  established  by  the  conditions  of  the  problem.  The 
relations  between  their  time-rates  of  change  are  then  found  by 
differentiation. 

As  a  guide  in  solving  rate  problems  use  the  following  rule. 

FIRST  STEP.  Draw  a  figure  illustrating  the  problem.  Denote  by  x, 
y,  z,  etc.  the  quantities  which  vary  with  the  time. 

SECOND  STEP.  Obtain  a  relation  between  the  variables  involved  which 
will  hold  true  at  any  instant. 

THIRD  STEP.  Differentiate  with  respect  to  the  time. 

FOURTH  STEP.   Make  a  list  of  the  given  and  required  quantities. 

FIFTH  STEP.  Substitute  the  known  quantities  in  the  result  found  by 
differentiating  (third  step),  and  solve  for  the  unknown. 

PROBLEMS 

1.  A  man  is  walking  at  the  rate  of  5  mi.  per  hour  toward  the  foot  of 
a  tower  60  ft.  high.  At  what  rate  is  he  approaching  the  top  when  he  is 
80  ft.  from  the  foot  of  the  tower? 

Solution.  Apply  the  above  rule. 

First  Step.  Draw  the  figure.  Let  x  —  distance  of  the  man  from  the  foot,  and 
y  =  his  distance  from  the  top,  of  the  tower  at  any  instant. 

Second  Step.  Since  we  have  a  right  triangle, 

y2  =  x2  +  3600. 
Third  Step.  Differentiating,  we  get 

rlni  rjf 

2ySg==2x2»   or 
dt  dt 

m  dj/_xdx 

v  }  dt      y  dt 

This  means  that  at  any  instant  whatever 

(Rate  of  change  ofy]  —  (-}  times  (rate  of  change  of  x) . 
\y  I 

Fourth  Step.        x  =  80,  —  =  -  5  nri.  an  hour 

=  —  K  y  K9.RO  ft.  an  hour. 


2.  A  point  moves  on  the  parabola  6  y  =  x2  m  such  a  way  that 
x  =  6  the  abscissa  is  increasing  at  the  rate  of  2  ft.  per  second.  At 
rate  is  the  ordinate  increasing  at  that  instant  ? 

Solution.  First  Step.  Plot  the  parabola. 
Second  Step.  6  y  =  x2. 

Third  Step.  6  -77  = 


(2) 


dt 


dt 
x_    dx 
'  3  '  dt' 


This  means  that  at  any  point  on  the  parabola 

(Rate  of  change  of  ordinate)  =  ( f )  times  (rate  of  change  of  abscissa). 

W 

Fourth  Step.  x  —  6. 


=  2  ft.  per  second. 

at 


dt 


-  ? 

' 


Fifth  Step.  Substituting  in  (2), 


M  =  2  x  2  =  4  ft.  per  second.  Ans. 
at      o 

From  the  first  result  we  note  that  at  the  point  P(6,  6)  the  ordinate  changes 
as  rapidly  as  the  abscissa. 

If  we  consider  the  point  P'(—  6,  6)  instead,  the  result  is  -^  =  -  4  ft.  per  s< 
the  minus  sign  indicating  that  the  ordinate  is  decreasing 
as  the  abscissa  increases. 

3.  A  circular  plate  of  metal  expands  by  heat  so 
that  its  radius  increases  at  the  rate  of  0.01  in.  per 
second.  At  what  rate  is  the  surface  increasing 
when  the  radius  is  2  in.  ? 

Solution.  Let  x  =  radius  and  y  =  area  of  plate.  Then 

y  =  irx2. 
dy     n       dx 


(3) 


-,.- 
dt 


That  is,  at  any  instant  the  area  of  the  plate  is  increasing  in  square  inches 
times  as  fast  as  the  radius  is  increasing  in  linear  inches. 


2  -  n  01 
-0.01, 


Substituting  in  (3), 


=%•  =  2  TT  X  2  X  0.01  =  0.04  TT  sq.  in.  per  second.  Ans. 
dt 

4.  An  arc  light  is  hung  12  ft.  directly  above  a  straight  horiz 
walk  on  which  a  boy  5  ft.  tall  is  walking.    How  fast  is  the  boy's  sh 


lengthening  when  he  is  walking  away  from  the  light  at  the  rate  of  168  ft. 
per  minute? 

Solution.  Let  x  =  distance  of  the  boy  from  a  point  directly  under  the  light  L, 

and  y  —  length  of  boy's  shadow.   From  the  figure, 

r, 
y:y  +  x  =  5:12, 

or  y  =  j  x. 

Differentiating,  ~]u~~n~Ji'> 

at       I  ctt 

that  is,  the  shadow  is  lengthening  f  as  fast  as  the  boy  is 
walking,  or  120  ft.  per  minute. 


5.  A  point  moves  along  the  parabola  y2  =  12  x  in  such  a  way  that  its 
abscissa  increases  uniformly  at  the  rate  of  2  in.  per  second.  At  what  point 
do  the  abscissa  and  ordinate  increase  at  the  same  rate?          Ans.    (3,  6). 

6.  Find  the  values  of  x  for  which  the  rate  of  change  of 

x3  -  12  x2  +  45  x  -  13 
is  zero.  Ans.    3  and  5. 

7.  A  barge  whose  deck  is  12  ft.  below  the  level  of  a  dock  is  drawn  up 
to  it  by  means  of  a  cable  attached  to  a  ring  in  the  floor  of  the  dock,  the 
cable  being  hauled  in  by  a  windlass  on  deck  at  the  rate  of  8  ft.  per  minute. 
How  fast  is  the  barge  moving  towards  the  dock  when  16  ft.  away  ? 

Ans.   10  ft.  per  minute. 

8.  A  boat  is  fastened  to  a  rope  which  is  wound  about  a  windlass  20  ft. 
above  the  level  at  which  the  rope  is  attached  to  the  boat.    The  boat  is 
drifting  away  at  the  rate  of  8  ft.  per  second.  How  fast  is  it  unwinding  the 
rope  when  30  ft.  from  the  point  directly  under  the  windlass  ? 

Ans.   6.66  ft.  per  second. 

9.  One  end  of  a  ladder  50  ft.  long  is  leaning  against  a  perpendicular 
wall  standing  on  a  horizontal  plane.   Suppose  the  foot  of  the  ladder  to  be 
pulled  away  from  the  wall  at  the  rate  of  3  ft.  per  minute,   (a)  How  fast  is 
the  top  of  the  ladder  descending  when  its  foot  is  14  ft.  from  the  wall  ? 

(b)  When  will  the  top  and  bottom  of  the  ladder  move  at  the  same  rate? 

(c)  When  is  the  top  of  the  ladder  descending  at  the  rate  of  4  ft.  per  minute? 

Ans.    (a)  |  ft.  per  minute;  (b)  when  25  V2  ft.  from  the  wall; 
(c)  when  40  ft.  from  the  wall. 

10.  One  ship  was  sailing  south  at  the  rate  of  6  mi.  per  hour  ;  another 
east  at  the  rate  of  8  mi.  per  hour.  At  4  P.M.  the  second  crossed  the  track 
of  the  first  where  the  first  was  2  hr.  before,  (a)  How  was  the  distance 
between  the  ships  changing  at  3  P.M.  ?  (b)  How  at  5  P.M.  ?  (c)  When  was 
the  distance  between  them  not  changing  ? 

Ans.    (a)  Decreasing  2.8  mi.  per  hour;  (b)  increasing 
8.73  mi.  per  hour;  (c)  3.17  P.M. 


11.  ine  side  01  an  equilateral  triangle  is  a  in.  long,  ana  is  increasing  at; 
the  rate  of  k  in.  per  hour.   How  fast  is  the  area  increasing? 

Ans.   \  afcVS  sq.  in.  per  hour. 

12.  The  edges  of  a  regular  tetrahedron  are  10  in.  long  and  are  increasing 
at  the  rate  of  0.1  in.  per  minute.   Find  the  rate  of  increase  of  the  volume. 

13.  If  at  a  certain  instant  the  two  dimensions  of  a  rectangle  are  a  and  b 
and  these  dimensions  are  changing  at  the  rates  m,  n  respectively,  show  that 
the  area  is  changing  at  the  rate  an  +  bm. 

14.  At  a  certain  instant  the  three  dimensions  of  a  rectangular  parallele- 
piped are  6  in.,  8  in.,  10  in.,  and  these  are  increasing  at  the  respective  rates 
of  0.2  in.  per  second,  0.3  in.  per  second,  0.1  in.  per  second.  How  fast  is  the 
volume  increasing  ? 

15.  The  period  (P  sec.)  of  a  complete  oscillation  of  a  pendulum   of 
length  I  in.  is  given  by  the  formula  P  =  0.324  VL  Find  the  rate  of  change 
of  the  period  with  respect  to  the  length  when  I  =  9  in.   By  means  of  this 
result  approximate  the  change  in  P  due  to  a  change  in  I  from  9  to  9.2  in. 

Ans.   0.054  sec.  per  inch;  0.0108  sec. 

16.  The  diameter  and  altitude  of  a  right  circular  cylinder  are  found  at  a 
certain  instant  to  be  10  in.  and  20  in.  respectively.    If  the  diameter  is  in- 
creasing at  the  rate  of  1  in.  per  minute,  what  change  in  the  altitude  will 
keep  the  volume  constant  ?  Ans.  Decreasing  4  in.  per  minute. 

17.  The  radius  of  the  base  of  a  certain  cone  is  increasing  at  the  rate  of 
3  in.  per  minute  and  the  altitude  is  decreasing  at  the  rate  of  4  in.  per 
minute.  Find  the  rate  of  change  of  the  total  surface  of  the  cone  when  the 
radius  is  7  in.  and  the  altitude  is  24  in. 

Ans.   Increasing  96  TT  sq.  in.  per  minute. 

18.  A  cylinder  of  radius  r  and  altitude  h  has  a  hemisphere  of  radius  r 
attached  to  each  end.   If  r  is  increasing  at  the  rate  of  \  in.  per  minute,  find 
the  rate  at  which  h  must  change  to  keep  the  volume  of  the  solid  fixed  at 
the  instant  when  r  is  10  in.  and  h  is  20  in. 

19.  A  stone  is  dropped  down  a'  deep  shaft  and  after  t  sec.  another  stone 
is  dropped.    Show  that  the  distance  between  the  stones  increases  at  the 
rate  of  tg  ft.  per  second. 

20.  A  gas  holder  contains  1000  cu.  ft.  of  gas  at  a  pressure  of  5  Ib.  per 
square  inch.   If  the  pressure  is  decreasing  at  the  rate  of  0.05  Ib.  per  square 
inch  per  hour,  find  the  rate  of  increase  of  the  volume.    (Assume  Boyle's 
Law :  pv  =  c.)  Ans.   10  cu.  ft.  per  hour, 

21.  The  adiabatic  law  for  the  expansion  of  air  is  PV1A  =  c.    If  at  a 
given  time  the  volume  is  observed  to  be  10  cu.  ft.  and  the  pressure  is 
50  Ib.  per  square  inch,  at  what  rate  is  the  pressure  changing  if  the  volume 
is  decreasing  1  cu.  ft.  per  second  ? 

Ans.   Increasing  7  Ib.  per  square  inch  per  second. 


22.  If  y  —  4  x  —  x3  and  x  is  increasing  steadily  at  the  rate  of  ^  unit  per 
second,  find  how  fast  the  slope  of  the  graph  is  changing  at  the  instant  when 
x  =  2.  Ans.   Decreasing  4  units  per  second, 

23.  Water  flows  from  a  faucet  into  a  hemispherical  basin  of  diameter 
14  in.  at  the  rate  of  2  cu.  in.  per  second.    How  fast  is  the  water  rising 
(a)  when  the  water  is  halfway  to  the  top  ?    (b)  just  as  it  runs  over  ?    (The 
volume  of  a  spherical  segment  is  -|  irrzh  +  £  irhs,  where  A  is  the  altitude  of 
the  segment.) 

24.  Gas  is  escaping  from  a  spherical  balloon  at  the  rate  of  1000  cu.  in. 
per  minute.  At  the  instant  when  the  radius  is  10  in.,  (a)  at  what  rate  is  the 
radius  decreasing  ?    (b)  at  what  rate  is  the  surface  decreasing  ? 

Ans.    (b)  200  sq.  in.  per  minute. 

25.  If  r  denotes  the  radius  of  a  sphere,  S  the  surface,  and  V  the  volume, 

prove  the  relation  ^7  =  -~ 
dt      2  dt 

26.  A  railroad  track  crosses  a  highway  at  an  angle  of  60°.  A  locomotive 
is  500  ft.  from  the  intersection  and  moving  away  from  it  at  the  rate  of 
60  mi.  per  hour.  An  automobile  is  500  ft.  from  the  intersection  and  moving 
toward  it  at  the  rate  of  30  mi.  per  hour.  What  is  the  rate  of  change  of  the 
distance  between  them? 

Ans.   Increasing  15  mi.  per  hour  or  15  V3  mi.  per  hour. 

27.  A  horizontal  trough  10  ft.  long  has  a  vertical  section  in  the  shape  of 
an  isosceles  right  triangle.  If  water  is  poured  into  it  at  the  rate  of  8  cu.  ft. 
per  minute,  at  what  rate  is  the  surface  of  the  water  rising  when  the  water 
is  2  ft.  deep  ?  Ans.   £  ft.  per  minute. 

28.  In  Problem  27,  at  what  rate  must  water  be  poured  into  the  trough 
to  make  the  level  rise  -J  ft.  per  minute  when  the  water  is  3  ft.  deep  ? 

29.  A  horizontal  trough  12  ft.  long  has  a  vertical  cross  section  in  the 
shape  of  a  trapezoid,  the  bottom  being  3  ft.  wide  and  the  sides  inclined  to 
the  vertical  at  an  angle  whose  sine  is  f.   Water  is  being  poured  into  it  at 
the  rate  of  10  cu.  ft.  per  minute.   How  fast  is  the  water  level  rising  when 
the  water  is  2  ft.  deep  ? 

30.  In  Problem  29,  at  what  rate  is  water  being  drawn  from  the  trough 
if  the  level  is  falling  0.1  ft.  per  minute  when  the  water  is  3  ft.  deep  ? 

31.  The  ^-intercept  of  the  tangent  line  to  the  positive  branch  of  the 
hyperbola  xy  =  4  is  increasing  3  units  per  second.   Let  the  ^/-intercept  be 
OB.  Find  the  velocity  of  B  at  the  end  of  5  sec.,  the  ^-intercept  starting  at 
the  origin.  Ans.   —  |f  unit  per  second. 

32.  A  point  P  moves  along  the  parabola  y2  —  x  so  that  its  abscissa  in- 
creases at  the  constant  rate  of  k  units  per  second.  The  projection  of  P  on 
the  x-axis  is  M.  At  what  rate  is  the  area  of  triangle  OMP  changing  when 
P  is  at  the  point  where  x  —  a  ?  Ans.    f  k  Va  units  per  second. 


ADDITIONAL  PROBLEMS 

1.  Rectangles  inscribed  in  the  area  bounded  by  the  parabola  y2  =  16  x 
and  its  latus  rectum  and  such  that  one  side  always  lies  along  the  latus 
rectum  serve  as  the  bases  of  rectangular  parallelepipeds  whose  altitudes 
are  always  the  same  as  the  side  parallel  to  the  a>axis.  Find  the  volume  of 
the  largest  parallelepiped.  Ans.  -W/V5  =  73.27. 

2.  An  ellipse  symmetrical  with  respect  to  the  coordinate  axes  passes 
through  the  fixed  point  (h,  k).  Find  the  equation  of  the  ellipse  if  its  area 
is  a  minimum.  Ans.   k2x2  +  h*y2  =  2  h2k2. 

3.  The  curve  x3  —  3  xy  +  y3  =  0  has  a  loop  in  the  first  quadrant  sym- 
metric with  respect  to  the  line  y  =  x.   Isosceles  triangles  having  a  common 
vertex  at  the  origin  and  bases  along  the  line  x  +  y  =  a  are  inscribed  in  this 
loop.   Find  the  value  of  a  if  the  area  of  the  triangle  is  a  maximum. 

Ans.   %(l  +  Vl3)  =2.303. 


4.  At  a  point  P  in  the  first  quadrant  on  the  curve  y  =  7  —  x2  a  tangent 
is  drawn,  meeting  the  coordinate  axes  at  A  and  B.  Find  the  position  of  P 
which  makes  AB  a  minimum.  Ans.   Ordinate  =  ^-. 

5.  The  cost  of  erecting  an  office  building  is  $50,000  for  the  first  story, 
$52,500  for  the  second,  $55,000  for  the  third,  and  so  on.    Other  expenses 
(lot,  plans,  basement,  etc.)  are  $350,000.   The  net  annual  income  is  $5000 
for  each  story.  How  many  stories  will  give  the  greatest  rate  of  interest  on 
the  investment?  Ans.    17. 

6.  For  a  certain  article  the  increase  in  the  number  of  pounds  consumed 
is  proportional  to  the  decrease  in  the  tax  on  each  pound.  If  the  consump- 
tion is  m  Ib.  when  there  is  no  tax  and  n  Ib.  when  the  tax  is  i  dollars  per 
pound,  find  the  tax  which  should  be  imposed  on  each  pound  to  bring  in  the 
most  revenue. 

7.  A  triangle  ABC  is  formed  by  a  chord  EC  of  the  parabola  y  =  Tex2 
and  the  tangents  AB  and  AC  at  each  extremity  of  the  chord.    If  BC  re- 
mains perpendicular  to  the  axis  of  the  parabola  and  approaches  the  vertex 
at  the  rate  of  2  units  per  second,  find  the  rate  at  which  the  area  of  the 
triangle  is  changing  when  the  chord  BC  is  4  units  above  the  vertex. 

8.  A  vertical  cylindrical  tank  of  radius  10  in.  has  a  hole  of  radius  1  in. 
in  its  base.    The  velocity  with  which  the  water  contained  runs  out  of  the 
tank  is  given  by  the  formula  vz  =  2  gh,  where  h  is  the  depth  of  the  water 
and  gr  is  the  acceleration  of  gravity.  How  rapidly  is  the  velocity  changing  ? 

Ans.   Decreasing  -^  g  ft.  per  second  per  second. 

9.  A  light  is  20  ft.  from  a  wall  and  10  ft.  above  the  center  of  a  path 
which  is  perpendicular  to  the  wall.  A  man  6  ft.  tall  is  walking  on  the  path 
toward  the  wall  at  the  rate  of  2  ft.  per  second.   When  he  is  4  ft.  from  the 
wall,  how  fast  is  the  shadow  of  his  head  moving  up  the  wall  ? 

Ans.   |  ft.  per  second. 


CHAPTER  VI 
SUCCESSIVE  DIFFERENTIATION  AND  APPLICATIONS 

53.  Definition  of  successive  derivatives.  We  have  seen  that  the 
derivative  of  a  function  of  x  is  in  general  also  a  function  of  x.  This 
new  function  may  also  be  differentiate,  in  which  case  the  derivative 
of  the  first  derivative  is  called  the  second  derivative  of  the  original 
function.  Similarly,  the  derivative  of  the  second  derivative  is  called 
the  third  derivative ;  and  so  on  to  the  nth  derivative.  Thus,  if 

a,    O    T4: 

y  —  o  ^  , 

dx  ' 


7       V      7 

dx  \dx 


J(=72z.  Etc. 
dx  Idx  \dx/j 

Notation.  The  symbols  for  the  successive  derivatives  are  usually 
abbreviated  as  follows. 


_f    etc 

dx\dxf     dx2     dx\dx2/     dx3 

If  y~f(x],  the  successive  derivatives  are  also  denoted  by 

dH-tf^fM.    ^y  =  y"=f"(x}-} 
dx~y      J(  }}    dx2     y       J   ^J' 


In  the  example  given  above,  the  notation  y  =  3  x4,  y'  =  12  x3, 
y"  =  36  x2,  y'"  =  72  x,  yiv  =  72  is  most  convenient. 

54.  Successive  differentiation  of  implicit  functions.  To  illustrate  the 

process  we  shall  find    %  from  the  equation  of  the  hyperbola 


(1)  b2x2  -  a2y2  =  a2b2. 


Differentiating  with  respect  to  x  (Art.  41), 
2  b2x  -  2  a2y  &  =  0, 


(2) 


a2?/ 


Differentiating  again,  remembering  that  y  is  a  function  of  x, 


dx2  a4y2 

Substituting  for  -^  its  value  from  (2), 


d     ^ 
dx'2 


b2x 
-  a2b2x  - 


43 


ay 


But,  from  the  given  equation,  b2x2  —  a2y2  =  a2b2. 

dx2          a2y'3 


PROBLEMS 

following  differentiations. 

!  -J_  ft  o»  — — ri  —  ? 


3  y  =  a  +  te. 

J      a-  bx 

4.  u  =  Va2  + 1)2. 


d3s  _       3  &3 
dt3      8  (a +60* 


^  =  _: 

dx2      (a 
d2u_ 


d2y  _     2  a2 
'  ~      (a  +  x)3 


dx2 
d2s 


f3  O  ^.2 

i-fw=*T^r' 

2 


(t  +  2) 
(2  «  +  1)* 

-14 

=      L 

(1  —  X)5 


9.  a;2  +  y2  =  r2. 

10.  y2  =  4  ax. 

11.  &2a;2  +  a2y2  =  a2 

12.  ax2  +  2  hxy  +  by2  =  1. 

13.  a;3  +  #3  =  1. 

14.  x*  +  2  x2y2  =  a4. 
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d2?/          r2 


da;2 

dx2'' 

dx2'' 


y3 

4  a2 


azyz>   dx* 
cPy  _    h2-ab 
dx2      (hx  +  by}3' 

42y==_^. 

dx2  5 


3 


-  a;4 


dx2 


23 


x2y 


In  Problems  15-25  find  the  values  of  y'  and  y"  for  the  given  values  of 
the  variables. 

15.  v  =  Vaa;  -I = :  x  =  n..  Ans.   y'  =  0  ?/"  =    — - 

2  a 


y  =    ,  y»  = 
'  =  Q,  y"  =  _  i. 


17.  y  =  zVa;2  +  9 ;  x  =  4. 

18.  x2  -  4  2/2  =  9 ;  x  =  5,  y  =  2. 

19.  x2  +  4  xy  +  y2  +  3  =  0;  x  =  2,  y  =  -  1. 

21.  y  —  Vl  +  2  a; ;  x  =  4. 

24.  7/2  +  2  3j/  =  16 ;  cc  =  3,  #  =  2. 

25.  a;3  —  xy2  +  y3  =  8:  x  =  2,  it  =  2. 


22.  y  =     a;2  +  4 ;  a;  =  2. 

23.  y  =  a;V3  a;  -  2 ;  a;  =  2. 


In  each  of  the  following  problems  find  ^. 

da;2 


26.  y  =  a;3  -  -• 

x 


27.  «  = 


29.  y  =  a;  Va2  -  a;2. 

30.  y2  -4xy  =  16. 

31.  x3  -  3  aa;y  +  y3  =  b3. 

28.  |/  =  \^2  -  3  x. 

55.  Direction  of  bending  Y 
of  a  curve.  When  the  point 
P(x,  y}  traces  a  curve,  the 
slope  of  the  tangent  line  at 
P  varies.  When  the  tan- 
gen  t  line  is  below  the  curve 
(Fig.  a),  the  arc  is  concave  upward;  when  above  the  curve  (Fig.  &), 


FIG.  6 


P  describes  the  arc  AP'.  Hence  }'(x)  is  an  increasing  function  of  #. 
On  the  other  hand,  in  Fig.  b,  when  P  describes  the  arc  QB,  the  slope 
decreases,  and/' (a;)  is  a  decreasing  function.  In  the  first  case,  there- 
fore, f"(x)  is  positive;  in  the  second  case,  negative  (Art.  45).  Hence 
we  have  the  following  criterion  for  determining  the  direction  of 
bending  at  a  point. 

The  graph  of  y  =  f(x)  is  concave  upward  if  the  second  derivative  of 
y  with  respect  to  x  is  positive,  and  concave  downward  if  this  derivative 
is  negative. 

56.  Second  method  for  testing  for  maximum  and  ininimum  values. 
At  A  in  Fig.  a  of  the  preceding  section,  the  arc  is  concave  upward, 
and  the  ordinate  has  a  minimum  value.  That  is,  f'(x)  =  0  and  /"(a?) 
is  positive.  At  B  in  Fig.  b,  f'(x)  =  0  and  f"(x)  is  negative. 

We  may  then  state  the  sufficient  conditions  for  maximum  and 
minimum  values  of  f(x)  for  critical  values  of  the  variable  as  follows. 
/(*)  is  a  maximum  if  f(x)  =  0  and  /"(*)  =  a  negative  number. 
f(x)  is  a  minimum  if  /'(*)  =  0  and/"(;t)  =  a  positive  number. 

Following  is  the  corresponding  working  rule  for  applying  this  test 
for  maximum  and  minimum  values. 

FIRST  STEP.  Find  the  first  derivative  of  the  function. 

SECOND  STEP.  Set  the  first  derivative  equal  to  zero  and  solve  the  result- 
ing equation  for  real  roots  in  order  to  find  the  critical  values  of  the  variable. 

THIRD  STEP.  Find  the  second  derivative. 

FOURTH  STEP.  Substitute  each  critical  value  for  the  variable  in  the 
second  derivative.  If  the  result  is  negative,  then  the  function  is  a  maxi- 
mum for  that  critical  value;  if  the  result  is  positive,  the  function  is  a 
minimum. 

When  f"(x)  =  0  or  does  not  exist,  the  above  process  fails,  al- 
though there  may  even  then  be  a  maximum  or  a  minimum ;  in  that 
case  the  first  method  given  in  Art.  47  holds,  being  fundamental. 
Usually  the  second  method  does  apply,  and  when  the  process  of 
finding  the  second  derivative  is  not  too  long  or  tedious,  it  is  generally 
the  shortest  method. 

ILLUSTRATIVE  EXAMPLE  1.  Let  us  now  apply  the  above  rule  to  test  analytically 
the  function  439 

x 
found  in  the  example  worked  out  on  page  49. 
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Solution.  /(*)  =  x2  +  -^=- 

x 

First  Step.  /'(»)  =  2  x  -  ^j-  • 


Second  Step. 


x  =  6,  critical  value. 


Third  Step. 


Fourth  Step.  /"(6)  =  +. 

Hence  /(6)  =  108,  minimum  value. 

ILLUSTRATIVE  EXAMPLE  2.     Examine  x3  —  3  x2  ~  9  x  +  5   for   maxima   and 
minima.  Use  the  second  method. 

Solution.  /(x)  =  x3  -  3  ce2  -  9  x  -h  5. 

First  Step.  /'(x)  =  3  x2  -  6  x  -  9. 

Second  Step.  3x2-6x-9  =  0; 

hence  the  critical  values  are  x  =  —  1  and  3. 

Third  Step.  /"(x)  =  6  x  -  6. 

Fourth  Step.  /"(-  1)  =  -  12. 

.'.  /(—  1)  =  10  =  (ordinate  of  A)  =  maximum  value. 
/"(3)  =  +  12.  /.  /(3)  =  -  22  (ordinate  of  B)  =  minimum  value. 


(a>  0) 


PROBLEMS 
Examine  each  of  the  following  functions  for  maxima  and  minima. 

Ans.   x  =  —  2,  gives  max.  =  2. 
x  —  0,  gives  min.  =  —  2. 

x  —  —  1,  gives  max.  =  6. 
a;  =  l,  gives  min.  =  2. 

#  =  0,  gives  max.  =  a3. 
x  =  a,  gives  min.  =  0. 

cc  =  2,  gives  max.  =  22. 
x  =  —  1,  gives  min.  =  —  5. 

a;  =  i,  gives  max.  =  f . 
£  =  —  f »  gives  min.  =  —  f . 
x  =  0,  gives  max.  =  2. 
x  =  —  1,  gives  min.  =  —  3. 
x  =  2,  gives  min.  =  —  30. 


1.  x3  +  3  x2  -  2. 

2.  x3  -  3  x  +  4. 

3.  2  x3  -  3  ax2  +  a3. 

4.  2  +  12  x  +  3  x2  -  2  x3. 

4  r3 

5.  3  x  -  2  x2  -  —-• 

£> 

6.  3  x4  -  4  x3  -  12  x2  +  2. 


7.  x4  -  4  x2  +  4. 


8. 


ax 


9.  x3  +  9  x2  +  27  x  +  9. 

10.  12  x  +  9  x2  -  4  x3. 

11.  x2(x-4)2. 


x  =  0,  gives  max.  =  4. 
x  =  ±  V2,  gives  min.  =  0. 
x  =  a,  gives  max.  =  |. 
x  =  —  a,  gives  min.  =  —  3. 

12.  x2  +  j  -  j- 

13.  x2  -  -• 


78  DIFFERENTIAL  CALCULUS 

14.  A  rectangular  box  with  a  square  base  and  an  open  top  is  to  be  made. 
Find  the  volume  of  the  largest  box  that  can  be  made  from  1200  sq.  ft.  of 
material.  Ans.   4000  cu.  ft. 

15.  A  water  tank  is  to  be  constructed  with  a  square  base  and  an  open 
top,  and  is  to  hold  125  cu.  yd.   If  the  cost  of  the  sides  is  $2  a  square  yard, 
and  of  the  bottom  $4  a  square  yard,  what  are  the  dimensions  when  the 
cost  is  a  minimum  ?  Ans.   A  cube  of  edge  5  yd. 

16.  A  rectangular  flower  bed  is  to  contain  800  sq.  ft.    It  is  to  be  sur- 
rounded by  a  walk  which  is  3  ft.  wide  along  the  sides  and  6  ft.  wide  across 
the  ends.  If  the  total  area  of  the  bed  and  walk  is  a  minimum,  what  are  the 
dimensions  of  the  flower  bed?  Ans.   20  ft.  x  40  ft. 

17.  A  rectangular  field  to  contain  a  given  area  is  to  be  fenced  off  along 
the  bank  of  a  straight  river.  If  no  fence  is  needed  along  the  river,  show  that 
the  least  amount  of  fencing  will  be  required  if  the  field  is  twice  as  long  as 
it  is  wide. 

18.  A  trough  is  to  be  made  of  a  long  rectangular  piece  of  tin  by  bending 
up  two  edges  so  as  to  give  a  rectangular  cross  section.  If  the  width  of  the 
piece  is  14  in.,  how  deep  should  the  trough  be  made  in  order  that  its  carry- 
ing capacity  may  be  a  maximum?  Ans.   3.5  in. 

19.  A  window  composed  of  a  rectangle  surmounted  by  an  equilateral 
triangle  is  15  ft.  in  perimeter.    Find  its  dimensions  if  it  admits  the  maxi- 
mum amount  of  light.    Ans.   Rectangle  is  3.51  ft.  wide  and  2.23  ft.  high. 

20.  A  solid  wooden  sphere  weighs  w  Ib.    What  is  the  weight  of  the 
heaviest  right  circular  cylinder  which  can  be  cut  from  the  sphere  ? 

Ans.   -12=  Ib. 
V3 

21.  The  slant  height  of  a  right  circular  cone  is  a  given  constant  a. 
Find  the  altitude  if  the  volume  is  a  maximum.  A          a 

•AYLS.  :» 

V3 

22.  An  oil  can  is  to  be  made  in  the  shape  of  a  cylinder  surmounted  by  a 
cone.   Show  that  for  a  given  capacity  the  least  material  is  required  if  the 
altitude  of  the  cylinder  is  equal  to  the  altitude  of  the  cone. 

23.  Given  the  parabola  y2  —  8  x  and  the  point  P(6,  0)  on  the  axis,  find 
the  coordinates  of  the  points  on  the  parabola  nearest  to  P.    Ans.    (2,  ±  4) . 

24.  A  given  isosceles  triangle  has  a  base  of  20  ft.  and  an  altitude  of  8  ft. 
What  are  the  dimensions  of  the  maximum  inscribed  parallelogram,  one  side 
coinciding  with  the  base  of  the  triangle,  if  the  acute  angle  of  the  parallelo- 
gram is  arc  tan  §  ?  Ans.    5  ft.  x  10  ft. 

25.  A  miner  wishes  to  dig  a  tunnel  from  a  point  A  to  a  point  B  200  ft. 


26.  A  sheet  of  paper  for  a  poster  is  to  contain  16  sq.  ft.   The  margins 
at  the  top  and  the  bottom  are  to  be  6  in.,  and  those  on  the  sides  4  in. 
What  are  the  dimensions  if  the  printed  area  is  to  be  a  maximum  ? 

Ans.   4.90ft.  X  3.27  ft. 

27.  An  electric  current  flows  through  a  coil  of  radius  r  and  exerts  a 
force  F  on  a  small  magnet  the  axis  of  which  is  on  a  line  drawn  through 
the  center  of  the  coil  and  perpendicular  to  its  plane.    This  force  is  given 

/YI 

by  p  =  -  _  ,  where  x  is  the  distance  to  the  magnet  from  the  center 

(r*  +  x2)'2 
of  the  coil.   Show  that  F  is  a  maximum  f  or  x  =  \  r. 

57.  Points  of  inflection.  A  point  of  inflection  (or  inflectional  point) 
on  a  curve  separates  arcs  having  opposite  directions  of  bending  (see 
Art.  55). 

In  the  figure,  B  is  a  point  of  inflection.  When  the  tracing  point 
on  a  curve  passes  through  such  a  point,  the  second  derivative  will 
change  sign,  and  if  continuous  must  vanish  at  the  point.  Hence  we 
must  have 

(1)  At  points  of  inflection,  /"(*)  =  0. 

Solving  the  equation  resulting  from  (1)  gives  the  abscissas  of  the 
points  of  inflection.  To  determine  the  direction  of  bending  in  the 
vicinity  of  a  point  of  inflection,  test  j"(x)  for  val-  Y 
ues  of  x  first  a  trifle  less  and  then  a  trifle  greater 
than  the  abscissa  at  that  point.  \  A  ' 

If  f"(x)  changes  sign,  we  have  a  point  of  in- 


flection, and  the  signs  obtained  determine  if  the 

curve  is  concave  upward  or  concave  downward  in  the  neighborhood. 

The  student  should  observe  that  near  a  point  where  the  curve  is 
concave  upward  (as  at  A)  the  curve  lies  above  the  tangent,  and  at 
a  point  where  the  curve  is  concave  downward  (as  at  C)  the  curve 
lies  below  the  tangent.  At  a  point  of  inflection  (as  at  B)  the  tangent 
evidently  crosses  the  curve. 

Following  is  a  rule  for  finding  points  of  inflection  of  the  curve  whose 
equation  isy  =  f(x).  This  rule  includes  also  directions  for  examining 
the  direction  of  bending. 

FIRST  STEP.  Findf"(x). 

SECOND  STEP.  Setf"(x)  =  0,  and  solve  the  resulting  equation  for  real 
roots. 

THIRD  STEP.  Testf"(x}  for  values  of  x  first  a  trifle  less  and  then  a 
trifle  greater  than  each  root  found  in  the  second  step.  If  /"(x)  changes 


Whenf"(x)  —  +,  the  curve  is  concave  upward  ^j-^,* 
Whenj"'(x)  =  —,  the  curve  is  concave  downward  -<r^. 

Before  the  Third  Step  it  is  sometimes  convenient  to  factor  /' 

It  is  assumed  that /'(a;)  and/"(z)  are  continuous.   The  solution 

of  Problem  2,  below,  shows  how  to  discuss  a  case  where  f'(x)  and 

f"(x)  are  both  infinite. 

PROBLEMS 

Examine  the  following  curves  for  points  of  inflection  and  direction  of 
bending. 

1.  y  =  3  z4  -  4  x3  +  1. 

Solution.  f(x)  =  3  a?4  -  4  x3  +  1. 

First  Step.  f"(x)  =  36  x2  —  24  x. 

Second  Step.         36  x2  —  24  a?  =  0. 

,\  a;  =  §  and  x  =  0  are  the  roots. 
TWrcZ  Step.  /"(x)  =  36  x(x  -  f ). 

When  x  <  0,  /"(x)  =  +. 
When  |  >  x  >  0,  /"(x)  =  -. 

Therefore  the  curve  is  concave  upward  to  the  left  and  concave  downward  to 
the  right  of  x  =  0  (A  hi  figure). 

When  0<x<f, /"(»)=-. 
When  x  >  f,  /"(x)  =  +. 

Therefore  the  curve  is  concave  downward  to  the  left  and  concave  upward  to 
the  right  of  x  —  f  (B  in  figure). 

Hence  the  points  A(0,  1)  and  B(f ,  \\}  are  points  of  inflection. 

The  curve  is  evidently  concave  upward  everywhere  to  the  left  of  .4,  concave 
downward  between  A(0,  1)  and  B(f,  \\},  and  concave  upward  everywhere  to 
the  right  of  B. 

2.  (y  -  2)3  =  (x  -  4). 

Solution.  y  =  2  +  (x  —  4)£.  21 


J 


First  Step. 


=--«-*• 


Second  Step.  When  x  =  4,  both  first  and  second  derivatives  become  infinite. 
Third  Step.  When  x  <  4,  -r-^  =  +. 

When  x  >  4,  -^  =  — . 
dx2 

*  This  may  easily  be  remembered  if  we  say  that  a  vessel  shaped  like  the  curve  where 
it  is  concave  upward  will  hold  (+)  water,  and  where  it  is  concave  downward  will  spil] 
f— )  water. 


:c-axis,  that  to  the  left  of  (4,  2)  the  curve  is  concave  upward,  and  to  the  right  of 
(4,  2)  it  is  concave  downward.  Therefore  (4,  2)  is  a  point  of  inflection. 

3.  y  —  x2.  Ans.   Concave  upward  everywhere. 

4.  y  =  5  —  2  x  —  x2.  Concave  downward  everywhere. 

5.  y  =  x3.  Concave  downward  to  the  left  and 

.     concave  upward  to  the  right  of 
(0,  0). 

6.  y  =  x4.  Concave  upward  everywhere. 

7.  y  =  2  x3  —  3  x2  —  36  x  +  25.  Concave  downward  to  the  left  and 

concave  upward  to  the  right  of 
*=*. 

8.  y=24x*-x*.  B.y  =  x  +  -'  !Q.y  =  x2  +  ~- 

x  x 

58.  Curve-tracing.  The  elementary  method  of  tracing  (or  plotting) 
a  curve  whose  equation  is  given  in  rectangular  coordinates,  and  one 
with  which  the  student  is  already  familiar,  is  to  solve  its  equation  for 
y  (or  x),  assume  arbitrary  values  of  x  (or  y),  calculate  the  correspond- 
ing values  of  y  (or  x},  plot  the  respective  points,  and  draw  a  smooth 
curve  through  them,  the  result  being  an  approximation  to  the  re- 
quired curve.  This  process  is  laborious  at  best,  and  in  case  the  equa- 
tion of  the  curve  is  of  a  degree  higher  than  the  second,  it  may  not  be 
possible  to  solve  the  equation  for  y  or  x.  The  general  form  of  a  curve 
is  usually  all  that  is  desired,  and  the  calculus  furnishes  us  with 
powerful  methods  for  determining  the  shape  of  a  curve  with  very 
little  computation. 

The  first  derivative  gives  us  the  slope  of  the  curve  at  any  point  ; 
the  second  derivative  determines  the  intervals  within  which  the  curve 
is  concave  upward  or  concave  downward,  and  the  points  of  inflection 
separate  these  intervals ;  the  maximum  points  are  the  high  points, 
and  the  minimum  points  are  the  low  points  on  the  curve.  As  a  guide 
in  his  work  the  student  may  follow  the 

Rule  for  tracing  curves,  using  rectangular  coordinates 

FIRST  STEP.  Find  the  first  derivative;  place  it  equal  to  zero;  solve 
to  find  the  abscissas  of  the  maximum  and  minimum  points.  Test  these 
values. 

SECOND  STEP.  Find  the  second  derivative;  place  it  equal  to  zero; 
solve  to  find  the  abscissas  of  the  points  of  inflection.  Test  these  values. 

THIRD  STEP.  Calculate  the  corresponding  ordinates  of  the  points 
whose  abscissas  were  found  in  the  first  two  steps.  Calculate  as  many 


curve.  Make  a  table  such  as  is  shown  in  the  problem  worked  out  below. 
FOURTH  STEP.  Plot  the  points  determined  and  sketch  in  the  curve  to 
correspond  with  the  results  shown  in  the  table. 

If  the  calculated  values  of  the  ordinates  are  large,  it  is  best  to 
reduce  the  scale  on  the  y-axis  so  that  the  general  shape  of  the  curve 
will  be  shown  within  the  limits  of  the  paper  used.  Coordinate  plot- 
ting paper  should  be  employed.  Results  should  be  tabulated  as  in 
the  problems  solved.  In  this  table  the  values  of  x  should  follow  one 
another,  increasing  algebraically. 


PROBLEMS 

Trace  the  following  curves,  making  use  of  the  above  rule.   Also  find 
the  equations  of  the  tangent  and  normal  at  each 
point  of  inflection. 

1.  y  =  x3  -  9  x2  +  24  x  -  1. 

Solution.    Use  the  above  rule. 

First  Step.  y'  =  3x2-18x  +  24, 

3  x2  -  18  x  +  24  =  0, 


Second  Step. 
Third  Step. 


y"  =  6  x  -  18, 
6  »  -  18  =  0, 
x  =  3. 


X 

V 

y' 

y" 

Remarks 

Direction  of  Curve 

0 
2 

-7 
13 

+ 
0 

-. 

max. 

\-  concave  down 

3 

11 

— 

0 

pt.  of  infl. 

4 
6 

9 
29 

0 

+ 

+ 
+ 

nun. 

concave  up 

Fourth  Step.  Plotting  the  points  and  sketching  in  the  curve,  we  get  the  figure 
shown. 

To  find  the  equations  of  the  tangent  and  normal  to  the  curve  at  the  point  of 
inflection  Pi (3,  11),  use  formulas  (1),  (2),  Art.  43.  This  gives  3  x  +  y  =  20  for  the 
tangent  and  3  y  —  x  =  30  for  the  normal. 

2.  3  y  =  x3  -  3  x2  -  9  x  +  11. 

Ans.   Max.  (-  1,  -V1) ;   min.  (3,  -  -1/) ;  point  of  inflection,  (1,  0)  ; 
tangent,  4  z  +  #  —  4  =  0;  normal,  x  —  4  y  —  1  =  0. 

3.  6  y  =  12  -  24  x  -  15  x2  -  2  x3. 

Ans.   Max.  (-  1,  ^) ;  min.  (-  4,  -  f ) ;  point  of  inflection, 

(~    2"»    127- 


4.  y  =  a;4  -  8  x2. 

Ans.   Max.  (0,  0)  ;  min.  (±  2,  —  16)  ;  points  of  inflection, 


5.  #  =  5  a?  —  a;5. 

Ans.    Max.  (1,  4)  ;   min.  (—  1,  —  4)  ;  point  of  inflection,  (0,  0). 


Ans.   Max.  ( V3,  V3 ) ;  min.  (-  V3,  -  V3 ) ;  points  of  inflection, 
(-  3,  -  |),  (0,  0),  (3,  f). 

9  n1 

7.y  =  x3  +  6  x2.  18.  aw  =  x2  +  — • 

•  a; 

8.  2/  =  4  +  3  a?  -  £3.  4 

9.  3  T/  =  4  x3  -  18  »2  +  15  a;.  19-  «2?/  ~  ^3  +  ~' 

10.  y  =  (x  -  a)3  +  6. 

11.  12  T/  =  (x  -  I)4  -  24(z  -  I)2.  20.  a2?/  =  x3  +  -2- 

13.  y  =  2x5~5  x2.  21.  ?j  =      S  a*     • 

x2  +  4  a2 

14.  «  =  3  x5  -  5  x3. 


16.  7/  =  a;(»2-4)2. 

_4  23.  ce2?/  =  (a;2  +  I)2. 

•17     nw  —  r2     1     a 

n.ay-x    ^x2  24^  ^  +  16  7J  -  X3  =  0. 

59.  Acceleration  in  rectilinear  motion.  In  Art.  51  velocity  in  rec- 
tilinear motion  was  denned  as  the  time-rate  of  change  of  the  distance. 
We  now  define  acceleration  as  the  time-rate  of  change  of  the  velocity. 
That  is, 

(A)  Acceleration  =  a  =  —  • 

dt 

ds 
From  (C),  Art.  51,  we  obtain  also,  since  v  =  -i> 


Referring  to  Arts.  45,  47,  and  56,  we  have  the  following  criteria 
which  apply  to  a  definite  instant  t  =  tom. 

If  a  >  0,  v  is  increasing  (algebraically). 

If  a  <  0,  v  is  decreasing  (algebraically). 

If  a  >  0  and  v  —  0,  s  has  a  minimum  value. 

If  a  <  0  and  v  —  0,  s  has  a  maximum  value. 

If  a  —  0  and  changes  sign  from  +  to  —  (from  —  to  +)  when  t 
passes  through  to,  then  v  has  a  maximum  (a  minimum)  value  when 


In  uniformly  accelerated  rectilinear  motion,  a  is  constant.  Thus 
in  the  case  of  a  body  falling  freely  under  the  action  of  gravity  only, 
a  =  32.2  ft.  per  second  per  second.  Namely,  from  (2),  Art.  51, 


PROBLEMS 

1.  By  experiment  it  has  been  found  that  a  body  falling  freely  from  rest 
in  a  vacuum  near  the  earth's  surface  follows  approximately  the  law 
s  =  16.1  t2,  where  s  =  space  (height)  in  feet,  t  =  time  in  seconds.    Find 
the  velocity  and  acceleration  (a)  at  any  instant;    (b)  at  end  of  the  first 
second  ;    (c)  at  end  of  the  fifth  second. 

Solution.  (1)     s  =  16.1  12. 

ds 

(a)  Differentiating,  ^  =  32.2  t, 

or,  from  (C),  Art.  51,  (2)    v  —  32.2  1  ft.  per  second. 

dv 
Differentiating  again,  -j.  —  32.2, 

or,  from  (A)  above,  (3)   a  =  32.2  ft.  per  (sec.)2, 

which  tells  us  that  the  acceleration  of  a  falling  body  is  constant  ;  in  other  words,  the 
velocity  increases  32.2  ft.  per  second  every  second  it  keeps  on  falling. 

(b)  To  find  v  and  a  at  the  end  of  the  first  second,  substitute  t  =  1  in  (2)  and  (3). 
Then  v  =  32.2  ft.  per  second,    a  =  32.2  ft.  per  (sec.)2. 

(c)  To  find  v  and  a  at  the  end  of  the  fifth  second,  substitute  t  =  5  in  (2)  and  (3). 
Then  v.=  161  ft.  per  second,     a  =  32.2  ft.  per  (sec.)2. 

Given  the  following  equations  of  rectilinear  motion  ;  find  the  position, 
velocity,  and  acceleration  at  the  instant  indicated. 

2.  s  =  4  t2  -  6  t  ;  t  =  2.  Ans.   s  =  4,  v  =  10,  a  =  8. 

3.  s  =  120  t  -  16  t2  ;  t  =  4.  s  =  224,  v  =  -  8,  a  =  ~  32. 

4.  x  =  32  t  -  8  t2  ;  t  —  2.  x  =  32,  v  -  0,  a  =  -  16. 

5.  y  =  6  t2  -  2  ts  ;  t  =  1.  y  =  4,  v  =  6,  a  =  0. 

6.  s  =  r-~  ;  t  =  2.  s  =  f  ,  v  = 

t  ~r~  1. 


8.  y  =  100  -  4  t  —  8  t2 ;  t  —  3. 

9.  s  =  V5l+-yL;  t=5. 

10.  s  =  -\/B  t  +  2  :  t  =  2. 


11.  »  =  80-32  <;  «  =  0.  Ans.   -32.  _     2          _ 

12.  v  =  4t2-Wt;  t  =  2.  6.  ""Tri'*~    ' 

Given  the  following  equations  of  rectilinear  motion ;   find  the  position 
and  acceleration  when  the  particle  first  comes  to  rest. 

14.  s  =  16  t2  -  64  t  +  64.  Ans.   s  =  0,  a  =  32. 

15.  s  =  120  t  -  16  t2.  20 

.    _.       .  17.  s  =  5t  +  -——- 


18.  A  ball  thrown  directly  upward  moves  according  to  the  law 

s  =  80  t  -  16  t2. 

Find  (a)  its  position  and  velocity  after  2  sec.  and  after  3  sec.  ;    (b)  how 
high  it  will  rise  ;  (c)  how  far  it  will  move  in  the  fourth  second. 

19.  If  the  equation  of  a  rectilinear  motion  is  s  =  Vi  +  1,  show  that  the 
acceleration  is  negative  and  proportional  to  the  cube  of  the  velocity. 

20.  The  height  (s  ft.)  reached  in  t  sec.  by  a  body  projected  vertically 
upward  with  a  velocity  of  v\  ft.  per  second  is  given  by  the  formula 
s  =  vit  —  %  gt2.  Find  a  formula  for  the  greatest  height  reached  by  the  body. 

21.  In  the  preceding  problem  suppose  Vi  =  160,  g  =  32.    Find  (a)  the 
velocity  at  the  end  of  4  sec.  and  at  the  end  of  6  sec.  ;    (b)  the  distance 
moved  during  the  fourth  second  and  during  the  sixth  second. 

22.  A  car  makes  a  trip  in  10  min.  and  moves  according  to  the  law 
s  =  250  t2  —  1  14,  where  t  is  measured  in  minutes  and  s  in  feet,    (a)  How  far 
does  the  car  go?    (b)  What  is  its  maximum  speed?    (c)  How  far  has  the 
car  moved  when  its  maximum  speed  is  reached  ? 

Ans.    (a)  12,500  ft.;  (b)  1924  ft.  per  minute;  (c)  6944  ft. 

ADDITIONAL  PROBLEMS 

1.  Trace  the  curve  (4  —  2  x  +  x2)y  —  2  x  —  x2,  and  find  the  equations 
of  the  tangent  and  normal  at  each  point  of  inflection. 

Ans.  Max.  (1,  f).  Point  of  inflection  (0,  0):  tangent,  x  —  2y  =  0', 
normal,  2  x  +  y  =  0.  Point  of  inflection  (2,  0)  :  tangent,  x  +  2y  —  2  =  0', 
normal,  2  x  —  y  —  4  =  0. 

2.  A  certain  curve  (the  tractrix)  is  such  that  the  length  of  every  tangent 
from  its  point  of  contact  P(x,  y}  to  its  intersection  A  with  the  x-axis  is 
the  constant  c  (AP  =  c).   Show  that 

±y      .  ,,.  d2y  _ 

~ 


,,.         _ 

~ 


dx  ~  Vc2  -  y2  '  dx2  ~  (c2  -  y2)2 

3.  Determine  k  so  that  the  normals  at  the  points  of  inflection  of  the 

curve  y  =  k(x2  —  3)2  will  pass  through  the  origin.  A        -,  __     1 

K  —       ;=.  • 

4V2 


CHAPTER  VII 

DIFFERENTIATION  OF  TRANSCENDENTAL  FUNCTIONS. 
APPLICATIONS 

We  consider  now  functions  such  as 

sin  2  x,     3*,     log  (1  +  x2), 

called  transcendental  functions,  as  distinguished  from  the  algebraic 
functions  hitherto  discussed. 

60.  Formulas  for  derivatives ;  second  list.  The  following  formulas, 
grouped  here  for  convenience  of  reference,  will  be  derived  in  this 
chapter,  and,  with  the  formulas  of  Art.  29,  comprise  all  formulas  for 
derivatives  used  in  this  book. 

dv 
v  d  dx      1  dv 

x  50"»)  =  T  =  ;5-  (M-iog.,;) 

X0  I- oog  B).J«Ef*!. 

dx  v    dx. 

XI  4-  («")  =  avlna  ~- 

dx  dx 

XI  a  ±w  =  0,to 

dx.  dx 

VTT  d  /  ,,\          „   i  du  .  .  „  dv 

XII  —  (uv)  =  vuv~l H  In  u  •  uv  — • 

dx  dx  dx 

VTTT  d  ,  .      *.  dv 

XIII  —  (sin  v)  =  cos  v  — • 

dx  dx 

__T,_  d  ,        .  dv 

XIV  —  (cos  v)  =  —  sm  v  — • 
c?x  dx 

VTT  d    ,,       ^  9     dv 

XV  -r-  (tan  v)  =  sec2  y  — - 

cfx  dx 

XVI  4~  (ctn  y)  =  ~  csc2  y  ^T' 

dx  dx 

VTTTT  <^       /  \  ±  fa 

XVII  —  (sec  u)  =  sec  y  tan  y  — 

dx  dx' 


Avm  j-  (esc  y)  =  —  esc  v  ctn  v  — 

XIX  A  (vers  y)  =  sin  y  — . 

dx  '  dx 

dv 
XX  -~  (arc  sin  y)  =     ,    * -. 


rfy 

XXI  —  (arc  cos  v)  =  —        K 


XXII 


XXIII  v___ ^_ 

dv 

fare*   cor>  ii\  —  

dx 


XXIV  -~  (arc  sec  y)  = 


XXV  -—  (arc  esc  v)  =  — 


XXVI  — -  (arc  vers  y)  = 


i;  Vz;2  -  1 


61.  The  number  e.  Natural  logarithms.  One  of  the  most  important 

limits  in  the  calculus  is 

i 

(1)  Hm  (1  +  xf  =  2.71828  •  •  •. 

z-*0 

^  This  limit  is  denoted  by  e.  To  prove  rigorously  that  such  a  limit  e 
exists  is  beyond  the  scope  of  this  book.  For  the  present  we  shall 
content  ourselves  with  plotting  the  locus  of  the  equation 

i 

(2)  y  =  (l  +  xY 

i 

and  showing  graphically  that  as  x  -*  0  the  function  (1  +  x)x  (=  y) 
takes  on  values  in  the  near  neighborhood  of  2.718  •  •  •  and  therefore 
e  =  2.718  •  •  •  approximately. 


X 

tf 

X 

y 

10 

1.2710 

5 

1.4310 

2 

1.7320 

1 

2.0000 

.5 

2.2500 

-.5 

4.0000 

.1 

2.5937 

-.1 

2.8680 

.01 

2.7048 

-.01 

2.7320 

.001 

2.7169 

-.001 

2.7195 

The  fact  expressed  in  (1)  is  used  in  Art.  63. 

As  x~ ->  +  oo,  y  approaches  1  as  a  limit;  and  as  x— >  —  1  from  the  right, 
y  increases  without  limit.  The  lines  y  =  1  and  x  =  —  1  are  asymptotes. 

In  Chapter  XX  we  shall  show  how  to  calculate  the  value  of  e  to  any 
number  of  decimal  places. 

Natural,  or  Napierian,  logarithms  are  those  which  have  the  number 
e  for  base.  These  logarithms  play  a  very  important  r61e  in  mathe- 
matics. To  distinguish  between  natural  logarithms  and  common 
logarithms  when  the  base  is  not  explicitly  stated,  the  following  no- 
tation will  be  used. 

Natural  logarithm  of  v  (base  e)  =  In  v. 
Common  logarithm  of  v  (base  10)  =  log  v. 

By  definition,  the  natural  logarithm  of  a  number  N  is  the  exponent 
x  in  the  equation 

(3)  ex=N',  that  is,  x  =  In  N. 

If  x  =  0,  N  =  1,  and  In  1  =  0.   If  x  =  1,  N  =  e,  and  In  e  =  1. 

If  x  —*  —  oo,  then  N  —»  0,  and  we  write  In  0  =  —  oo. 

The  student  is  familiar  with  the  use  of  tables  of  common  loga- 
rithms, where  the  base  is  10.  The  common  logarithm  of  a  number  N 
is  the  exponent  y  in  the  equation 

Let  us  find  the  relation  between  In  N  and  log  N. 
In  (3),  take  logarithms  of  both  members  to  the  base  10.  Then  we 
have,  from  (2),  p.  1, 

(5)  x  log  e  =  log  N. 

Solving  for  x,  which  equals  In  N,  by  (3),  we  get  the  desired  relation 

\./i/  jji,  yv  •*-—  "-—"•——» 

loge 


Ihat  is,  we  obtain  the  natural  logarithm  of  any  number  by  dividing 
common  logarithm  by  log  e. 
Equation  (A)  may  be  written 

(6)  log  N  —  log  e  •  In  N. 

Hence  the  common  logarithm  of  a  number  is  obtained  by  multiplying 
natural  logarithm  by  log  e.  This  multiplier  is  called  the  modulus 
M)  of  common  logarithms. 

By  tables,  log  e  =  0.4343,  and  =-^-  =  2.303. 

log  e 

Equation  (A)  may  now  be  written 

(7)  In  N  =  2.303  log  N. 

bles  of  natural  logarithms  should  be  at  hand. 

62.  Exponential  and  logarithmic  functions.    The  function  of  x  de- 

3d  by 

(1)  y  =  ex  (e  =  2.718  •  •  •) 

jailed  an  exponential  function.    Its  graph  is  shown  in  the  figure, 
e  function  is  an  increasing  function  for  all  values  of  x,  as  we  shall 
later,  and  it  is  everywhere  continuous. 
From  (1),  we  have,  by  definition, 

(2)  x  =  lny. 

The  functions  ex  and  In  y  are  inverse  functions 
•t.  39).    Interchanging  x  and  y  in  (2),  we  have 


(3) '  y  =  In  x, 

vhich  y  is  now  a  logarithmic  function  of  x.  The  graph  is  shown  in 
figure.  The  function  is  not  defined  for  negative  values  of  x,  nor 
x  =  0.  It  is  an  increasing  function  for  all 

ues  of  x  >  0,  and  is  everywhere  continuous. 

at  is  (Art.  17),  for  any  value  a  of  x  greater 

n  zero 

(4)  lim  In  x  =  In  a. 


Z. 


.en  x  — »  0,  then  y  — »  —  oo,  as  remarked  above.    The  ?/-axis  is  an 

mptote  in  the  graph. 

The  functions  ax  and  Iog0  x  (a  >  0)  have  the  same  properties  as 


63.  Differentiation  of  a  logarithm. 

Let  y  =  In  v.  (v>  0) 

Differentiating  by  the  General  Rule  (Art.  27),  considering  v  as  the 
independent  variable,  we  have 

FIRST  STEP.  y  +  A#  =  In  (v  +  A»). 

SECOND  STEP.  A?/  =  In  (v  +  Av)  —  In  v 

=  ln(l±^)=ln(l  +  f).  By  CO,  p.  1 

THIRD  STEP.     ^  =  fln(l-A 
AV      AV      \          v  / 

We  cannot  evaluate  the  limit  of  the  right-hand  member  as  it 
stands  by  Art.  16,  since  the  denominator  Ay  approaches  zero  as  a 
limit.  But  we  can  rewrite  the  equation  as  follows : 


v    Av 

[Multiplying  by  -  • 


ByW,p.l 


The  expression  following  In  is  in  the  form  of  the  right-hand  mem- 

A?) 
ber  of  (2),  Art.  61,  with  x  =  —  - 

FOURTH  STEP.  -^  =  -  In  e  =  -  - 

dv      v  v 

V 

[When  Aw  -»  0,  ^  -»  0.  Hence  lira  fl  +  —  ^A8  =  e,  byl 

v  AD-^O^         »  / 

L(l),  Art.  61.    Using  (4),  Art.  62,  we  have  the  resultJ 

Since  v  is  a  function  of  x  and  it  is  required  to  differentiate  In  v 
with  respect  to  x,  we  must  use  formula  (A),  Art.  38,  for  differentiating 
a  Junction  of  a  function,  namely, 

dy  _  dy    dv  ^ 

dx  ~  dv    dz 

Substituting  the  value  of  ~  from  the  result  of  the  Fourth  Step, 

we  get  dv 

dv 

_.  d  ..     ,      dx      1  dv 

X  —-  (In  v)  ==  —  ==-—• 

nr  7;          77  fir 


Since  log  v  =  log  e  In  v,  we  have  at  once  (IV,  Art.  29) 

v  d  n       ,      log  e  dv 

Xc  — (logi>)  =  — 

dx  v     dx 

64.  Differentiation  of  the  exponential  function 

Let  y  =  av.  (a  >  0) 

Taking  the  logarithm  of  both  sides  to  the  base  e,  we  get 
In  y  =  v  In  a, 

In  a     In  a 

Differentiating  with  respect  to  y  by  formula  X, 

dv  =    1       1 
dy     In  a    y 

From  (C),  Art.  39,  relating  to  inverse  functions,  we  get 


or 

(1)  ^  =  In  o  •  a". 

dv 

Since  v  is  a  function  of  x  and  it  is  required  to  differentiate  av  with 
respect  to  x,  we  use  formula  (-4),  Art.  38.  Thus  we  get 

d£  _  IT,  „  .  flt, .  d». 

•^    —  in  u/  '  a    '  ^    • 

dx  dx 

XI  .•.~(a")  =  lnff-a".~. 

dx  dx 

When  a  =  e,  In  a  =  In  e  =  1,  and  XI  becomes 

XI  a  ±  (&  =  ,%. 

dx  dx 

The  derivative  of  a  constant  with  a  variable  exponent  is  equal  to  the 
product  of  the  natural  logarithm  of  the  constant,  the  constant  with  the 
variable  exponent,  and  the  derivative  of  the  exponent. 


65.  Differentiation  of  the  general  exponential  function.  Proof  of  the 
Power  Rule 

Let  y  =  uv.  (u  >  0) 

Taking  the  logarithm  of  both  sides  to  the  base  e, 

In  y  =  v  In  u, 

or  y  =  e»h>u.  By  (3),  Art.  61 

Differentiating  by  formula  XI  a, 

^  =  e»in«A(vinM) 
dx  ax 

by  V  and  X 


u  dx 

v  du  , 


XII  .:4-W  =  ™"-l?r  +  lnu-u°~ 

dx  dx  dx 

The  derivative  of  a  function  with  a  variable  exponent  is  equal  to  the 
sum  of  the  two  results  obtained  by  first  differentiating  by  VI,  regarding 
the  exponent  as  constant,  and  again  differentiating  by  XI,  regarding  the 
function  as  constant. 

Let  v  =  n,  any  constant ;  then  XII  reduces  to 

d  f  n^ „_•£  du 

dx  dx 

Thus  we  have  shown  that  the  Power  Rule  VI  holds  true  for  any 
value  of  the  constant  n. 

ILLUSTRATIVE  EXAMPLE  1.  Differentiate  y  =  In  (x2  +  a). 

—  (x2  +  a) 

Solution.  ~  =    X  „  , by  X 

dx          x2  +  a  J 

[»  =  *»  + a.] 

=  ^-    AnS- 

o  „. 

ILLUSTRATIVE  EXAMPLE  2.  Differentiate  y  =  log  • 
Solution.  By  (2),  p.  1,  we  may  write  this 
y  =  log  2  x  —  log  (1 


i         /!         2  as    \ 
=  loge  --H    ,  ,,,   = 


=  In  a  •  a***    ~  (3  x2} 
dx  dx 


iJji  o.   jjmerentiate  y  =• 

Solution. 

x 

—  6  x  In  a  •  a3*2.   Aws. 

ILLUSTRATIVE  EXAMPLE  4.  Differentiate  y  —  bec* 
Solution. 


dx        dx 


- 
ax 


=  e*xe*-i       (3.)  +  x^  ln  x  d 
da;  rfa;  dx 


by  XI 

by  IV 
by  XI  a 

by  XII 


=  2  bxec2+x\  Ans. 
ILLUSTRATIVE  EXAMPLE  5.  Differentiate  y  —  x"x. 

Solution. 

dx 

=  exxeX~1  +  xeX  In  x  •  ex 

=  exxfX  (-  +  ID.X]-    Ans. 
\x  I 

66.  Logarithmic  differentiation.  Instead  of  applying  X  and  X  a  at 
once  in  differentiating  logarithmic  functions,  we  may  sometimes 
simplify  the  work  by  first  making  use  of  one  of  the  formulas  of  (2) 
on  page  1.  It  is  important  that  these  formulas  should  be  used  when- 
ever this  is  possible. 

ILLUSTRATIVE  EXAMPLE  1.  Differentiate  y  =  In  Vl  -  x2. 

Solution.  By  using  (2),  p.  1,  we  may  write  this  in  a  form  free  from  radicals,  as 
follows : 


Then 


—  (1  -  x2} 
dy  __  1  dx_ 

dx  ~  2      1  -  x2 
_1      -2x  _ 


byX 


2     I  -x2      x2  -I 


Ans. 


ILLUSTRATIVE  EXAMPLE  2.  Differentiate  y  =  In 
Solution.   Simplifying  by  means  of-  (2),  p.  1, 


y  =  4  [In  (1  +  x2)  -  In  (1  -  x2)]. 


Then 


dy  _  1 
dx~2 


by  in  and  X 


:  + 


1  +  x2     1  —  x2      1  —  x* 


Ans. 


In  differentiating  an  exponential  function,  especially  a  variable 
with  a  variable  exponent,  the  best  plan  is  first  to  take  the  natural 


logarithm  of  the  function  and  then  to  differentiate.  Thus  Illustrative 
Example  5,  Art.  65,  is  solved  more  elegantly  as  follows  : 

ILLUSTRATIVE  EXAMPLE  3.  Differentiate  y  =  xc*. 
Solution.   Taking  the  natural  logarithm  of  both  sides, 

In  y  —  ex  In  x.  By  (2),  p.  1 

Now  differentiate  both  sides  with  respect  to  x. 
dy 

;^)  by  X  and  V 


=  ex  •  -  +  In  x  •  eF,  by  X  and  XI  a 

x 


Ans. 


x 
ILLUSTRATIVE  EXAMPLE  4.  Differentiate  y  =  (4  x2  —  7)2 

Solution.   Taking  the  natural  logarithm  of  both  sides, 

In  y  =  (2  +  Vx2  -  5)  In  (4  x2  -  7). 

Differentiating  both  sides  with  respect  to  x, 
I  &=  (2 


In  the  case  of  a  function  consisting  of  a  number  of  factors  it  is 
sometimes  convenient  to  take  the  natural  logarithm  and  simplify 
by  (2),  p.  1,  before  differentiating.  Thus, 


Vfy.    —    ]}(X   _   2) 
fa-3)fa-4^' 
Solution.  Taking  the  natural  logarithm  of  both  sides, 

In  y  =  JDn  (x  -  1)  +  In.  (a;  -  2)  -  In  (x  -  3)  -  In  (x  -  4)]. 
Differentiating  both  sides  with  respect  to  z,  •          .. 


yds      2Lz-lz--2      x-3 
2  x2  -  10  a;  +  11 


2  z2  -  10  x  + 11 


Differentiate  each  of  the  following  functions. 


1. 

y  —  in  (ax  -t-  o). 

A.US.   ~r- 

ax  4-  & 

2. 

dy 
dx 

2  ax 

?/  —  In  (ax"5  +  o). 

oa;2  +  6 

3. 

dy 
dx 

2a 

ax  +  & 

4. 

#  =  In  ax". 

dy 

__  w 

dx 

x 

B. 

T/  =  In  x3. 

dy 

=  3. 

dx 

x 

6. 

y  —  In3  x  [—  (In  x)3]. 

dy 
dx 

31n2x 

x 

7. 

y  =  In  (2  x3  -  3  x2  +  4). 

dx 

_      6  x(x  -  1) 

2  x3  -  3  x2  +  4 

8. 

i     2 
T/  =  log  — 

X 

dy 
dx 

_     log  e 

3/^ 

dy 

2 

^       ni  +  x2 

dx 
j~, 

x(l  +  x*) 

10. 

»,  —  !«   -v/Q          9  ^2 

ay 

1   '  t-i  X 

dx 

9-2x2 

11. 

ay 

2  a  +  3  x 

dx 

2  x(a'+  x) 

12. 

/(x)  =  x  In  x. 

/'(x) 

=  1  +  In  x. 

13 

-y     v             ,          /           ,             A,        ,           2\ 

f'M 

1 

1  A 

J  w 

Vlat*2 

s      lnv/a+W- 

dt 

a2  ~~  &2^2 

15. 

/(x)  =  x2  In  x2. 

f(x) 

=  2x(l  +  21nx). 

16. 

v  =  «r. 

dy 

=  weni. 

17. 

y    _     ^0«^. 

1 

=  ?i  10na:  In  10. 

18. 

g.,.2 

dy 

=  2  xe*2. 

dx 

19 

2 

dy 

2 

es    - 

dx 

e* 

/7o 

VI 

20. 

s  =  e     . 

r=  —  . 

dt 

2"\/£ 

flz 

21. 

2  =  fe2:'. 

=  2  &2y  In  &. 

96 


22.  u  =  sea. 

p>t 

23.  v  =  ~  • 

u 

n.  In  x 

24.  y  =  -- 

x 


25.  y  =  In 


—   1 
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A  ffi  Q        i— _—    r-—   aS  (Q   „_!,    "1  \ 
.ti.  /  &O  •  ._         — —    tx     ^O       |^    J,  /  • 

cto__e"(M  —  1) 

d?y  _  1  —  In  a; 

dx  ~      x2 
dy_2,. 

~F~  —        r  J-. 

dx     x 

dy  _     2ex 


(ex+  I)2 


27.  y  =  x2e~x. 


- 
dx 


—  e 


ex  +  e~x 
In*2 


29.  y  = 

30.  s  = 

rs 

31.  f(x]  =  In 


dx~2vo    ^' 

dy  =      4 

dx  ~  (ex  +  e~x) 
ds  __  2  -  4  In  t 
dt 


+  1  —x 


Va;2  H-l  +  a; 
HINT.  First  rationalize  the  denominator. 


f'to  = 


i3 
-2 


32.  y  =  xx. 

33.  y  =  x"J 


Aws.  y'  —  xx(l  +  In  a;). 
.  _  x^(2  +  In  a) 


ds      fa 


"">  I  "  I     M-n  "          1   \ 

di-djri-1/ 

dy  =  z,p-  ,      i L__l 

da;      y[x      Sx  +  a     2x  +  b\ 

&  =  ^f     a?      _  1  ,       a?     1 
dx      ^[4  +  x2      x"r4-x2J' 

dj;  _    fn         m&  _"| 
da;        LX      a  +  6xJ 


In  Problems  38-47  find  the  value  of  -^  for  the  given  value  of  x. 

Q/20 


38.  y  =  In  (a;2  -f  2) ;  x  =  4. 

39.  i/  =  log  (4  x-3) ;  x  =  2. 

40.  y  =  x  In  Vx  +  3  ;  x  =  6. 

41.  y  =  xe~2x;  x  =  f. 


Aws.   y'  =  f . 

j/'  =  0.3474. 
y'  =  1.4319. 


43.  y  = 
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flK  9i  _  /3 
;  3  =  1. 
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=  S. 


52.  y  =  In 


44.  y  =  log  V25  —  4  x ;  3  =  5. 

45.  y  =  10 Vz;  3  =  4. 

Find  -7-^  for  each  of  the  following  functions. 

48.  y  =  In  ex. 

49.  0  =  eax. 

50.  #  =  x  In  x1. 

51.  #  =  ex\  '  y  ~ 

Differentiate  each  of  the  following  functions. 
'a2  -  x2  58.  e^ 


54.  In 


.„ 

47.  T/  = 


9 


V20  -  3  a? 


a;  —  a 
#  +  a 


•   f  —  4 
,   ^        •*. 


55. 


In  Va2  -  x2 


56.  log 

57.  In 


+  a 


59.  10'  log  t. 

60.  (ae)nx. 

/J1      05  n2 

OJ.*   M     o    • 

62.  f-^   *> 


V2  « +  3 

67.  The  function  sin  x.  The  graph  of 
(1)  y  =  sin  x 

is  shown  in  the  figure.  Any  value  of  x  is  assumed  to  be  the  measure 
of  an  angle  in  radians  (Art.  2). 

rt 

Q       v  =  i 


.  Thus   for   «=1,   y  =  sin  (1  radian)  =  sin  57°  18'  =  0.841.    The 
function  sin  x  is  defined  and  is  continuous  for  all  values  of  x.   It  is 
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The  property  of  periodicity  has  the  following  interpretation  in  the 
graph  on  page  97 :  The  portion  of  the  curve  for  values  of  x  from  0  to  2  IT 
(arc  OQBRC  in  the  figure)  may  be  displaced  parallel  to  OX  either  to 
the  right  or  left  a  distance  equal  to  any  multiple  of  the  period  2  IT,  and 
it  will  be  part  of  the  locus  in  its  new  position. 

68.  Theorem.  Before  differentiating  sin  x  (Art.  69)  it  is  necessary 
to  prove  that 

sin 
x 


.  . 
km 


, 

=  1. 


This  limit  cannot  be  found  by  Art.  16.    We 
proceed  by  geometry  and  trigonometry. 

Let  0  be  the  center  of  a  circle  whose  radius 
is  unity.  Let  x  =  angle  AOM  measured  in  radians.   Since  the  radius 
is  unity,  arc  AM  =  x,  also. 

Lay  off  arc  AM'  =  arc  AM  and  draw  M  T  and  M'T  tangent  to 
the  circle  at  M  and  M'  respectively.    From  geometry, 

MM'  <  arc  MAM'  <  MT  +  M'T. 

Or,  by  trigonometry, 

2  sin  x  <  2  x  <  2  tan  x. 

Dividing  through  by  2  sin  x,  we  get 

l<^-<-!-. 

sin  x      cos  x 

Replacing  each  term  by  its  reciprocal  and  reversing  the  inequality 

signs,  we  have  sin  x 

1  > >  cos  x. 

x 

Therefore  when  x  is  small,  the  value  of  ^-^  lies  between  1  and  cos  x. 

x 

But  when  x  — *  0,  lim  cos  x  =  cos  0  =  1,  since  cos  x  is  continuous  for 
x  —  0  (see  Art.  17).  Thus  we  have  proved  (5). 

It  is  interesting  to  note  the  behavior  of  this  function  from  its 

graph,  the  locus  of  equation 

sin  x 

x 


r 

1 

Tlfn/i-f"!  f\Y\      1  (?      T1  f\4~      /3  rt-fi  i-irt/4       -P 

«•«    /«  A         T  ~J-    ,,~      T  

69.  Differentiation  of  sin  v 

Let  y  —  sin  v. 

By  the  General  Rule,  Art.  27,  considering  v  as  the  independent 
variable,  we  have 

FIRST  STEP.  y  +  Ay  =  sin  (v  +  AV). 

SECOND  STEP.  Ay  =  sin  (v  -f  Av)  —  sin  v. 

The  right-hand  member  must  be  transformed  in  order  to  evaluate 
the  limit  in  the  Fourth  Step.  To  this  end,  use  the  formula  from 
(6),  p.  3, 

sin  A  —  sin  B  =  2  cos  J(A  +  B)  sin  J(A  —  B), 

setting  A  =  v  +  Av,     B  =  v. 

Then       J(A  +  B)  =  v  +  J  AV  J(A  -  JB)  =  J  At>. 
Substituting, 

sin  (y  +  Aw)  —  sin  v  =  2  cos  (v  +  \  Aw)  sin  f  Aw. 


Hence  Ay  =  2  cos  (v  +  yj  sin  y  - 

THIRD  STEP.         ^  =  cos  (v 4- -^         2 

2 


FOURTH  STEP.      3^  =  cos  v. 
dv 


Since  lim    — - —   =  1,  by  Art.  68.  and  lim  cos  [v  +    r]  =  cos». 
Aw    /  AB-*O       v       2 

2 

Substituting  this  value  of  -^  in  (A),  Art.  38,  we  get 

CM? 

dy  dv 

~  —  cos  v  -r-  • 
dx  dx 

VTTT  d  /  •     \  dv 

XIII  .*.  —  (sm  i>)  =  cos  i;  — — 

dx  d^: 

The  statement  of  the  corresponding  rules  will  now  be  left  to  the 
student. 

70.  The  other  trigonometric  functions.  The  function  cos  x  is  de- 
fined and  is  continuous  for  any  value  of  x.  It  is  periodic,  with  the 
period  2  TT.  The  graph  of  y  _  cos  x 

is  obtained  from  the  graph  of  Art.  67  of  since  by  taking  the  line 
x  =  i  TT  as  the  w-axis. 


The  graph  of  y  =  tan  x 

(see  figure)  shows  that  the  function  tan  x  is  discontinuous  for  an 
infinite  number  of  values  of  the  independent  variable  x;  namely, 
when  x  =  (n  +  DTT,  where  n  denotes  any  positive  or  negative  integer. 

In  fact,  when  x  —  >  |  TT,  tan  x  be- 
comes infinite.  But  from  the  rela- 
tion tan  (TT  +  a)  =  tan  x,  we  see  that 
the  function  has  the  period  IT,  and 
the  values  x  =  (n  +  ^}ir  differ  from 
f  TT  by  a  multiple  of  the  period. 

The  function  ctn  x  has  the  period 
TT.  It  is  defined  and  is  continuous 
for  all  values  of  x  except  x  =  mr,  n  being  any  integer  as  before. 
For  these  values  ctn  x  becomes  infinite.  Finally,  sec  x  and  esc  x 
are  periodic,  each  with  the  period  2  TT.  The  former  is  discontinuous 
only  when  x  =  (n  +  J)  TT,  the  latter  only  when  x  =  mr.  The  values 
of  x  for  which  these  functions  become  infinite  determine  vertical 
asymptotes  in  the  graphs. 

71.  Differentiation  of  cos  v 

Let  y  =  cos  v. 

By  (3),  p.  2,  this  may  be  written 


I,  =  sn       - 


Differentiating  by  formula  XIII, 

fir       \  d  ITT       \ 
=  cos(-^  —  v)-r--  —  v) 
\2       /  dx\2       / 


dx 


fir       \  (     dv\ 

=  cos   -  —  v )   —  -T-  ) 

\2       /  \    dx/ 

dv 


=  —  sin  v 


dx 


I  Since  cos  (%  —  v\=  sin  v,  by  (3),  p.  2.1 


XIV 


d  ,        .  .      dv 

-r-  (COS  V)  =  —  SULV  -— 

dx  dx 


72.  Proofs  of  formulas  XV-XIX.    These  formulas  are  readily  de- 
rived by  expressing  the  function  concerned  in  terms  of  other  functions 
whose  derivatives  have  been  found,  and  differentiating. 
Proof  of  XV.  Let  y  =  tan  v. 

By  (2),  p.  2,  this  may  be  written 

sinv  ^ 
cos  t> 
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Differentiating  by  formula  VII, 

,       cos  v  —  (sin  9)  —  sin  v  ^-  (cos  ») 

<%  _          dx dx 

dx  cos2  v  ' 

cos2^  +  sin2v~ 
_  dx dx 


dv 
=  c^  =  Sec2?;lr  Using  (2),  p.  2 

XV  .'.  -7-  (tan  i;)  =  sec2  v  -=-• 

dx  dx 

To  prove  XVI-XIX,  differentiate  the  form  as  given  for  each  of 
the  functions  below. 

XVI.  ctn  v  =  — — .       XVII.  sec  v  =  -^— -       XVIII.  esc  v  =  -^-. 
tanv  cosy  smv 

XIX.  versine  v  =  vers  v  =  1  —  cos  v. 

The  details  are  left  as  exercises. 

73.  Comments.  In  the  derivation  of  formulas  I-XIX  it  was  neces- 
sary to  apply  the  General  Rule,  Art.  27,  only  for  the  following. 

TTT  d  ,     ,  -,     du  .  dv     dw     A1    ,     . 

Ill  —  (u  +  v  —  w)  =  -r~  +  -: : —  Algebraic  sum. 

dx  dx     dx     dx 

Vd  ,    \         dv  .     du      T-,     i     , 
-7-  (uv)  =  u  -r-  +  i}  -r-  -     Product. 

/i/yt    ^       '  nfy*  nw 

[JbJU  tviV  U/*t/ 

du  _     dv 

VII  JAA=    dx     Ufa.    Quotient. 

dx  \v I  v2 

VIII  -f-  =  -^  •  ~  -  Function  of  a  function, 

ofe      dv    dx 

IX  -^  =  _- .  Inverse  functions. 

a#     dx 

dy 
X  —  (log  »)  =  — .  Logarithm. 

C&X  ^ 

XIII  -£  (sin  v)  =  cos  v  |2.  Sine, 

ax  ax 
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that  the  derivation  of  the  fundamental  formulas  for  differentiation 
involves  the  calculation  of  only  two  limits  of  any  difficulty,  namely, 

=  1  by  Art.  68 


»-»0       V 

1 
and  lim  (1  +  »);  =  e.  By  Art.  61 

PROBLEMS 

Differentiate  the  following  functions. 

1.  y  =  sin  ax2. 

dij  d  T. 

Solution.  -/•  =  cos  ax2  -j-  (ax2)  by  XLu 

dx  dx 

[v  =  ax°.~\ 
=  2  ax  cos  ax2.  Ans, 

2.y  =  tan  Vl  —  x. 

Solution.  ^  =  sec2  Vl-x-j^  (I  -  x}%  by  XV 

0=  \/l-.<] 

=  sec2  Vl-x  •  £  (1  -  x)~  £(- 1) 
_  _ sec2  v  1  -^_x _  Ans. 

2  Vl  —  x 
Z.y  —  cos3  x. 

Solution.    This  may  also  be  written 
y  =  (coscc)3. 

d 


-— -  —  u \\s\jf3  M j  ' ,   \\j\ja wj  ^y  v JL 

dx       ^  dx 

[v  —  cos  x  and  n  =  3.] 

=  3  cos2  x(—  sin  x)  by  XIV 

=  —  3  sin  x  cos2  x.  Ans. 

4.  y  =  sin  wx  sin"  x. 

Solution.  ~  —  sin  ra  ~  (sin  x)n  +  sinn  a;  -7-  (sin  nx)  by  V 

dx  dx  dx 

\u = sin  nx  and  v  =  sin™  a;.] 
=  sin  nx  •  n  (sin  x)n~l  -r-  (sin  as) 


5.  y  —  sin  ax. 

6.  y  =  3  cos  2  x. 

7.  s  =  tan  3  t. 


Ans.  y'  —  a  cos  ax. 
y'  =  -  6  sin  2 
s'  =  3  sec2  3  i. 


9.  y  =  sec  4  x. 

10.  p=  a  esc  60. 

11.  y  =  A  sin2  x. 

12.  s  =  Vcos  2  f. 

13.  p  =  vW  3  0. 

_       4 
Vsec  a? 

15.  #  =  a;  cos  x. 

16.  /(0)  =  tan  0  -  0. 

..„      _  sin  0 
'  P~     0 

18.  ?/  =  sin  2  a;  cos  x. 

19.  #  =  In  sin  aa;. 

20.  y  =  In  Vcos  2  x. 

21.  y  =  ea*  sin  6x. 

22.  s  =  e~l  cos  2  <. 

23.  y  =  In  tan  -• 


?/'  =  4  sec  4  x  tan  4  3. 
p'  =  —  ab  esc  60  ctn  60. 
yf  =  sin  a;  cos  x. 

rfs  -  sin  2  £ 
-r  =  ,  -  --• 
«fr  Vcos  2  i 

d          sec2  3  0 


d^      (tan30)3 
%  _  —  2  tan  a;  t 
ax        Vsec  .r 
#'  =  cos  x  —  x  sin  x. 

/'(0)  =  tan2  0. 
dp  _  0  cos  0  —  sin  0 
dd  ~  02 

?/'  =  2  cos  2  a;  cos  x  —  sin  2  a;  sin  x 

yf  =  a  ctn  aa;. 

y'  —  —  tan  2  a;. 
T/'  =  eax(a  sin  6x  +  6  cos  6a;). 
s/  =  -e-i(2sin2i  +  cos20. 
uf  —  i  ctn  ?  sec2  i- 


—  sin  a; 

25.  /(0)  =  sin  (0  +  a)  cos  (0  -  a).  /'(0)  =  cos  2  0. 

26.  f(x)  =  sin2  (TT  -  x).  f'(x)  =  -  2  sin  (TT  -  x)  cos  (TT  -  x) 

27.  p  =  i  tan3  0  -  tan  0  +  0.  p'  =  tan4  0. 

28  v  =  a;8in* 
'  y 


ax 


29.  y  =  (cos 


\  x 

cos  x  —  a;  tan 


I 


Find  the  second  derivative  of  each  of  the  following  functions. 

rf2y 

30.  y  =  sin  kx.  Arts.   -~  =  —  k2  sin  kx. 

dx2 

31.  p  =  \  cos  2  8.  ~£  =  -  cos  2  6. 

do2 

rf2ij 

32.  u  =  tan  v.  ^r~  =  2  sec2  v  tan  ». 

<iv2 

c?2w 

33.  #  =  a:  cos  x.  -r^  =  —  2  sin  #  —  a:  cos  x. 

dx2 

<U      —  si*1  3  (i2?/  _  2  sin  x  —  2  x  cos  x  —  x2  sin  a; 

a;  do;2  x3 

rf2<? 

35.  s  =  e(  cos  *.  ^-t  =  -  2  e<  sin  *. 

d£2 

/?2Q 

36.  s  =  e~f  sin  2  £  §75  =  ~  e~'(3  sin  2  «  +  4  cos  2  <). 

Ctt 

37.  y  =  eax  sin  6a;.  j-|  =  eax[(a2  -  &2)  sin  6rc  +  2  a&  cos  &x]. 


Find  -%-  from  each  of  the  following  equations. 
ax 

38.  y  =  cos  (s  -  I,). 


. 
<ia;      sin  (x  —  y)  —  1 

39.  e*  =  sin  (x  +  y}. 


. 

do;      e2'  —  cos  (x 

40.  cos  2/  =  In  (x  +  y).  ~ 


dx      1  +  (a;  -f  y)  sin  y 

In  Problems  41-50  find  the  value  of  -^-  for  the  given  value  of  x  (in 

radians).  x 

41.  y  =  x  —  cos  x ;  x  =  1.  Ans.  y'  =  1.841. 

42.  #  =  3  sin  f;  a:  =  2.  #'  =  1.381. 

u 

43.  i/  =  In  cos  a; ;  x  =  0.5.  #'  =  0.546. 

44.  #  =  -;  a;  =-0.5.  yf  =  -  3.639. 

45.  y  =  sin  a;  cos  2  x;  x  =  l.  y'  =  —  1.754. 

46.  T/  =  In  Vtan  x ;  x  =  J  TT.  #'  =  1. 

47.  ?/  =  ex  sin  a; ;  a?  =  2.  t/7  =  3.643. 

48.  y  -  10  e~r  cos  TTX  ;  a?  =  1.  ?/'  =  3.679. 

—  7TT 

49.  ?/  =  5  e2  sin  ~;  a;  =  2.  2/'  =  -  21.35. 

50.  0  =  10  e~io  sin  3  a; ;  x  =  1.  «7  =  -  27.00. 


74.  Inverse  trigonometric  functions.  From  the  equation 

(1)  y  =  sin  x, 

we  may  read  "  x  is  the  measure  of  an  angle  in  radians  whose  sine 
equals  y."  For  a  central  angle  in  a  circle  with  radius  unity,  x  equals 
also  the  intercepted  arc  (see  Art.  2).  The  statement  in  quotation 
marks  is  then  abbreviated  thus 

(2)  x  =  arc  sin  y, 

read  "  x  equals  an  arc  whose  sine  is  y."  Interchanging  x  and  y  in  (2), 
we  obtain 

(3)  y  =  arc  sin  x, 

and  arc  sin  x  is  called  the  inverse  sine  function  of  x.  It  is  denned 
for  any  value  of  x  numerically  less  than  or  equal  to  1.  From  (1) 
and  (2),  it  appears  that  sin  x  and  arc  sin  y  are  inverse  functions 
(Art.  39). 

Equation  (3)  is  often  written  y  =  sin-1  x,  read  "the  inverse  sine  of  x." 
This  notation  is  inconvenient,  for  the  reason  that  sin-1  x,  as  thus  written, 
might  be  read  as  sin  x  with  the  exponent  —  1. 

Consider  the  value  of  y  determined  by  x  =  J  in  (3),  that  is,  by 

(4)  y  =  arc  sin  f . 

One  value  of  y  satisfying  (4)  is  y  =  J  TT,  since  sin  f  ir  =  sin  30°  ==  J. 
A  second  value  is  y  =  f  TT,  since  sin  f  TT  =  sin  150°  =  J.  To  each  of 
these  solutions  any  multiple  of  2  ?r  may  be  added  or  subtracted. 
Hence  the  number  of  values  of  y  satisfying  (4)  is  without  limit.  The 
function  arc  sin  x  is  then  said  to  be  "  multiple- valued." 

The  graph  of  arc  sin  x  (see  figure)  shows  this  property 
well.  When  x  =  OM,  y  =  MPi,  MP2,  MP3,  •  •  -,  MQi, 
MQ2,  •  •  -. 

For  most  purposes  in  the  calculus  it  is  allowable 
and  advisable  to  select  one  of  the  many  values  of  y.  We 
select,  then,  the  value  between  —  J  TT  and  J  TT,  that  is, 
the  smallest  numerical  value.  Thus,  for  example, 

(5)  arc  sin  \  =  f  TT,  arc  sin  0  =  0,  arc  sin  (—  1)  =  —  •§•  TT. 
The  function  arc  sin  x  is  now  single-valued,  and  if 

(6)  y  =  arc  sin  x,    then    —  \ir^y^\Tr. 

In  the  graph  we  confine  ourselves  to  the  arc  QOP. 


tions  may  be  made  single-  valued.   Thus,  for  arc  cos  x,  if 

(7)  y  =  arc  cos  x,     then    0  ^  y  ^  TT. 
As  examples, 

arc  cos  \  =  f  TT,    arc  cos  (—  ^-)  =  f  TT,    arc  cos  (—  1)  =  TT. 
From  (6)  and  (7)  we  now  have  the  identical  relation 

(8)  arc  sin  x  +  arc  cos  x  =  f-  TT. 

In  the  graph  of  arc  cos  #  (see  figure),  we  confine  our- 
selves to  the  arc  QPiP. 

Definitions  establishing  a  single  value  for  each  of 
the  other  inverse  trigonometric  functions  are  given 
below. 

75.  Differentiation  of  arc  sin  v 

Let  y  =  arc  sin  v  ;  (-  J  ?r  fS  y  ^  J  TT) 

then  y  =  sin  g/. 

Differentiating  with  respect  to  y  by  XIII, 

dv 

^  =  cosj,; 

therefore  f  =  ^'  By  (C),  Art.  39 

Since  v  is  a  function  of  x,  this  may  be  substituted  in  (A),  Art.  38, 


-.  . 

cfo      cos  y    dx      Vl  —  v2  die  ' 

[cos  0  =  Vl  -  sm2^  =  Vl  -  pa,   the  positive  sign  of  the  radical  being] 
taken,  since  cos  y  is  positive  for  all  values  of  y  between  -  —  and  —  inclusive. 

"  &  _J 

dv 

XX  /.  A  (arc  sin  y)  =       **    .... 

^  Vl  -  v* 

Uy  =  arc  sin  x,  y'  =  ^  =        *      -.  The  graph  is  the 

CLX         "v  1  _  3?^  ~^~ 

arc  QP  of  the  figure.   The  slope  becomes  infinite  at  Q  and 
P,  and  equals  1  at  0.  The  function  increases  (y1  >  0) 
throughout  the  interval  x  =  —  1  to  x  —  1. 
76.  Differentiation  of  arc  cos  v 

Let  y  =  arc  cos  v  ;  (0  <  -y  <  -TT") 

\       —  ty   —  _        / 

then  v  =  cos  ?/. 


therefore 


dy=       1 

dv         sin  y 


By  (C),  Art.  39 


But  since  v  is  a  function  of  x,  this  may  be  substituted  in  (A), 
Art.  38,  giving   dy  i  1       (fa. 


sn 


•X         Vl  —  v2  dx 

fsin  y  =  Vl  — cos2?/  =  Vl  —  v2,  the  plus  sign  of  the  radical  being  taken,"] 
l_since  sin  y  is  positive  for  all  values  of  y  between  0  and  7T  inclusive.  J 

dv 


XXI 


dx 


(arq  cos  v)  =  — 


If  y  —  arc  cos  x,  then  yr  =  — 


When  x  increases  from 


'1-x2 

—  1  to  +  1  (arc  PQ  of  the  first  figure  on  page 
106).  y  decreases  from  vr  to  0  (y'  <  0). 
77.  Differentiation  of  arc  tan  v.  Let 

(1)  y  =  arc  tan  v ;  then 

(2)  v  =  tan  y. 

The  function  (1)  becomes  single-valued  if 
we  choose  the  least  numerical  value  of  y,  that 
is,  a  value  between  —  J  TT   and  J  TV,   corresponding  to  arc  AB  of 
the  figure.  Also,  when  v— >  —  oo,  y  — >  —  JTT;  when  c  — >  +  oo,  y  — »•  J  IT. 
Or,  symbolically, 

(3)  arc  tan  (+  oo)  =  J  TT,    arc  tan  (—  oo)  =  —  J  TT. 
Differentiating  (2)  with  respect  to  y  by  XV, 


and 


dy 
dy 

dv 


=  sec2  y ; 


sec2?/ 


By  (C),  Art.  39 


Since  v  is  a  function  of  x,  this  may  be  substituted  in  (-4),  Art.  38, 
dy=     1       (fo=     1      doi 
rfo;  ~~  sec2  y    dx      1  +  v2  dx 

[sec2  T/  =  1  +  tan2  y  -  1  +  v  2.] 

dv 


XXH 


.-.     -  (arc  tan  ^^ 


and  the  function  is  an  increasing 


If  y  =  arc  tan  x,  then  ?/'  =  y- 
function  for  all  values  of  x.       ^  * 

The  function  arc  tan  -  furnishes  a  good 
x 

example  of  a  discontinuous  function.    Con- 
fining ourselves  to  one  branch  of  the  graph  of 

y  =  arc  tan  -  > 

we  see  that  as  x  approaches  zero  from  the  left,  y  approaches  -  \  TT  as  a 
limit,  and  as  x  approaches  zero  from  the  right,  y  approaches  +  |  TT  as 
a  limit.  Hence  the  function  is  discontinuous  when  x  =  0  (Art.  17).  Its 
value  for  x  =  0  can  be  assigned  at  pleasure. 

78.  Differentiation  of  arc  ctn  v.    Following 
the  method  of  the  last  article,  we  get 

dv 


XXIII 


(arc  ctn  10  =  - 


The  function  is  single- valued  if, 
when       y  =  arc  ctn  v,     0  <  y  <  IT, 
corresponding  to  the  arc  AB  of  the  figure. 
Also,  if  v  ->  +  oo,  y  -»-  0 ;  if  v  -» —  oo,  y  -»  T.  That  is,  symbolically, 
arc  ctn  (+  oo)  =  0 ;  arc  ctn  (—  oo)  =  TT. 

79.  Differentiation,  of  arc  sec  v  and  arc  esc  v.  Let 

(1)  y  =  arc  sec  v. 

This  function  is  denned  for  all  values  of  v  except  those  lying  be- 
tween —  1  and  +  1.   To  make  the  function  single-valued  (see  figure), 

when  v  is  positive,  choose  y  between  0  and  J  TT  (arc  AB) ; 
when  v  is  negative  choose  y  between  —  ir  and  —  J  TT  (arc  CD). 
Also,  if    v  — *  +  oo,  y  — >%  TT; 
t?->— oo,  y-^-i^, 
Solving  (1),    v  =  sec  y. 

Differentiating  with  respect  to  y  by  XVII, 
dv 


if 


dy 


=  sec  y  tan  y ; 


therefore 


dv     sec  y  tan  y 


By  (C),  Art.  39 


sec  y  —  v,  and  tan  y  =  V  sec2  y  —  1  =  Vu2  —  1,  the  plus  sign  of  the  radical  being  taken, ~| 

1  7T  7T    I 

since  tan  y  is  positive  for  all  values  of  y  between  0  and  —  and  between  —  TT  and  —  —  • 


2  J 


dv 
dx 


XXIV        /.  -=-  (arc  sec  y)  = 
dx 


Differentiation  of  arc  esc  v.  Let 

y  =  arc  esc  v ; 
then  v  =  esc  y, 

Differentiating  with  respect  to  y  by  XVIII 
and  following  the  method  of  the  last  section,    =          _„. 
we  get 

dv 

dx  -27r 


XXV         -  (arc  esc  v)  = 


The  function  y  =  arc  esc  v  is  defined  for  all  values  of  v  except  those 
lying  between  —  1  and  +  1,  and  is  many-valued.  To  make  the  func- 
tion single-valued  (see  figure  above), 

when  v  is  positive,  choose  y  between  0  and  \  TT  (arc  AJ5)  : 
when  v  is  negative,  choose  y  between  —  TT  and  —  |  TT  (arc  CD). 
80.  Differentiation  of  arc  vers  v 
Let  y  =  arc  vers  v  ;  * 

then  v  =  vers  y. 

Differentiating  with  respect  to  y  by  XIX, 
dv 


dy 


sin?/; 


therefore 


__ 
dv     sin  y 


By  (C),  Art.  39 


*  Defined  only  for  values  of  v  between  0  and  2  inclusive,  and  many-valued.  To  make 
the  function  single- valued,  y  is  taken  as  the  smallest  positive  arc  whose  versed  sine  is  v ; 
that  is,  y  lies  between  0  and  TT  inclusive.  Hence  we  confine  ourselves  to  arc  OP  of  the  graph. 


dx      sin  y    dx  '      v  „  „  -  „   .... 

Fsin  y  =  Vl  —  cos2  y  =  VI  —  (1  —  vers  y)2  =  V2  u  —  c2,  the  plus  sign  of  the  radical! 
Lbeing  taken,  since  sin  y  is  positive  for  all  values  of  y  between  0  and  TT  inclusive.J 

dv 

XXVI  /.  •£•  (arc  vers  v)  =        dx       • 

ax  V2  y  —  i?2 


PROBLEMS 

Differentiate  the  following  functions. 
1.  y  =  arc  tan  ax2. 


Solution 

2.  ?/  =  arc  sin  (3  a:  —  4  a;3). 
Solution. 


dx      1  +  (ax2)  2 
[y  -  aa;2.] 


V"l  -  (3  x  -  4  x3)2 


3.  y  =  arc  sec 


_(_  1 


„ 
a;2  —  1 


l  -  9  x2  +  24  x4  -  16  36      Vl  - 


d  /a;2  +  1 


Solution.  = 


.(a;2  -  1)2  x  -  (x2  +  1)2  x 


2x 


x2  -  1    x2  ~ 


4.  y  =  arc  cos  -  • 

a 

5.  y=  arc  sec  E. 

a 
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6.  y  =  arc  ctn  -  • 

a 

1 

7.  y  =  arc  sec  -  • 

x 


8.  y  =  arc  esc  2  x. 

9.  y  =  arc  sin  V#. 

10.  Q  =  arc  vers  p2. 

11.  y  =  x  arc  sin  2  x. 

12.  y  =  x2  arc  cos  a;. 

13.  /(%)  =  %Va2  -  M2 


Ans.      ^ 


dp      V2  -  p2 


dy  •    n      i         2  a; 

3s-  =  arc  sin  2  a;  H  —  ,  . 

da;  VI  -  4  x2 

dy      n  a;2 

-f-  =  2  x  arc  cos  a;  --  -- 


. 
VI  -  x2 

f'(u)  =  2  Va2  -  u2. 


14.  /(»)  =     a2  —  x2  +  a  arc  sin  -  • 

Cv 

15.  v  =  a2  arc  sin  --  wVa2  —  w2. 

a 


2w2 


dv 


du~  Va2  -  u2 


16.  v  = 


. 
Va2  -  u2 


—  arc  sin  — 


.    u  ,  Va2-^2 

17.  v  =  arc  sin  -  H 

a  u 

IS.  v  =  a  arc  cos  ( 1  -  -}  +  V2  CM  -  u2. 

\       a/ 


d% 

jdj; 

dw~  M2 

dy      V2  a%  -  «2 


19.  0  =  arc  tan 


a  +  r 
1  —  ar 


20.  x  =  r  arc  vers  -  —  V2  n/  —  y2. 
r 


dr      1  +  r2 
da;  _          ?/ 


/ 

~r-  =  x2  arc  tan  £. 
ax 


21.  2/  =  ija;3  arc  tan  x  4- i  log  (x2  +  1)  —  ^x2. 

In  Problems  22-27  find  the  value  of  —  for  the  given  value  of  x. 

f]Sf* 

22.  y  =  x  arc  sin  x ;  a;  =  \.  ATZS.   T/'  =  1.101. 

23.  y  =  x  arc  cos  x ;  x  =  —  %. 


24.  y  = 


arc  tan  x 

x        : 


25.  T/  =  Vx  arc  ctn  ^ ;  x  =  4. 

86          arcBMZaj.  x  =  1> 

Va; 


/  =  2.671. 
y'  =  -  0.285. 

#'  =  -  0.054. 
y'  =  0.053. 


Differentiate  each  of  the  following  functions. 

28.  arc  sin  Va;.  33.  arc  sec  Vs. 

2 

29.  arc  tan  -•  34.  ex  arc  cos  x. 

x 

30.  x  arc  cos  |  •  35.  In  arc  tan  x. 

u 

31|arcctn2a;.  36.  Varc  sin  2  x. 

x 

on                 ft         \                                                      on-  arc  cos  Va; 
32.  arc  vers  (1  —a;).  37.  -= 


PROBLEMS 

Sketch  the  following  curves,  and  find  the  slope  at  each  point  where 
the  curve  crosses  the  axes  of  coordinates. 

1.  y  =  In  x.  Ans.   At  (1,  0),  m  =  1. 

2.  y  =  log  x.  At  (1,  0),  m  =  0.434. 

3.  y  =  In  (4  -  a;).  At  (3,  0),  m  =  -  1 ; 

at  a;  =  0,  m  =  —  i. 


_ 

4.  •?/  =  In  V4  —  a;2. 

5.  Show  that  if  y  =  •§  o(e«  +  e~~5),  then 


ct 
Find  the  angles  of  intersection  of  each  of  the  following  pairs  of  curves. 

6.  y  =  In  (x  -f  1),  #  =  In  (7  -  2  3).  Arcs.   127°  53'. 

7.  y  =  In  (x  -f  3),  y  =  In  (5  -  x2). 

8.  y  —  sin  x,  y  =  cos  #.  109°  28'. 

9.  y  =  tan  x,  y  —  ctn  a;.  53°  8'. 
10.  T/  =  cos  x,  y  =  sin  2  x. 

Find  the  maximum,  minimum,  and  inflectional  points  on  the  following 
curves  and  draw  their  graphs. 


11.  T/  =  x  In  a;.  Ans.    Min.  (-• V 

/v.  TV/Tin     fp    P^  • 

Ig   y  =  _i_.  mm.  ^,  v)  , 

In  a;  inflectional  po 

13.  y  =  In  (8  x  -  x2).  Max.  (4,  In  16). 

:,.(-,-!) 

(2  N 
—  2,  —  — ) . 
eV 


14.  i/  =  xex,  Min.  (  —  1,  —  -) ; 


15.  y  = 


16.  A  submarine  telegraph  cable  consists  of  a  core  of  copper  wires 
with  a  covering  made  of  nonconducting  material.    If  x  denotes  the  ratio 
of  the  radius  of  the  core  to  the  thickness  of  the  covering,  it  is  known  that 

the  speed  of  signaling  varies  as  x2  In  —    Show  that  the  greatest  speed 

1  x 

is  attained  when  x  —  — 7=- 

•Ve 

17.  What  is  the  minimum  value  of  y  —  aekx  •+•  be~kxl          Ans.  2Vo&. 

18.  Find  the  maximum  point  and  the  points  of  inflection  of  the  graph 
of  y  =  e~x2,  and  draw  the  curve.  , 

Ans.   Max.  (0,  1);  points  of  inflection,  (± — ;=>  ~7=V 

V     V2   Ve/ 

19.  Show  that  the  maximum  rectangle  with  one  side  on  the  z-axis 
which  can  be  inscribed  under  the  curve  in  Problem  18  has  two  of  its 
vertices  at  the  points  of  inflection. 

Find  the  maximum,  minimum,  and  inflectional  points  for  the  range 
indicated,  and  sketch  the  following  curves. 

20.  y  =  \  x  —  sin  x ;   (0  to  2  TT). 

Ans.   Min.  ($  TT,  -  0.3424) ;  max.  (f  IT,  3.4840) ; 
inflectional  points,  (0,  0),  (TT,  f  TT),  (2  TT,  ?r). 

21.  y  =  2  x  —  tan  x ;   (0  to  TT). 

Ans.    Max.  (i  TT,  0.571) ;  min.  (f  TT,  5.712) ; 
inflectional  points,  (0,  0),  (TT,  2  TT). 

22.  y  =  tan  x  —  4  x ;   (0  to  TT). 

Ans.    Min.  (J  TT,  -  2.457) ;  max.  (f  TT,  -  10.11) ; 
inflectional  points,  (0,  0),  (TT,  —  4  TT). 

23.  y  =  3  sin  x  —  4  cos  x ;   (0  to  2  TT).  • 

Arcs.   Max.  (2.498,  5) ;  min.  (5.640,  -  5) ; 

inflectional  points,  (0.927,  0),  (4.069,  0). 

24.  y  —  x  +  cos  2  x ;    (0  to  TT). 

25.  y  •=  sin  irx  —  cos  TTX  ;   (0  to  2). 

26.  y  =  %x  +  sm2x;   (0  to  TT). 

27.  #  =  x  —  2  cos  2  x ;   (0  to  TT). 

28.  y  =  |  THC  +  sin  THC ;    (0  to  2). 

29.  Show  that  the  maximum  value  of  y  =  a  sin  a;  +  6  cos  x  is  Va2  +  &2. 

30.  The  turning  effect  of  a  ship's  rudder  is  shown  theoretically  to  be 
fc  cos  6  sin2  6,  where  6  is  the  angle  the  rudder  makes  with  the  keel,  and 
k  is  a  constant.   For  what  value  of  6  is  the  rudder  most  effective  1 

Ans.   About  55°. 


there  is  carefully  dropped  a  sphere  of  such  size  as  to  cause  the  greatest 
overflow.   Show  that  the  radius  of  the  sphere  is 


o  sn  a. 


sin  a.  +  cos  2  a 

32.  Find  the  dimensions  of  the  cylinder  of  maximum  volume  which 
can  be  inscribed  in  a  sphere  of  radius  6  in.    (Use  the  angle  6  subtended 
by  the  radius  of  the  base  of  the  inscribed  cylinder  as  a  parameter.    Then 
r  =  6  sin  6,  h  =  12  cos  0.) 

33.  Solve  Problem  32  if  the  convex  surface  of  the  cylinder  is  to  be  a 
maximum,  using  the  same  parameter. 

34.  A  body  of  weight  W  is  dragged  along  a  horizontal  plane  by  means 
of  a  force  P  whose  line  of  action  makes  an  angle  x  with  the  plane.    The 
magnittide  of  the  force  is  given  by  the  equation 

mW 

~  m  sin  x  +  cos  x 

where  m  denotes  the  coefficient  of  friction.    Show  that  the  pull  is  least 
when  tan  x  =  m. 

35.  If  a  projectile  is  fired  from  O  so  as  to  strike  an  inclined  plane  which 
makes  a  constant  angle  a  with  the  horizontal  at  0,  the  range  is  given 

by  the  formula  2  ^  cos  0  sjn  (6  -  a) 

R  —  -  ~5  ' 

g  cos2  a 

where  v  and  g  are  constants  and  6  is  the  angle  of  elevation.  Calculate  the 
value  of  B  giving  the  maximum  range  up  the  plane.     Ans.    0  =  |  IT  +  \  a. 

36.  For  a  square-headed  screw  with  pitch  0  and  angle  of  friction  <£  the 
efficiency  is  given  by  the  formula 

E_     .     tan0 

tan  (0  +  0)  +/ 

where  /  is  a  constant.   Find  the  value  of  0  for  maximum  efficiency  when 
0  is  a  known  constant  angle. 

ADDITIONAL  PROBLEMS 

1.  The  curves  y  =  x  In  x  and  y  —  x  In  (1  —  x)  intersect  at  the  origin  and 
at  another  point  A.  Find  the  angle  of  intersection  at  A.         Ans.   103°  30'. 

2.  Sketch  the  following  curves  on  the  same  axes  and  find  their  angle 
of  intersection. 

32°  28' 


3.  The  line  AB  is  tangent  to  the  curve  whose  equation  is  y  =  ex  +  1 
at  A  and  crosses  the  z-axis  at  B.  Find  the  coordinates  of  A  if  the  length 
of  AB  is  a  minimum.  Ans.  (0,  2). 


CHAPTER  VIII 


APPLICATIONS  TO  PARAMETRIC  EQUATIONS,  POLAR 
EQUATIONS,  AND  ROOTS 

81.  Parametric  equations  of  a  curve.  Slope.  The  coordinates  x  and 
y  of  a  point  on  a  curve  are  often  expressed  as  functions  of  a  third 
variable,  or  parameter,  t,  in  the  form 


Each  value  of  t  gives  a  value  of  x  and  a  value  of  y  and  determines  a 
point  on  the  curve.  Equations  (1)  are  called  parametric  equations 
of  the  curve.  If  we  eliminate  t  from  equations  (1),  we  obtain  the 
rectangular  equation  of  the  curve.  For  example, 

{t 
y  =  r  sin  t 

are  parametric  equations  of  the  circle  in  the 
figure,  t  being  the  parameter.  For  if  we  elim- 
inate t  by  squaring  and  adding  the  results,  we 
have  0,0^  r2(cos2 


sn 


=  r 


the  rectangular  equation  of  the  circle.    It  is  evident  that  if  t  varies 

from  0  to  2  TT,  the  point  P(x,  y}  will  describe  a  complete  circumference. 

Since,  from  (1),  y  is  a  function  of  t,  and  *  is  a  function  (inverse) 

of  x,  we  have  j       j..  jf  ^          no 

ZH  =  ^¥  by  (4),  Art.  38 

ax      dt  dx 

by  (C),  Art.  39 


dt 


dx' 
dt 


that  is, 
(A) 


dy 


By  this  formula  we  may  find  the  slope  of  a  curve  whose  parametric 

equations  are  given. 
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116  DIFFERENTIAL  CALCULUS 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  equations  of  the  tangent  and  normal, 
and  the  lengths  of  the  subtangent  and  subnormal  to  the  ellipse* 

(  x  =  a  cos  4>> 
(3)  \_y  =  b  sin  4> 

at  the  point  where  0  =  45°. 

Solution.  The  parameter  being  <£,  T|  =  -  o  sin  0,  ^r  =  b  cos  0. 


Substituting  in  (A),       =  - 


=  -  \  eta  *  =  slope  at  any  point  =  m. 


Substituting  <f>  =  45°  in  the  given  equations  (3),  we  get  a*  =  |  a  Vz,  yi  = 
as  the  point  of  contact,  and  the  slope  m  becomes 

mi  =  --  ctn45°  =  --• 
a  d 

Substituting  in  (1)  and  (2),  Art.  43,  and  reducing,  we  get 

bx  +  ay  =  V2  ab  =  equation  of  the  tangent, 

V2(ax  -  by)  =  a2  -  b2  -  equation  of  the  normal. 
Substituting  in  (3)  and  (4),  Art.  43, 

\  bV2  (—-}  =  -  2  aV2=  length  of  subtangent, 


-  -}  =  -  b-^  =  length  of  subnormal. 
a/  2  a 


ILLUSTRATIVE  EXAMPLE  2.   Given  the  equations  of  the  cycloid  t  in  parametric 

form,  .  .„       .    a\ 

Cx  =  a(9  —  smd), 

W  \y  =  o(l-cos0), 

e  being  the  variable  parameter;   find  the  lengths  of  the  subtangent,  subnormal, 
and  normal  at  the  point  (xi,  yi)  where  6  =  0i. 

*  As  in  the  figure,  draw  the  major  and  minor  auxiliary  circles  of  the  ellipse.  Through 
two  points  B  and  C  on  the  same  radius  draw  BA  parallel  to  07  and  DP  parallel  to  OX. 
These  lines  will  intersect  in  a  point  P(x,  y)  on  the  ellipse,  ~ 

because      x==  OA  =  0B  QOS  <j>  =  a  cos  0 


and 


y  =  AP  =  OD  =  OC  sin  <j>  =  b  sin  <£, 


and     *  =  sin 
o 


Now  squaring  and  adding,  we  get 
=  cos2  <£  +  sin2  0  = 


—  + 
a2 


o2 


the  rectangular  equation  of  the  ellipse. 


=  y1-  a(l  ~  cos  ft),  m  =  mi  =  „  sm  ^ 

1  —  cos 


When  e  = 

Following  Art.  43,  we  find  (see  figure  at  foot  of  this  page) 

1^  ;    NM  =  subnormal  =  a  sin  ft. 


TN  =  subtangent  =  a(1  " 


MP  -  length  of  normal  =  aV2(l  -  cos  ft)  =  2  a  sin  \  ft.  By  (5),  p.  3. 

In  the  figure,  PA  =  a  sin  61  (if  6  =  ft)  =  the  subnormal  NM  as  above.  Hence 
the  construction  for  the  normal  PM  and  tangent  PB  is  as  indicated. 

Horizontal  and  vertical  tangents.  From  (A),  and  referring  to  Art.  42, 
we  see  that  the  values  of  the  parameter  t  for  the  points  of  contact  of 
these  tangent  lines  are  determined  thus : 

Horizontal  tangents :  solve  -&  =  0  for  t. 

at 

Vertical  tangents :  solve  -j-  =  0  f or  t. 

at 

ILLUSTRATIVE  EXAMPLE  3.  Find  the  points  of 
contact  of  the  horizontal  and  vertical  tangents  to 
the  cardioid  (see  figure) 

•  x  —  a  cos  6  —  i  a  cos  2  6  — 


a, 


y  ~  a  sin  Q  —  |  a  sin  2  9. 


Solution.  —.  =  a(-  sin  0  +  sin  2  0)  ;          =  o(cos  6  -  cos  2  6). 
av  au 

Horizontal  tangents.  Then  cos  6  —  cos  2  0  =  0.  Substituting  (using  (5),  p.  3) 
cos  2  6  =  2  cos2  6  —  1,  and  solving,  we  get  6  =  0,  120°,  240°. 

Vertical  tangents.  Then  —  sin  6  +  sin  2  0  =  0.  Substituting  (using  (5),  p.  3) 
sin  2  6  =  2  sin  6  cos  Q,  and  solving,  0  =  0,  60°,  180°,  300°. 

base.  If  arc  PM  equals  OM  in  length,  then  P  will  touch  at  0  if  the  circle  is  rolled  to  the  left, 
We  have,  denoting  the  angle  PCM  by  6, 


x  =  ON  =  OM  —  NM  =  aO  —  asin9  =  a(6  -  sin  0), 
y  =  NP  =  MC  -  AC  =  a  -  a  cos  6  =  a(l  -  cos  6), 


the  parametric  equations  of  the  cy- 
cloid, the  angle  9  through  which 
the  radius  of  the  rolling  circle  turns 
being  the  parameter.  OD  =  2  ira 
is  called  the  base  of  one  arch  of  the 
cycloid,  and  the  point  V  is  called 
the  vertex.  .Eliminating  6,  we  get 
the  rectangular  equation 

X  =  a  arc  cos(g  ~  M— V2a#  —  y2. 
>    d    ' 


The  common  root  0  =  0  should  be  rejected.  For  both  numerator  and  de- 
nominator in  (.4)  become  zero,  and  the  slope  is  indeterminate  (see  Art.  12).  From 
(5),  y,  =  y  =  0  when  9  =  0.  The  point  0  is  called  a  cusp. 

Substituting  the  other  values  in  (5),  the  results  are  as  follows: 

Horizontal  tangents  :  points  of  contact  (-  f  a,  ±_|  aVs). 

Vertical  tangents  :  points  of  contact  (i  a,  ±  i  aVs  ),  (-  2  a,  0); 

Two  vertical  tangents  coincide,  forming  a  "double  tangent"  line. 

These  results  agree  with  the  figure. 

PROBLEMS 

Find  the  equations  of  the  tangent  and  normal,  and  the  lengths  of  the 
subtangent  and  subnormal,  to  each  of  the  following  curves  at  the  point 
indicated. 

Tangent  Normal  Subt.   Subn. 

I.x  =  t2,y  =  2t  +  l;t  =  l.  Ans.  x-y  +  2  =  Q,       x  +  y~4  =  Q,  3,       3. 

2.  x  =  P,  y  =  3t;  t  =  -l.  x-y-2  =  Q,       x  +  y  +  4  =  Q,       -  3,  -  3. 


3.  3  =  3*,i/  =    ;<  =  2.  x  +  6y-12  =  Q,   6z-7/-35  =  0,  -6,  -  £. 

If 

$.x  =  et,y  =  3e-t;t  =  Q.  3x  +  y-6  =  Q,     x-3y  +  S  =  Q,     -1,  -9. 

5.  x  =  cos  2  d,  y  =  sin  0  ;  6  =  %ir. 

6.  x  =  t2,  y  =  2  -  t  •  t  =  1.  11.  x  =  tan  6,  y  =  ctn  6  ;  B  =  %ir. 

1.3x  =  P,2y  =  t2;t  =  2.  12.  x  =  -  3  e~l,  y  =  2  ef;  t  =  Q. 

8.  x  =  6  t  -  t2,  y  =  2  t  +  3  ;  t  =  0.  13.  x  =  3  cos  a,  y  =  5  sin  a.  ;  a  =  £  TT. 

9.x  =  t*,y  =  &  +  3t;t  =  l.  14.  x  =  sin  2  d,  y  =  cos  6;  6  =  J  TT. 

t;t  =  -l.  15.  z  =  ln(*-2),  3  y  =  t;  «  =  3. 


In  each  of  the  following  problems  plot  the  curves  and  find  the  points 
of  contact  of  the  horizontal  and  vertical  tangents. 

16.  x  =  3  t  —  t3,  y  =  t  +  1.     Ans.   Horizontal  tangents,  none  ;    vertical 

tangents,  (2,  2),  (-  2,  0). 

17.  x  =  3  -  4  sin  d,  y  =  4  +  3  cos  6. 

Ans.   Horizontal  tangents,   (3,   1),   (3,  7)  ; 
vertical  tangents,  (7,  4),  (—  1,  4). 

18.  x  =  t2  -2t,y  =  t3  -12  t.  20.  x  =  sin  2  t,  y  =  sin  t. 

19.  x  =  h  +  r  cos  d,  y  =  k  +  r  sin  d.  21.  a;  =  cos4  d,  y  =  sin4  9. 


In  the  following  curves  (figures  in  Chapter  XXVI)  find  lengths  of 
(a)  subtangent,  (b)  subnormal,  (c)  tangent,  (d)  normal,  at  any  point. 

x  =  a(cos  t  +  t  sin  f), 


22.  The  curve  '  „  =  aOrin  *  -  f  COB  0- 


Ans.    (a)  y  ctn  t,  (b)  i/  tan  t,  (c)  ~-,»  (d) 


, 
sin  t          cos  t 
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23.  The  hypocycloid  (astroid)   !x  ^  *  *  °^'  (Figure,  p.  533) 

Ans.    (a)  -  y  ctn  i,  (b)  -  y  tan  *,  (c)         ,  (d) 

„.    mi.      .    ,  fx  =  rcost, 

24.  The  circle  4  .    , 

iy  =  rsmc. 


OR  rr-u         j-  -j  fa;  =  a(2cos2  —  cos20»      (Figure, 

25.  The  cardioid  <          ;„   .    ,       .    „./ 

P. 


3  t 

x  = 


26.  The  folium  <|        "^f  (Figure,  p.  533) 

y  =  T+T3' 

•  =  -  cos  i , 

27.  The  hyperbolic  spiral  -j  (Figure,  p.  534) 

r  =  T  sin  t. 


82.  Parametric  equations.  Second  derivative.  Using  y'  as  symbol 
for  the  first  derivative  of  y  with  respect  to  x,  then  (A),  Art.  81,  will 
give  y'  as  a  function  of  t, 

(1)  *' 


To  find  the  second  derivative  y",  use  this  formula  (4)  again,  re- 
placing y  by  y'.  Then  we  have 


dt 

if  z=/(0,  asin(l),  Art.  81. 

ILLUSTRATIVE  EXAMPLE.  Find  y"  for  the  cycloid  (see  Illustrative  Example  2, 
Art.  81) 

•»  =  o(0-sin0), 
=  a(l  —  cos  0). 

sin  0  dx 

Solution.  We  found    y'  =  -z y     anc*    75  =  a  (1  —  cos  0). 

1  —  cos  u  dv 

Also,  differentiating, 

dy_'  _  (1  —  cos  6}  cos  0  —  sin2  0  _    cos  0  —  1 1 

dO  ~  (1  -  cos  0)2  (1  -  cos  0)2          (1  -  cos  0) 

Substituting  in  (B), 


1.  In  each  of  the  following  examples  find  ^  and  ^-|  in  terms  of  t. 
(a)x  =  t-l,y  =  t2  +  l. 


(c) 


£3 


Ans.        =  2ff        =  2. 
dx  dx2 


dx          t    dx2      t3 

(e)  x  =  a  cos  t,  y  =  b  sin  t. 

(f)  x  =  2(1—  sin  0>  y  —  4  cos  t. 
__t3      _t2                             (g)  x  =  sin  t,  y  =  sin  2  £. 

^62  (h)  x  —  cos  2t,  y  =  sin  £. 

2.  Show  that  the  curve  x  =  sec  6,  y  =  tan  0  has  no  point  of  inflection. 

3.  In  each  of  the  following  examples  plot  the  curve  and  find  the  maxi- 
mum, minimum,  and  inflectional  points : 

(a)  x  =  2  a  ctn  6,  y  =  2  a  sin2  6. 

Ans.   Max.  (0,  2  a) ;  points  of  inflection,  a       a 


(b)  x  =  tan  t,  y  =  sin  t  cos  t. 

Ans.  Max.  (1,  |) ;  min.  (—  1,  —  f ) ; 

points  of  inflection,  /—  V3,  -  -r^j,  (0,  0),  /Vs,  — -\. 

83.  Curvilinear  motion.  Velocity.  When  the  parameter  t  in  the 
parametric  equations  (1),  Art.  81,  is  the  time,  and  the  functions  /(£) 
and  0(2)  are  continuous,  if  t  varies  continuously  the  point  P(x,  y}  will 
trace  the  curve  or  path.  We  then  have  a  curvilinear  motion,  and 

(1)  %=f(f)>    V  =  0(0 

are  called  the  equations  of  motion. 

The  velocity  v  of  the  moving  point  P(x,  y}  at  any  instant  is  de- 
termined by  its  horizontal  and  vertical  components. 

The  horizontal  component  vx  is  equal  to  the  velocity  along  OX 
of  the  projection  M  of  P,  and  is  therefore  the  time  rate  of  change  of  x. 
Hence,  from  (C),  Art.  51,  when  s  is  replaced  by  x,  we  get 


(C) 


dt 


In  the  same  way  the  vertical  component  vy, 
or  time  rate  of  change  of  y,  is 


v  - 

v- 


Lay  off  the  vectors  vx  and  vy  from  P  as  in  the  figure,  complete  the 
rectangle,  and  draw  the  diagonal  from  P.  This  is  the  required  vector 


velocity  v.   From  the  figure,  its  magnitude  and  direction  are  given 
by  the  formulas  d 

(£)  ifi=vj  +  vj>    tanr=^  =  ~. 


Comparing  with  (A),  Art.  81,  we  see  that  tan  r  equals  the  slope 
of  the  path  at  P.  Therefore  the  direction  of  v  lies  along  the  tangent 
line  at  P.  The  magnitude  of  the  vector  velocity  is  called  the  speed. 

84.  Curvilinear  motion.  Component  accelerations.  In  treatises  on 
mechanics  it  is  shown  that  in  curvilinear  motion  the  vector  accelera- 
tion a  is  not,  like  the  vector  velocity,  directed  along  the  tangent,  but 
toward  the  concave  side  of  the  path  of  motion.  It  may  be  resolved 
into  a  tangential  component,  at,  and  a  normal  component,  an,  where 

dv  v* 

at=zd~e  0n==F 

(R  is  the  radius  of  curvature.   See  Art.  105.) 

The  acceleration  may  also  be  resolved  into  components  parallel  to 
the  axes  of  coordinates.  Following  the  same  plan  used  in  Art.  83 
for  component  velocities,  we  define  the  component  accelerations  paral- 

lel to  OX  and  OF, 

dvx          __  dvy 

(F)  a*-—J     «*--^" 

Also,  if  a  rectangle  is  constructed  with  vertex  P  and  sides  ax  and 
av,  then  a  is  the  diagonal  from  P.  Hence 

(G)  a 


which  gives  the  magnitude  (always  positive)  of  the  vector  accelera- 
tion at  any  instant. 

In  Problem  1  below  we  make  use  of  the  equations  of  motion  of  a 
projectile,  which  illustrate  very  well  this  and  the  preceding  article. 

PROBLEMS 

1.  Neglecting  the  resistance  of  the  'air,  the  equations  of  motion  for  a 
projectile  are 

x  ==  v\  cos  (j)  •  t,    y  =  vi  sin  0  •  t  —  16.1  12  ; 

where  v\  =  initial  velocity,  <£  =  angle  of  projection  with 

horizon,  and  t  =  time  of  flight  in  seconds,  x  and  y  being   "oj 

measured  in  feet.  Find  the  component  velocities,  com- 

ponent accelerations,  velocity,  and  acceleration  (a)  at  any  instant;  (b)  at 

the  end  of  the  first  second,  having  given  vi  =  100  ft.  per  second,  (j>  =  30°. 


Find  (c)  the  direction  of  motion  at  the  end  of  the  first  second;  (d)  the 
rectangular  equation  of  the  path. 
Solution.   From  (C)  and  (Z>), 

(a)  vx  =  VL  cos  0 ;  vy  =  Vi  sin  <f>  —  32.2  t. 


Also,  from  (£),  »  -Vvi2  -  64.4  Ivi  sin  0  +  1036.8  t2. 

Prom  (F)  and  (G),       ax  =  0  ;  Oj,  =  —  32.2  ;  a  =  32.2,  direction  downward. 

(b)  Substituting  t  —  l,vi  =  100,  0  =  30°  in  these  results,  we  get 

vx  =  86.6  ft.  per  sec.  ax  =  0. 

vy  =  17.8  ft.  per  sec.  ay  =  -  32.2  ft.  per  (sec.)2. 

v  (speed)  =  88.4  ft.  per  sec.  a  =  32.2  ft.  per  (sec.)2. 

(c)  r  =  arc  tan  ^  =  arc  tan  —  ^  =  11°  37'  =  angle  of  direction  of  motion  with 
the  horizontal.        v*  bb'b 

(d)  When  v\  =  100,  $  =  30°,  the  equations  of  motion  become 

x  =  50  tVs,     y  =  50t~  16.1  12. 


Eliminating  t,  the  result  is  y  =  -~=  --  '-==-  xz,  a  parabola. 

V3         <5 

2.  Show  that  the  rectangular  equation  of  the'  path  of  the  projectile 

in  Problem  1  is  jg  j 

y  =  x  tan  0  --  j-  (1  -f  tan2  <£)z2. 

3.  If  a  projectile  be  given  an  initial  velocity  of  160  ft.  per  second  in  a 
direction  inclined  45°  with  the  horizontal,  find  (a)  the  component  velocities 
at  the  end  of  the  second  and  fourth  seconds  ;    (b)  the  velocity  and  direc- 
tion of  motion  at  the  same  instants. 

Ans.    (a)  When  t  —  2,  vx  —  113.1  ft.  per  sec.,  vy  =  48.7  ft.  per  sec., 

when  t  —  4,  vx  —  113.1  ft.  per  sec.,  vy  —  —  15.7  ft.  per  sec.  ; 
(b)  when  t  =  2,v  =  123.1  ft.  per  sec.,  r  =  23°  18', 
when  t  =  4,  v  =  114.2  ft.  per  sec.,  T  =  172°  6'. 

4.  With  the  data  as  in  Problem  3  find  the  greatest  height  reached  by 
the  projectile.   If  the  projectile  strikes  the  ground  at  the  same  horizontal 
level  from  which  it  started,  find  the  time  of  flight  and  the  angle  of  impact. 

5.  A  projectile  with  an  initial  velocity  of  160  ft.  per  second  is  hurled 
at  a  vertical  wall  480  ft.  away.    Show  that  the  highest  point  on  this  wall 
that  can  be  hit  is  at  a  height  above  the  z-axis  of  253  ft.    What  is  $  for 
this  height?  Ans.  0  =  59°. 

6.  If  a  point  referred  to  rectangular  coordinates  moves  so  that 

a;  =  a  cos  t  +  b     and    y  =  asmt  +  c, 
show  that  its  velocity  has  a  constant  magnitude. 


x  =  at, 

y  =  b  sin  at, 

show  (a)  that  the  ^-component  of  the  velocity  is  constant  ;  (b)  that  the 
acceleration  of  the  point  at  any  instant  is  proportional  to  its  distance  from 
the  x-axis. 

8.  Given  the  equations  of  motion  x  =  t2,  y  =  (t  —  I)2,    (a)  Find  the 
equation  of  the  path  in  rectangular  coordinates,    (b)  Draw  the  path  with 
the  velocity  and  acceleration  vectors  for  t  =  J,  t  =  1,  I  =  2.    (c)  For  what 
values  of  the  time  is  the  speed  a  minimum  ?   (d)  Where  is  the  point  when 
its  speed  is  10  ft.  per  second? 

Ans.    (a)  Parabola,  x*  +  y*  =  1  ;    (c)  t  =  i  ;   (d)  (16,  9). 

9.  In  uniform  motion  (speed  constant)  in  a  circle,  show  that  the  ac- 
celeration at  any  point  P  is  constant  in  magnitude  and  directed  along 
the  radius  from  P  toward  the  center  of  the  circle. 

10.  The  equations  of  a  curvilinear  motion  are  x  =  2  cos  2  t,  y  —  3  cos  t. 
(a)  Show  that  the  moving  point  oscillates  on  an  arc  of  the  parabola 
4  yz  —  9  x  —  18  =  0.  Draw  the  path,  (b)  Draw  the  acceleration  vectors 
at  the  points  where  0  =  0.  (c)  Draw  the  velocity  vector  at  the  point 
where  the  speed  is  a  maximum. 

Given  the  following  equations  of  curvilinear  motion,  find  at  the 
given  instant  vx,  vv,  v  ;  ax,  ay,  a.  ;  position  of  point  (coordinates)  ;  direction 
of  motion.  Also  find  the  equation  of  the  path  in  rectangular  coordinates. 

n.x  =  t2,y  =  2t;  t~2. 


I5.x  =  2-t,y  =  l  +  t2;  t  =  0. 

16.  x  =  a  cos  t,  y  =  a  sin  t  ;  t  =  f  TT. 

17.  x  =  4  sin  t,  y  =  2  cos  t  ;  t  =  %ir. 

18.  x  =  sin  2  t,  y  =  2  cos  t  ;  t  —  \  IT. 

19.  x  =  2  sin  t  ;  y  =  cos  2  t;   t  =  \  TT. 

20.  x  —  tan  i  \  y  =  ctn  t  ;  t  =  %  ir. 

85.  Polar  coordinates.  Angle  between  the  radius  vector  and  the  tan- 
gent line.  Let  the  equation  of  a  curve  in  polar  coordinates  p,  d,  be 

(D  P 


tangent  Line  at  P,  tuen 

IB 


P 

where  pf  =  -775* 

d6 

Proof.    Through    P   and  a    point 

Q(p  +  Ap,  0  +  A0)  on  the  curve  near    o^^^"  **^*/T  /    x 

P  draw  the  secant  line  AB.   Draw  P# 
perpendicular  to  OQ. 

Then  (see  figure)  OQ  =  p+  Ap,  angle  POQ  =  A0,  PR  =  p  sin  A0, 
and  OR  =  p  cos  A0.   Also, 


"  OQ  —  072      p  +  Ap  -  p  cos  A0 

Denote  by  $  the  angle  between  the  radius  vector  OP  and  the 
tangent  line  PT.   If  we  now  let  A0  approach  zero  as  a  limit,  then 

(a)  the  point  Q  will  approach  P  ; 

(b)  the  secant  AB  will  turn  about  P  and  approach  the  tangent 
line  PT  as  a  limiting  position ;  and 

(c)  the  angle  PQR  will  approach  \j/  as  a  limit. 

Hence 

/ON  j.       /      v  P sm  A0 

(3)  tan  T^  =  lim  — r-f- 7-7- 

v'  r     A0-»op  + Ap  —  pcos  A0 

To  get  this  fraction  in  a  form  so  that  the  theorems  of  Art.  16  will 
apply,  we  transform  it  as  shown  in  the  following  equations : 

p  sin  A0  p  sin  A0 

p(l-cosA0)  +  Ap-  A0  ,        " 


Since  from  (5),  p.  3,  p  —  p  cos  A0  =  p(l  -  cos  A0  )  =  2  p  sin2  —• 

sin  A0 

P'      A0 


A0 


2 

[Dividing  both  numerator  and  denominator  by  A0  and  factoring.] 


PARAMETRIC  AND  POLAR  EQUATIONS 
When  A0  ->  0,  then,  by  Art.  68, 


125 


sm 


=  1,    and    lim 


A0 
2 


=  1. 


Also, 


A  fl 


lim  <sin  —  0        lim       ^  —  Uz.  

inn  sin  ^r^  —  u,     mn  —  —  —  — 
2  A0      dB 


Hence  the  limits  of  numerator  and  denominator  are,  respectively, 
p  and  p'.  Thus  (H)  is  proved. 

To  find  the  slope  (tan  r  in  the  figure),  proceed  as  follows.   Take 
rectangular  axes  OX,  OY,  as  usual.    Then  for  P(x,  y)  we  have 

(4)  x  =  p  cos  Q,    y  =  p  sin  6. 

Using  (1),  these  equations  become  parametric  equations  of  the  curve, 
6  being  the  parameter.  The  slope  is  found  by  (A).  Thus,  from  (4), 


dx        ,        0          •    n     dy 
—  =  p'  cos  6  -  p  sin  8,    --  — 
an 


dd 
Slope  of  tangent  =  tan  r  — 


p'  sin  6  +  p  cos  6, 


p'  sin  0  -{-  p  cos  8 


p'  cos  6  —  p  sin  6 

Formula  (/)  is  easily  verified  for  the  figure  on  page  124.   For,  from  the  triangle 


OPT,    T  =  e 
.    „ 


tan  0  = 


» 

COS0 


$.      Then    tan  r  =  tan  (6  +  M  = 
tan  \[/  — 


P 


1  —  tan  0  tan 
and  reducing,  we  have  (/). 


Substituting 


ILLUSTRATIVE  EXAMPLE  1.  Find  tan  \(/  and  the 
slope  for  the  cardioid  p  =  a(l  —  cos  6). 

Solution.  —  =  p'  =  a  sin  6.  Substituting  in  (H) 
and  (7),          dd 


tan  \L>  —  —.  = 
P 


2  a  sin2 


,          _ 


a  sin 
=  tan  £  0. 
a  sin2  6 


2  a  sin 


cos  f  0 
((5),  p.  3) 


cos  6 


a  sin  0  cos  d  ~  a(l  —  cos  8)  sin  0 
cos  0  —  cos  2 


sin  2  0  —  sin  9 


=  tanf0.  ((5),  (6),  p.  3) 


At  P  in  the  figure,  $  =  angle  OPT  =  £  0  =  i  angle  XOP.  If  the  tangent 
line  PT  is  produced  to  cross  the  axis  OX,  forming  with  it  the  angle  r,  we  have 
angle  XOP  =  180°  -  angle  OPT  +  r. 


126  DIFFERENTIAL  CALCULUS 

To  find  the  angle  of  intersection  <£  of  two  curves  C  and  C'  whose 
equations  are  given  in  polar  coordinates,  we  may  proceed  as  follows  : 

Angle  TPTf  =  angle  OPT'  -  angle  OPT, 
or  (£  =  ft'  —  ft.  Hence 

tan  ft'  —  tan  ft 

(J)  tan  (p  — —  > 

1  -f-  tan  ft  tan  ft 

where  tan  ft7  and  tan  ft  are  calculated  by 
(H)  from  the  equations  of  the  curves  and 
evaluated  for  the  point  of  intersection. 

ILLUSTRATIVE  EXAMPLE  2.   Find  the  angle  of    Q ~_ 

intersection  of  the  curves  p  =  a  sin  2  6,  p  =  a  cos  2  6. 

Solution.  Solving  the  two  equations  simultaneously,  we  get,  at  the  point  of 

intersection,  , 

tan  2  0  =  1,   20  =  45°,   6  =  22|°. 

From  the  first  curve,  using  (H), 

tan  4>'  =  I  tan  2  9  =  J,  for  6  =  22%°, 
From  the  second  curve, 

tan  ft  =  —  |  cot  2  0  =  —  -|,  for  d  =  22%°. 

Substituting  in  (/), 

—  +  — 

tan  </>  =  3  -•  •  *  =  £.   /.  0  =  arc  tan  f .  Aws. 
1  —  4 

The  curves  are  shown  in  Chapter  XXVI. 

86.  Lengths  of  polar  subtangent  and  polar  subnormal.  Draw  a  line  NT 
through  the  origin  perpendicular  to  the  radius  vector  of  the  point  P 
on  the  curve.  If  PT  is  the  tangent  and  PAT  the  normal 
to  the  curve  at  P,  then 

OT  —  length  of  polar  subtangent, 
and  ON  =  length  of  polar  subnormal, 

of  the  curve  at  P. 

In  the  triangle  OPT,  tan^  =  —  •   Therefore 

P 

(1)  OT  =  p  tan  ft  =  /)2  _  ~  length  of  polar  subtangent.* 

**"t 

In  the  triangle  OP  IV,  tan  ft  =  -£-•   Therefore 

(2)  ON  =  j~-j  =  -37;  =  length  of  polar  subnormal. 


*  When  8  increases  with  p,  —  is  positive  and  41  is  an  acute  angle,  as  in  the  above  figure. 

dp 
fm  the  subtaneent  OT  is  positive  and  is  measured  to  the  rieht  of  an  observer  olaced  at  0 


The  length  of  the  polar  tangent  (=  PT)  and  the  length  of  the  polar 
normal  (=  PN)  may  be  found  from  the  figure,  each  being  the  hypotenuse 
of  a  right  triangle. 

ILLUSTRATIVE  EXAMPLE.  Find  the  lengths  of  the  polar  subtangent  and  polai 
subnormal  to  the  lemniscate  p£  =  aa  cos  2  6  (figure  in  Chapter  XXVI). 

Solution.  Differentiating  the  equation  of  the  curve,  regarding  p  as  an  implicit 
function  of  6, 

2p^  =  -2a*sin20,     or     gg  =  -  a*  sin  2  d. 
at>  aU  p 

Substituting  in  (1)  and  (2),  we  get 

Length  of  polar  subtangent  =  — 

Length  of  polar  subnormal  =  - 

P 

If  we  wish  to  express  the  results  in  terras  of  6,  find  p  in  terms  of  9  from  the  given 
equation  and  substitute.  Thus,  in  the  above,  p  =  =b  qVcos  2  6;  therefore  the 
length  of  the  polar  subtangent  =  ±  a  ctn  2  0Vcos2~0. 


PROBLEMS 

1.  In  the  circle  p  =  a  sin  0,  find  \l/  and  r  in  terms  of  0. 

Ans.  if/  =  6,  r  =  2  6. 

2.  In  the  parabola  p  =  a  sec2  ->  show  that  r  +  \[/ =  IT. 

3.  Show  that  ^  is  constant  in  the  logarithmic  spiral  p  =  e°*.   Since  the 
tangent  makes  a  constant  angle  with  the  radius  vector,  this  curve  is  also 
called  the  equiangular  spiral.    (Figure,  p.  534) 

4.  Show  that  tan  \f/  =  0  in  the  spiral  of  Archimedes,  p  =  o0.   Find 
values  of  \f/  when  0  =  2  TT  and  4  TT.    (Figure,  p.  534) 

Ans.  fi  =  80°  57'  and  85°  27'. 

Find  the  slopes  of  the  following  curves  at  the  points  designated. 

5.  p  =  a(l  -  cos  0) ;   0  =  |-  Ans.   -  1. 

6.  p  =  a  sec2  0 ;  p  =  2  a.  3. 

7.  p  =  a  sin  4  0 ;  origin.  0,  1,  oo ,  -  1. 

8.  p2  =  a2  sin  4  0 ;  origin.  0,  1,  oo ,  —  1. 

9.  p  =  a  sin  3  0 ;  origin.  0,  V3,  -  Vs. 

10.  p  —  a  cos  3  0 ;  origin. 

11.  p  =  a  cos  2  0 ;  origin.  14.  p  =  a0 ;   0  =  -• 

12.  p  =  a  sin  2  0 :   0  =  —•  „. 

4  15.  p0  =  a;   0  =  ?• 

13.  p  =  asin3  0;   0  =  |-  _   ,     fi_ 


Find  the  angle  of  intersection  between  the  following  pairs  of  curves. 

17.  p  cos  8  =  2  a,  p  =  5  a  sin  6.  Ans.   arc  tan  f. 

18.  p  —  a  sin  8,  p  —  a  sin  2  6.  _ 

Ans.   At  origin,  0°;  at  two  other  points,  arc  tan  3V3. 

a 

19.  p  sin  6  =  2  a,  p  =  a  sec2  r-  Ans.   45°. 

Lt 

20.  p  =  4  cos0,  p  =  4(l  -cose).  60°. 

21.  p  =  6  cos  6,  p  =  2(1  +  cos  0).  30°. 

Q-V/Q 

22.  p  =  sin  6,  p  =  cos  2  6.  0°  and  arc  tan  ^~- 

23.  p2  sin  2  0  -  4,  p2  =  16  sin  2  0.  60°. 

24.  p  =  a(l  +  cos  6),  p  =  b(l  —  cos  0). 

25.  p  =  sin  2  6,  p  =  cos  2  0  +  1. 

26.  p2  sin  2  0  =  8,  p  =  2  sec  0. 

Show  that  the  following  pairs  of  curves  intersect  at  right  angles. 

27.  p  =  2  sin  6,  p  =  2  cos  0. 

28.  p  =  00,  p0  =  a. 

29.  p  =  a(l  +  cos  0),  p  =  o(l  —  cos  0). 

30.  p2  sin  2  0  =  a2,  p2  cos  2  0  =  62. 

«11  90  I.  9    0 

31.  p  =  a  sec2  ->  p  =  o  esc2  -• 

z  z 

32.  Find  the  lengths  of  the  polar  subtangent,  subnormal,  tangent,  and 
normal  of  the  spiral  of  Archimedes,  p  =  ad. 

p2  p     i 

Ans.   Subtangent  =  — »  tangent  =  -  Va2  +  p2, 
d  a 

subnormal  =  a,  normal  =  Va2  +  p2. 
The  student  should  note  the  fact  that  the  subnormal  is  constant. 

33.  Find  the  lengths  of  the  polar  subtangent,  subnormal,  tangent,  and 
normal  in  the  logarithmic  spiral  p  =  ae. 

Ans.   Subtangent  =  ,— >    tangent  =  p-\  /I  •+  ~—> 
In  a  \         m2  a 

subnormal  =  p  In  a,  normal  =  p  Vl  +  In2  a. 

34.  Show  that  the  reciprocal  spiral  p0  =  a  has  a  constant  polar  sub- 
tangent. 

87.  Real  roots  of  equations.  Graphical  methods.  A  value  of  x  which 
satisfies  the  equation 

(1)  /(x)  =  0 

is  called  a  root  of  the  equation  (or  a  root  of  /(x)).  A  root  of  (1)  may 
be  a  real  number  or  an  imaginary  (complex)  number.  Methods  of 
determining  real  roots  approximately  will  now  be  developed. 


Location  and  number  of  the  roots. 

FIRST  METHOD.  If  the  graph  of /(x),  that  is,  the  locus  of 
(2)  V=f(x) 

is  constructed,  following  Art.  58,  the  intercepts  on  the  x-axis  are  the 
roots.  From  the  figure,  therefore,  we  know  at  once  the  number  of 
t  roots  and  their  approximate  values. 

ILLUSTRATIVE  EXAMPLE.    Locate  all  real  roots  of 
(3)      x3  -  9  x2  +  24  x  -  1  =  0. 

Solution.  The  graph  has  been  con- 
structed in  Art.  58,  Problem  1.  It 
crosses  the  axis  of  x  between  0  and  1. 
Hence  there  is  one  real  root  between 
these  values,  and  there  are  no  other  real  roots. 

The  table  gives  the  values  of  /(O)  and  /(I),  show- 
ing a  change  of  sign. 

The  table  of  values  of  x  and  y  used  in 
plotting  the  graph  may  locate  a  root  exactly, 
namely,  if  y  —  0  for  some  value 
of  x.  If  not,  the  values  of  y  for 
two  successive  values  x  =  a, 
x  =  b  may  have  opposite  signs. 
The  corresponding  points 


y 

/(a) 

J(XQ)  =  0 
/(&) 


P(a,/(a)),  (?(&,/(&))  are,  therefore,  on  opposite  sides  of  the  x-axis,  and 
the  graph  of  (2)  joining  these  points  will  cross  this  axis.  That  is,  a  root 
#o  will  lie  between  a  and  6. 

An  exact  statement  of  the  principle  involved  here  is  as  follows. 

//  a  continuous  Junction  f(x)  changes  sign  in  an  interval  a  <  x  <b 
and  if  its  derivative  does  not  change  sign,  then  the  equation  f(x)  =  0  has 
one  root,  and  only  one,  between  a  and  b. 

Location  of  a  root  by  trial  depends  upon  this  principle.  If  a  and  6 
are  not  far  apart,  a  further  approximation  can  be  found  by  interpo- 
lation. This  amounts  to  determining  the  intercept  on  the  x-axis  of  the 
chord  PQ.  That  is,  the  portion  of  the  graph  joining  P  and  Q  is  re- 
placed, as  an  approximation,  by  the  chord. 

ILLUSTRATIVE  EXAMPLE  (CONTINUED).  The,  root 
between  0  and  1  may  be  located  by  calculation  more 
closely  between  0.3  and  0.4.  See  table.  Let  0.3  +  z 

be  this  root.  Then,  by  interpolation  (proportion),  

_£_       .583      _  _  Aoo  Diff.  0.1  1.807 

0.1      1.807' 


_£ /(»)  =  y 

0.4  1.224 

0.3  +  z(root)          0 
0.3  -  0.583 


z  = .032. 


Hence  y  =  0.332  is  a  second  approximation.   This  is  the  intercept  on  the  x-axis 


Homologous  slues  01  tne  similar  mangles 
give  the  above  proportion. 


For  an  algebraic  equation,  of  which  (3)  is 
an  example,  Horner's  method  is  best  adapted 
to  calculating  a  numerical  root  to  any  desired 
degree  of  accuracy,  as  explained  in  textbooks  on  algebra. 

88.  Second  method  for  locating  real  roots.  The  method  of  Art.  58  is 
well  adapted  to  constructing  quickly  the  graph  of  /(#).  By  this  graph 
the  roots  are  located  and  their  number  determined.  In  many  ex- 
amples, however,  the  same  result  is  attained  more  quickly  by  drawing 
certain  intersecting  curves.  The  following  example  shows  how  this 
is  done. 


ILLUSTRATIVE  EXAMPLE.  Determine  the  num- 
ber of  real  roots  (x  in  radians)  of  the  equation 

(1)  ctn  x  —  x  =  0, 
and  locate  the  smallest  root. 

Solution.   Transpose  and  write  (1)  thus : 

(2)  ctn  x  —  x. 
If  we  draw  the  curves 

(3)  y  =  ctn  x     and     y  —  x 

on  the  same  axes,  the  abscissas  of  the  -points  of  in- 
tersection will  be  roots  of  (1).  For,  obviously, 
eliminating  y  from  (3)  gives  equation  (1),  from 
which  the  values  of  x  of  the  points  of  intersec- 
tion are  to  be  obtained. 


y  =  ctn  x 

x  (degrees) 

A:  (radians) 

y 

0 

0 

00 

10 

.175 

5.67 

20 

.349 

2.75 

30 

.524 

1.73 

40 

.698 

1.19 

45 

.785 

1.000 

50 

.873 

.839 

60 

1.047 

.577 

70 

1.222 

.364 

80 

1.396 

.176 

90 

1.571 

.0 

In  plotting  it  is  well  to  lay  off  carefully  both  scales  (degrees  and  radians)  on  OX, 
Number  of  solutions.  The  curve  y  =  ctn  x  consists  of  an  infinite  number  of  branches 

congruent  to  AQB  of  the  figure   (see 

Art.  70).    The  line  y  =  x  will  obviously 

cross  each  branch.    Hence  the  equation 

(1)  has  an  infinite  number  of  solutions. 
Using  tables  of  natural  cotangents 

and  radian  equivalents  of   degrees,  we 

may  locate  the  smallest  root  more  closely 

as  shown  in  the  table.   By  interpolation 

we  find  x  =  0.860.  Ans. 


X 

(degrees) 

x 

(radians) 

ctn  x 

ctn  x  —  x 

5C 
49 

0.873 
root 
0.855 

0.839 
0.869 

-  O.G34 
4-  0.014 

Diff. 

0.018 

-  0.048 

The  Second  Method  may  be  described  as  follows. 
Transpose  certain  selected  terms  o//(x)  =  0  so  that  it  becomes 

(4)  /i(aO=/2(x). 
Plot  the  curves 

(5)  y=fi(x~),   y=/2(x} 

on  the  same  axes,  choosing  suitable  scales  (not  necessarily  the  same  on 
both  axes'). 

The  number  of  points  of  intersection  of  these  curves  equals  the  num- 
ber of  real  roots  of  f(x)  =  0,  and  the  abscissas  of  these  points  are  the  roots. 

The  terms  selected  in  (4)  can  often  be  chosen  so  that  one  or  both 
of  the  curves  in  (5)  are  standard  curves. 

For  example,  to  locate  the  real  roots  of 

xs  +  4  x  -  5  =  0, 
write  the  equation  a;3  =  5  —  4  x. 

The  curves  in  (5)  are  now  the  standard  curves 

y  =.  xz,     y  —  5  —  4  x, 

a  cubical  parabola  and  a  straight  line. 
As  a  second  example,  consider 

2  sin  2  x  +  1  -  x2  =  0. 

Write  this  in  the  form         sin  2  x  ~  %(x2  —  1). 
Then  the  curves  in  (5)  are  the  standard  curve 

y  =  sin  2  x 
and  the  parabola  y  =  |(£2  —  1). 

89.  Newton's  method.  Having  located  a  root,  Newton's  method 
affords  a  procedure  to  calculate  its  approximate  value. 
The  figure  shows  two  points 

P(a.  f(a\).     0(b. 


on  the  graph  of  f(x)  on  opposite  sides  of  the  z-axis.    Let  PT  be 
the  tangent  line  at  P  (Fig.  a).  The  intercept  a1  of  this  line  on  the 


x=b      X 


FIG.  a  FIG.  6 

x-axis  is,  obviously,  an  approximate  value  of  the  intercept  of  the 
graph  and  hence  of  the  corresponding  root  of  f(x)  =  0.  Newton's 
method  determines  the  cc-intercept  of  PT. 

We  find  this  intercept  a'  as  follows.  The  coordinates  of  P  are 
Xi  =  a,  7/1  =/(a).  The  slope  of  PT1  is  mi  =  /'(a).  Hence  the  equation 
ofPTis  ((1),  Art.  43) 

(1)  0  -/(a)  =/'(<*)(*  -a). 

Putting  #  =  0  and  solving  for  x  (=  a'}  gives  Newton's  formula  for 
approximation 


/'(a) 

Having  found  a'  by  C&T),  we  may  substitute  a!  for  a  in  the  right- 


hand  member,  obtaining 


a,"  =  af- 


f(a'] 


as  a  second  approximation.   The  process  might  be  continued,  giving 
a  sequence  of  values  .     „     ,„ 

Ui,    (JU   t    \A/     f    Uf        I    '    '    ' 

approaching  the  exact  root. 

Or  the  tangent  may  be  drawn  at  Q  (Fig.  &).    Then  replacing  a 
in  (^T)  by  &,  we  obtain  &',  and  from  V  we  obtain  6"  etc.,  giving  values 

V  b"  b"f  •  •  • 

U  f    V     ,    V       , 

approaching  the  exact  root. 

ILLUSTRATIVE  EXAMPLE.  Find  the  smallest  root  of 

ctn  x  —  x  =  0 
by  Newton's  method. 

Solution.   Here  /(cc)  =  ctn  x  —  x, 

f'(x}  =  -  esc2  x  —  1  =  —  2  — 


Art  88'  /(o)  =  0.014. 

Also,  /'(a)  =  -2- (0.869)2  = -2.76. 

Hence,  by  (K),  a'  =  0.855  +  9~  =  0.860.  Ans. 

A.  ( O 

If  we  used  6  =  0.873  in  (K),  then 

&'  =  0.873  -  IIH  =  0.861. 

By  interpolation  we  found  x  =  0.860.  The  above  results  are  valid  to  three 
places  of  decimals. 

From  the  figures  on  page  132  we  observe  that  the  graph  crosses 
the  x-axis  between  the  tangent  PT  and  the  chord  PQ.  Hence  the  exact 
root  lies  between  the  value  found  by  Newton's  method  and  that  found  by 
interpolation.  This  statement  is,  however,  subject  to  the  reservation 
that /"(a)  =  0  has  no  root  between  a  and  b,  that  is,  that  there  is  no 
point  of  inflection  on  the  arc  PQ. 

PROBLEMS 

Determine  graphically  the  number  and  approximate  location  of  the  real 
roots  of  each  of  the  following  equations.  Calculate  each  root  to  two  decimals. 

1.  z3  +  2z-8  =  0.  Ans.   1.67. 

2.  x3  -  4  x  +  2  =  0.  -  2.21,  0.54,  1.67. 

3.  x3  -  8  x  -  5  =  0.  -  2.44,  -  0.66,  3.10. 

4.  x3  -  3  x  -  1  =  0.  -  1.53,  -  0.35,  1.88. 

5.  x3  -  3  x2  +  3  =  0.  -  0.88,  1.35,  2.53. 

6.  x3  +  3  x2  -  10  =  0.  1.49. 

7.  xs  -  3  x2  -  4  x  +  1  =  0.  -  1.71,  1.14,  3.57. 

8.  x3  +  2  x2  -  5  x  -  8  =  0.  -  2.76,  -  1.36,  2.12. 

9.  2  x3  -  14  x2  +  2  x  +  5  =  0.  -  0.51,  0.71,  6.80. 

10.  cc4  +  8  x  -  12  =  0.  -  2.36,  1.22. 

11.  z4  -  4  z3  -  6  x2  +  20  x  +  9  =  0.  -  2.16,  -  0.41,  2.41,  4.16. 

12.  cc4  +  4  x3  -  6  x2  -  20  x  -  23  =  0.  -  4.60,  2.60. 

Determine  graphically  the  number  of  real  roots  of  each  of  the  following 
equations.  Calculate  the  smallest  root  (different  from  zero),  using  both 
interpolation  and  Newton's  formula. 

13.  cos  x  +  x  =  0.  Ans.   One  root;  y  =  —  0.739. 

14.  tan  x  —  x  =  0.  Infinite  number  of  roots. 

15.  cos  2  x  —  x  =  0.  One  root ;  x  —  0.515. 


16.  3  sin  x  —  x  =  0. 

17.  2  sin  x  -  x2  =  0. 

18.  cos  x  -  2  x2  =  0. 

19.  ctn  x  +  x2  =  0. 

20.  2  sin  2  x  -  x  —  0. 

21.  sin  3  + a;  —  1  =  0. 

22.  cos  re  4-  x  —  1  =  0. 

23.  e~x  —  cos  x  =  0. 

24.  tan  x  —  log  re  =  0. 

25.  ex  +  x  -  3  =  0. 

26.  sin  3  x  —  cos  2  a;  =  0. 

27.  2  sin    #  —  cos  2  a;  =  0. 


Aws.   Three  roots;  x  —  2.279. 
Two  roots ;  a;  =  1.404. 
Two  roots;  x  =  0.635. 
Infinite  number  of  roots ;  #  =  3.032. 
Three  roots ;  x  =  1.237. 
One  root;  a;  =  0.511. 
One  root ;  x  =  0. 

Infinite  number  of  roots ;  #  =  1.29. 
Infinite  number  of  roots ;  #  =  3.65. 
One  root;  x  =  0.792. 
Infinite  number  of  roots ;  x  =  0.314. 
Infinite  number  of  roots ;  #  =  0.517. 
Infinite  number  of  roots ;  #  =  1.44. 


28.  tan  x  -  2  ex  =  0. 

29.  The  inner  radius  (r)  and  outer  radius  (R)  in  inches  of  the  hollow 
steel  driving  shaft  of  a  steamer  transmitting  H  horse  power  at  a  speed 

QO     fff> 

of  N  revolutions  per  minute  satisfy  the  relation  R4  —  r4  =  2  ..  if 
H  =  2500,  W  =  160,  r  =  6,  find  B.  ^ 

30.  A  cylindrical  shell  with  a  hemispherical  end  has  a  diameter  d  in., 
and  contains  V  cu.  in.    The  length  of  the  cylindrical  part  is  h  in.    Show 

that  d3  +  3  hd2  =  ^^-    Given  h  =  20,  V  =  800,  find  d.      Ans.   d  =  6.77. 

31.  The  quantity  of  water  Q  cu.  ft.  per  second  flowing  over  a  weir  of 
width  B  ft.  is  given  by  Francis's  formula 

Q  =  3.3(5  -0.2  H)H", 

where  H  is  the  height  of  the  water  (the  head)  above  the  crest  of  the  weir. 
Given  Q  =  12.5,  B  =  3,  find  H.  (Solve  the  formula  for  the  factor  H  %  and 
then  plot.)  Ans.  H  =  1.23. 

32.  If  V  cu.  ft.  is  the  volume  of  1  Ib.  of  superheated  steam  at  a  tem- 
perature T°  F.  and  pressure  P  Ib.  per  square  inch, 

V  =  0.6490  -|-^p- 
•»          p? 

Given  V  =  2.8,  T  =  420°,  find  P. 

33.  The  chord  c  of  an  arc  s  in  a  circle  of  radius  r  is 

given  approximately  by  the  formula  I  ~v" 
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If  r  -  4  ft.,  c  —  5.60  ft.,  find  s.    Ans.  s  =  6.23  ft. 


34.  me  area  u  01  a  circular  segment  whose  arc  s  subtends  the  central 
angle  x  (in  radians)  is  u  =  % r2(x  —  sin  a;).   Find  the  value  of  re  if  r  =  8 in. 
and  u  =  64  sq.  in.  Ans.  x  =  2.554  radians. 

35.  The  volume  V  of  a  spherical  segment 
of  one  base  of  height  CD  =  his 

V  =  ir(rh2  -  A  /i3). 

Find  h  if  r  =  4  ft.,  V  =  150  cu.  ft. 

Ans.   h  =  4.32  ft. 

36.  The  volume  V  of  a  spherical  shell  of 
radius  R  and  thickness  t  is 

F  =  4  7rf(fl2  -  #*  +  £  *2). 

Derive  this  result.  If  R  =  4  ft.  and  V  is  one 
half  the  volume  of  a  solid  sphere  of  equal 
radius,  find  t.  Ans.  t  =  0.827  ft. 

37.  A  solid  wooden  sphere  of  specific  gravity  S  and  diameter  d  sinks 

in  water  to  a  depth  h.    Let  x  =  -.  and  show  that  2  x3  —  3  z2  +  S  =  0. 

a 

(See  Problem  35.)   Find  x  for  a  maple  ball  for  which  S  =  0.786. 

Ans.   0.702. 

38.  Find  the  smallest  positive  value  of  6  for  which  the  curves  p  =  cos  d 
and  p  —  e~e  intersect.    Find  the  angle  of  intersection  at  this  point. 

Ans.   0  =  1.29  radians;  29°. 


ADDITIONAL  PROBLEMS 

1.  Find  the  angle  of  intersection  of  the  curves  p  —  2  cos  6  and  p  =  e9 
at  the  point  of  intersection  farthest  from  the  origin. 

Ans.   Point  of  intersection  is  6  =  0.54  radian ;   75°  56'. 

2.  Show  that  the  curve  p  —  a,  sin4  \  9  cuts  itself  at  right  angles. 

3.  Any  radius  vector  of  the  cardioid  p  =  a(l  +  cos  0)  is  OP.  From  the 
center  C  of  the  circle  p  ==  a  cos  6  a  radius  of  the  circle  CQ  is  drawn  parallel 
to  OP  and  in  the  same  direction.  Prove  that  PQ  is  normal  to  the  cardioid. 

4.  A  square,  one  of  whose  diagonals  lies  along  the  polar  axis,  is  cir- 
cumscribed about  the  cardioid  p  =  a(l  —  cos  6).    Show  that  its  area  is 


-22 — -..   The  particle 
1  —  e  cos  6 

moves  so  that  the  radius  vector  p  describes  area  at  a  constant  time  rate. 
Find  the  ratio  of  the  velocities  of  the  particle  at  the  ends  of  the  major  axis. 

A        1-e 
Ans.  z — : — 


5.  The  path  of  a  particle  is  the  ellipse  p  = 


CHAPTER  IX 
DIFFERENTIALS 

90.  Introduction.   Thus  far  we  have  represented  the  derivative  of 
y  =  f(x)  by  the  notation 

I-™- 

We  have  taken  special  pains  to  impress  on  the  student  that  the 

symbol 

ay 

dx 

was  to  be  considered  not  as  an  ordinary  fraction  with  dy  as  numerator 
and  dx  as  denominator,  but  as  a  single  symbol  denoting  the  limit  of 

the  quotient 

Ay 

Ax 

as  Ax  approaches  zero  as  a  limit. 

Problems  occur  where  it  is  important  to  give  meanings  to  dx 
and  dy  separately,  and  this  is  especially  useful  in  applications  of  the 
integral  calculus.  How  this  may  be  done  is  explained  in  what  follows. 

91.  Definitions.  If  f'(x]  is  the  derivative  of  f(x)  for  a  particular 
value  of  x,  and  Ax  is  an  arbitrarily  chosen  increment  of  x,  then  the 
differential  of  f(x),  denoted  by  the  symbol  df(x),  is  defined  by  the 
equation 

(A)  #(*)=/'(*)  A*  =  &  Ax. 

If  now  /(a)  =  x,  then  /'(a)  =  1,  and  (A)  reduces  to 

dx  —  Ax. 

Thus,  when  x  is  the  independent  variable,  the  differential  of  x(—  dx) 
is  identical  with  Ax.  Hence,  if  y  =/(#),  (-4)  may  in  general  be  written 
in  the  form 


*  On  account  of  the  position  which  the  derivative  f'(x)  here  occupies,  it  is  sometimes 


The  differential  of  a  function  equals  its  derivative  multiplied  by  the 
differential  of  the  independent  variable. 

Let  us  illustrate  what  this  means  geomet- 
rically. 

Draw  the  curve  y  =  f(x}. 

Let/'(x)  be  the  value  of  the  derivative  at  P. 

Take  dx  =  PQ,  then 

dy=f(x}dx  =  tan  r  •  PQ  =  ||  •  PQ  =  QT. 

Therefore  dy,  or  df(x},  is  the  increment  (=  QT}  of  the  ordinate  of  the 
tangent  corresponding  to  dx. 

This  gives  the  following  interpretation  of  the  derivative  as  a 
fraction. 

If  an  arbitrarily  chosen  increment  of  the  independent  variable  x  for 
a  point  P  (x,  y}  on  the  curve  y  =  f(x}  be  denoted  by  dx,  then  in  the 
derivative 

j|  = /'(*)=  tan  T, 

dy  denotes  the  corresponding  increment  of  the  ordinate  of  the  tangent 
line  at  P. 

The  student  should  note  especially  that  the  differential  (=  dy} 
and  the  increment  (=  A?/)  of  the  function  corresponding  to  the  same 
value  of  dx  (=  Ax)  are  not  in  general  equal.  For,  in  the  figure, 
dy  =  QT,  but  Ay  -  QP'. 

92.  Approximation  of  increments  by  means  of  differentials.  From 
Art.  91  it  is  clear  that  &y(=  QP'  in  the  figure)  and  dy(=  QT}  are 
approximately  equal  when  dx  (=  PQ}  is  small.  When  only  an  ap- 
proximate value  of  the  increment  of  a  function  is  desired,  it  is  usually 
easier  to  calculate  the  value  of  the  corresponding  differential  and  use 
this  value. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  volume  approximately  of  a  spherical  shell 
of  outside  diameter  10  in.  and  thickness  •£%  in. 

Solution.  The  volume  y  of  a  sphere  of  diameter  x  is 

(1)  y  =  i  TO3- 

Obviously,  the  exact  volume  of  the  shell  is  the  difference  Ay  between  the 
volumes  of  two  solid  spheres  with  diameters  10  in.  and  9£  in.  respectively.  Since 
only  an  approximate  value  of  Ay  is  required,  we  find  dV.  From  (1)  and  (B), 

dy  =  \  irx2dx,    since    -r-=-\  nx2. 
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Substituting  x  =  10,  dx  —  —  \,  we  obtain  dV  =  19.63  cu.  in.,  approximately, 
neglecting  the  sign,  which  merely  means  that  V  decreases  as  x  decreases.  The 
exact  value  is  AV=  19.4  cu.  in.  Note  that  the  approximation  is  close,  for  dx  is 
relatively  small,  that  is,  small  as  compared  with  x  (=  10).  The  method  would  be 
worthless  otherwise. 

ILLUSTRATIVE  EXAMPLE  2.  Calculate  tan  46°,  approximately,  using  differen- 
tials, given  tan  45°  =  1,  sec  45°  =  VJ2,  1°  =  0.01745  radians. 

Solution.  Let  y  =  tan  x.   Then,  by  (B), 

(1)  dy  =  sec2  x  dx. 

When  x  changes  to  x  +  dx,  y  will  change  to  y  +  dy,  approximately.  In  (1), 
substitute  x  =  $ir  (45°),  dx  =  0.0175.  Then  dy  =  0.0350.  Since  y  =  tan  45°  =  1, 
y  +  dy  =  1.0350  =  tan  46°,  approximately.  Ans. 

(Four-place  tables  give  tan  46°  =  1.0355.) 

93.  Small  errors.  A  second  application  of  differentials  is  afforded 
when  small  errors  in  calculation  are  to  be  determined. 

.  ILLUSTRATIVE  EXAMPLE  1.  The  diameter  of  a  circle  is  found  by  measurement 
to  be  5.2  in.,  with  a  maximum  error  of  0.05  in.  Find  the  approximate  maximum 
error  in  the  area  when  calculated  by  the  formula 

(1)  A  =  |  irx2.  (x  =  diameter) 

Solution.  Obviously,  the  exact  maximum  error  in  A  will  be  the  change  (A.A) 
in  its  value  found  by  (1)  when  x  changes  from  5.2  in.  to  5.25  in.  The  approximate 
error  is  the  corresponding  value  of  dA.  Hence 

dA  =  \  Trxdx  =  \  TT  x  5.2  x  0.05  =  0.41  sq.  in.   Ans. 

Relative  and  percentage  errors.   If  du  is  the  error  in  u,  then  the  ratio 

OIL 

(2)  —  =  the  relative  error ; 
v  '  u 

$1! 

(3)  .        100  —  =  the  percentage  error. 

w 

The  relative  error  may  be  found  directly  by  logarithmic  differen- 
tiation (Art.  66). 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  relative  and  percentage  errors  in  the 
preceding  example. 

Solution.  Taking  natural  logarithms  in  (1), 

log  A  —  log  |  TT  +  2  log  x. 

TV*.        ,.  ,.  1  d A     2          ,    dA     2dx 

Differentiating,  Ate=x'    and    T  =  ~' 

Substituting  x  =  5.2,  dx  =  0.05,  we  find 

Relative  error  in  A  =  0.0192 ;  percentage  error  =  !TVtr  %•  Ans. 


PROBLEMS 

1.  If  A  is  the  area  of  a  square  of  side  x,  find  dA.  Draw  a  figure  show- 
ing the  square,  dA,  and  AA.  Ans.   dA  =  2  x  dx. 

2.  Find  an  approximate  formula  for  the  area  of  a  circular  ring  of 
radius  r  and  width  dr.  What  is  the  exact  formula  ? 

Ans.  dA  =  2  -jrrdr;  A  A  =  ir(2  r  +  Ar)Ar. 

3.  What  is  the  approximate  error  in  the  volume  and  surface  of  a  cube 
of  edge  6  in.  if  an  error  of  0.02  in.  is  made  in  measuring  the  edge? 

Ans.  Volume,  ±  2.16  cu.  in. ;  surface,  ±  1.44  sq.  in. 

4.  The  formulas  for  the  surface  and  volume  of  a  sphere  are  5  =  4  irr2 
and  V  =  |-  Trr3.  If  the  radius  is  found  to  be  3  in.  by  measuring,  (a)  what 
is  the  approximate  maximum  error  in  S  and  V  if  measurements  are  accu- 
rate to  0.01  in.?  (b)  what  is  the  maximum  percentage  error  in  each  case? 

Ans.    (a)  S,  0.24  TT  sq.  in. ;   V,  0.36  TT  cu.  in.  ; 
(b)  S,f%;   V,  1%. 

5.  Show  by  means  of  differentials  that 

— • — r-  = ~  (approximately). 

x  +  dx     xx2 

6.  Find  an  approximate  formula  for  the  volume  of  a  thin  cylindrical 
shell  with  open  ends  if  the  radius  is  r,  the  length  h,  and  the  thickness  i. 

Ans.   2  irrht. 

7.  A  box  is  to  be  constructed  in  the  form  of  a  cube  to  hold  1000  cu.  ft. 
How  accurately  must  the  inner  edge  be  made  so  that  the  volume  will 
be  correct  to  within  3  cu.  ft.  ?  Ans.   Error  f£  0.01  ft. 

8.  If  y  =  Xs  and  the  possible  error  in  measuring  x  is  0.9  when  x  =  27, 
what  is  the  possible  error  in  the  value  of  y  ?  Use  this  result  to  obtain  ap- 
proximate values  of  (27.9)*  and  (26.1)*.  Ans.   0.2 ;  9.2 ;  8.8. 

Use  differentials  to  find  an  approximate  value  of  each  of  the  following 
expressions. 

9.  V66.  11.  -^120.  13.  ¥V  15.  \/35. 

10.  V98.  12.  \/1010.  14.  -7='  16.  3/15. 

V51 

17.  If  In  10  =  2.303,  approximate  In  10.2  by  means  of  differentials. 

Ans.  2.323. 

18.  If  ez  =  7.39,  approximate  e2-1  by  means  of  differentials.    Ans.   8.13. 

19.  Given  sin  60°  =  0.86603,  cos  60°  =  0.5,  and  1°  =  0.01745  radians, 
use  differentials  to  compute  the  values  of  each  of  the  following  functions 
to  four  decimals :   (a)  sin  62°;   (b)  cos  61°;   (c)  sin  59°;   (d)  cos  58°. 

Ans.    (a)  0.8835 :   (b)  0.4849  :   (c)  0.8573  ;   (d)  0.5302. 


20.  The  time  of  one  vibration  of  a  pendulum  is  given  by  the  formula 

2  7 

^2  _  ZLJ,  where  t  is  measured  in  seconds,  g  =  32.2,  and  Z,  the  length  of  the 

pendulum,  is  measured  in  feet.   Find  (a)  the  length  of  a  pendulum  vibrat- 
ing once  a  second ;  (b)  the  change  in  i  if  the  pendulum  in  (a)  is  lengthened 
0.01  ft. ;  (c)  how  much  a  clock  with  this  error  would  lose  or  gain  in  a  day. 
Ans.    (a)  3.26  ft. ;   (b)  0.00153  sec. ;   (c)  -  2  min.  12  sec. 

21.  How  exactly  must  the  diameter  of  a  circle  be  measured  in  order 
that  the  area  shall  be  correct  to  within  1  per  cent?       Ans.   Error  ^  £  %. 

22.  Show  that  the  relative  error  in  the  volume  of  a  sphere,  due  to  an  error 
in  measuring  the  diameter,  is  three  times  the  relative  error  in  the  radius. 

23.  Show  that  the  relative  error  in  the  nth  power  of  a  number  is 
n  times  the  relative  error  in  the  number.  . 

24.  Show  that  the  relative  error  in  the  nth  root  of  a  number  is  -  times 

Tlr 

the  relative  error  in  the  number. 

25.  When  a  cubical  block  of  metal  is  heated,  each  edge  increases 
YS  per  cent  per  degree  increase  in  temperature.    Show  that  the  surface 
increases  T%  per  cent  per  degree,  and  that  the  volume  increases  T3o  Per  cent 
per  degree. 

94.  Formulas  for  finding"  the  differentials  of  functions.    Since  the 
differential  of  a  function  is  its  derivative  multiplied  by  the  differen- 
tial of  the  independent  variable,  it  follows  at  once  that  the_formulas_ 
for  finding  differentials  are  the  same  as  those  for  finding  derivatives 
given  in  Arts.  29  and  60,  if  we  multiply  each  one  by  dx.  ~~ 

This  gives 

I  d(c]  =  0. 

II  d(x)  =  dx. 

III  d(u  +  v  —  w]  =  du  +  dv  —  dw. 

IV  d(cv)  =  cdv. 

V  d(uv}  —  u  dv  +  v  du. 

VI  d(vn)  =  nvn~l  dv. 

VI  a,  d(xn)  =  nxn~l  dx. 

\TTT  ri  iu\  —  vdu  —  udv 

VII  Q>\  —  I — ,  0 

Vila 

X  -      -       , 

XI  d(av)  =  a*  In  a  dv. 

XII  d(uv)  =  vuv-ldu  +  lnU'Uv  dv. 
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XIV  d(cos  v)  =  —  sin  vdv, 

XV  d(tanu)  =  sea2  vdv.  Etc. 

XX  d(arcsJnp)=    ,dv      •  Etc. 


The  term  "differentiation"  also  includes  the  operation  of  finding 
differentials. 

In  finding  differentials  the  easiest  way  is  to  find  the  derivative  as 
usual,  and  then  multiply  the  result  by  dx. 

ILLUSTRATIVE  EXAMPLE  1.'  Find  the  differential  of 

.  .       x  +  3 


Solution  d-u  -  d 

Solution.  dy-d 


(x2  +  3}  (x2  +  3)2 

_  (x2  +  3)dx  -  (x  +  3)2  x  dx  _  (3  -  6  x  -  x2}dx 


ILLUSTRATIVE  EXAMPLE  2.  Find  dy  from 


Solution.         2  b2x  dx-2  a2y  dy  —  0. 

/.  dy=~dx.  Ans. 
azy 

ILLUSTRATIVE  EXAMPLE  3.  Find  dp  from 

p2  =  a2  cos  2  d. 
Solution.  2  p  dp  -  -  a2  sin  2  6  •  2  dd. 

j  a2  sin  2  d  ,/>     ,. 

/.  dp  =  --  da.  Ans. 
P 

ILLUSTRATIVE  EXAMPLE  4.  Find  d[arc  sin  (3  £  —  4  J3)]. 
Solution.      d[arc  sin  (3  *  -  4  f')]  = 


'1  _  (3  t  -  4  f3)2      VI  -  P 

PROBLEMS 

Find  each  of  the  following  differentials. 
I.  y  =  x3  —  3  x.  Ans.  dy  =  3(x2  —  l)dx. 

ax  \a 


,_--_,„-,     -  __ 
3.  y  =  Vaa;  +  6. 


^        (a2  -  2 
dy  = • 


8.  y  =  In  sin  x. 

9.  p  —  6  cos  6. 
10.  s  =  el  cos  Trt. 


Ans.  dy  =  ctn  x  dx. 

dp  =  (cos  8  —  6  sin 

ds  =  e'(cos  Trt  —  TT  sin  7rt)dL 


Find  the  differential  of  each  of  the  following  functions. 


12.  «  = 


1. 


16.  s  =  <?-°f  sin  bt. 


17.  p  =  Vctn  6. 


19.  If  z2  +  7/2  =  a2,  show  that  dy  =  — 

Find  <&/  in  terms  of  x,  y,  and  cfo  from  each  of  the  following  equations. 


20.  2  x2  +  3  xy  +  4  y2  =  20. 

21.  x  ~T~  u  xy   ~T~  £  y  =  lu. 

22.  x  +  4V&2/  +  2  y  =  a. 

23.  Va;  +  VT/  =  Va. 


24.  z" 


•  =  a* 


25.  x  —  y  —  e 

26.  sin  (x  -  y)  =  cos  (x  + 


27.  The  legs  of  a  right  triangle  are  found  by  measurement  to  be 
14.5ft.  and  21.4ft.  respectively.  The  maximum  error  in  each  measure- 
ment is  ±  0.1  ft.  Find  the  maximum  error  in  degrees  in  calculating  the 
angle  opposite  the  smaller  side  by  using  the  formula  for  the  tangent  of 
that  angle. 

95.  Differential  of  the  arc  in  rectangular  coordinates.  Let  s  be 
the  length  of  the  arc  AP  measured  from  a  fixed  point  A  on  the 
curve.  Denote  the  increment  of  s  (=  arc  PQ)  by  As.  The  following 
proof  depends  on  the  assumption  that,  as  Q  ap- 
proaches P, 


From  the  figure, 

(1)      (Chord  PQ)2  =  (Ax)2  +  (A?/)2. 

Multiplying  and  dividing  by  (As)2  in  the  left-hand  member  and 
dividing  both  members  by  (Ao:)2,  we  get 


(2) 


/Chord  PQV/Asy_  ,      /A|A2 

I  A^  /    \  A™/   ~  L    '    I  A™/   * 


Now  let  Q  approach  P  as  a  limiting  position ;  then  Ax  — >  0  and 
we  have 


(3) 


dx/ 


Multiplying  both  members  by  dx2,  we  get  the  result 
(C)  dsz  =  dxz  +  dy*. 

Or,  if  we  extract  the  square  root  in  (3)  and  multiply  both  members 

by  dx,  i 

I       /dv\a\5 

CD)  ds  =  (1+  -f    )dx. 

\       \dx/ 1 

From  (C),  we  may  readily  show  also  that 

i 


All  these  forms  are  useful. 
From  (Z>),  since 

1  +  ( -r)  =  1  -f-  tan2r  =  sec2T, 
\dx/ 

we  obtain  ds  =  sec  r  dx,  assuming  the  angle  r  to  be  acute.    Hence 
we  may  easily  prove 

/r\  dx  dy 

(F)  —  =  cos  T.    —  =  sin  T. 

ds  ds 


L  ds      dzc    ds 

For  later  reference,  we  add  the  formulas,  setting  y1  =  ~> 


COST  = 


sinr 


(1  +  2/'2)* 


(1  + 


If  the  angle  r  is  obtuse  (yr  <  0),  a  negative  sign  must  be  placed  before 
the  denominators  in  (G)  and  before  cos  r  in  (F). 
In  the  accompanying  figure,  PQ  =  Ax=  dx, 
PT  is  tangent  at  P,  and  r  is  acute.    Angle 
PQT  is  a  right  angle. 

Therefore  QT  =  ta,nTdx  =  dy.     By  Art.  91 
Then 


P  T  = 


=  ds.     By  (C) 


X 


The  figure  will  help  in  memorizing  the  relations  above. 

The  assumption  made  at  the  beginning  of  this  article  is  proved 


144  DIFFERENTIAL  CALCULUS 

96.  Differential  of  the  arc  in  polar  coordinates.  From  the  relations 

(1)  x  —  p  cos  0,     y  =  p  sin  6 

between  the  rectangular  and  polar  coordinates  of  a  point,  we  obtain, 
by  V,  XIII,  XIV,  of  Art.  94, 

(2)  dx  =  cos  8  dp  —  p  sin  8  dd,     dy  =  sin  8  dp  -f  p  cos  6  dd. 
Substituting  in  (C),  Art.  95,  reducing,  and  extracting  the  square 

root,  we  obtain  the  result 

(fl)  ds  =  Vrf/o2  +  pzd02. 

This  may  be  written 

(/)  ds  = 

The  figure  is  drawn  so  that  the  angle  ^ 
between  the  radius  vector  OP  and  the  tan- 
gent line  PT  is  acute  (Art.  85).  Also  p,  A0, 
and  Ap  (=  OP'  —  OP)  are  positive.  Take 
p  for  the  independent  variable.  Then 
Ap  =  dp.  In  the  right  triangle  PQT,  take 
PQ  =  dp.  Then  QT  =  tan  \f/  dp. 


Q 


But 


Therefore 


,       .         dd 

tan  Y  =  PT~ 

dp 


T 

ap 


By  (#),  Art.  85 


by 


hence  PT  =  Vdp2  +  p2  dS2  =  ds.  B 

ILLUSTRATIVE  EXAMPLE  1.  Find  the   differential  of  the  arc   of  the  circle 


dx 


Solution.   Differentiating, 

To  find  ds  in  terms  of  x  we  substitute  in  (Z>),  giving 

1    '  -i  -i 

\   +»V         \    2/2    /    *~~\va) 
To  find  ds  in  terms  of  y  we  substitute  in  (£),  giving 


r  dx 


ILLUSTRATIVE  EXAMPLE  2.  Find  the  differential  of  the  arc  of  the  cycloid 
x  =  a(0  —  sin  6),  y  =  a(l  —  cos  6},  in  terms  of  6  and  dd.  (See  Illustrative  Ex- 
ample 2,  Art.  81.) 


Substituting  in  (C), 

ds2  =  a2(l  -  cos  0)2d02  +  a2  sin20d82  =  2  a2(l  -  cos  0)d02. 
From  (5),  Art.  2,  1  —  cos  6  =  2  sin2  \  Q.   Hence  ds  —  2  a  sin  \  0  d6.  Ans. 

ILLUSTRATIVE  EXAMPLE  3.   Find  the  differential  of  the  arc  of  the  cardioid 
p  =  a(l  —  cos  6)  in  terms  of  8. 

Solution.   Differentiating,  -^  =  a  sin  0. 

aa 
Substituting  in  (/)  gives 

ds  =  [a2(l  -  cos  0)2  +  a2  sin2  &ftdd=a(2  -  2  cos  6)?dd=a  (4  sin^Ydd  =  2  a  sin  5  «Z0. 

\  2/  £ 

PROBLEMS 
For  each  of  the  following  curves  find  ds  in  terms  of  x  and  dx. 


1.2y  =  x2.  Ans.  ds  =  Vl  +  x2  dx. 

2.  y2  =  2  px.  ds  = 

B.  W  +  a  V  = 


5.  ?/  =  In  sec  x.  ds  =  sec  x  dx. 

6.  a2?/  =  x3.  *  9.  2  y  =  ex  +  e~x. 

7.  ay2  =  x3.  10.  y  =  sin  x. 

8.  Vz  +  V^/  =  Va.  11.  y  =  cos2x 


For  each  of  the  following  curves  find  ds  in  terms  of  y  and  dy, 
12.*  =  2x.  Ans.   ds  = 


P 
IS.  <«/»  =  *«.  <fe=V9y* 


14.  cc?  +  7/3  =  a5.  ds  =  A/-  dy. 

My 

15.  a2y  =  x3. 

16.  y2  -  2  x  -  3  y  =  0.  17.  2  zy2  -  y2  -  4  =  0. 

For  each  of  the  following  curves  find  ds,  sin  r,  and  cos  r  in  terms  of 
t  and  dt. 


IS.  x~2t  +  B,  y  =  t2-2.  20.  x  =  a  sin  <,  y  =  a  cos  J. 

19.  x  =  3  i2,  y  =  2  R  21.  x  =  4  cos  i,  y  ~  3  sin  «. 


For  each  of  the  following  curves  find  ds  in  terms  of  6  and  d6. 

.  ds  =  a  d6. 


22.  p  =  a  cos  e. 

23.  p  =  5  cos  6  +  12  sin  B.  ds  =  13  d6. 

24.  p  =  l  -sin  6.  ds=V2- 

25.  p  =  3  sin  6  -  4  cos  9.  30.  p  =  a  cos  nB. 
28.  p  =  1  +  cos  0.  31.  p  =  4sin3-- 

0  _         4 

27.  p  =  sec2|.  32'p-r+^sT 

_        4 

28.  p  =  2  -  cos  0.  83-  P  ~  3  _  cos  Q 

_          4  _ 

29.  p  =  2  +  3  sin  B.  34.  p  -  1_3cos0' 

97.  Velocity  as  the  time-rate  of  change  of  arc.  In  the  discussion  of 
curvilinear  motion  in  Art.  83,  the  velocity,  or,  more  correctly,  the 
speed  v  was  given  by  (£), 

(1)  V2  =  VxZ-}-Vy2. 

f?T  (j/U 

By  (C)  and  (D)  in  Art.  83,       vs  =  -^     Vy==di' 

Substituting  in  (1),  using  differentials  and  (C),  Art.  95,  the  result  is 


-       dt2  dt2 

Extracting  the  square  root,  taking  the  positive  sign,  we  have 

ds 

v  =  Tt' 

Hence,  in  curvilinear  motion  the  speed  of  the  moving  point  is  the 
time-rate  of  change  of  the  length  of  arc  of  the  path. 

This  statement  should  be  compared  with  the  definition  of  velocity 
in  rectilinear  motion  as  the  time-rate  of  change  of  distance  ^Art.  51). 

98.  Differentials  as  infinitesimals.  In  applied  mathematics  differ- 
entials are  often  treated  as  infinitesimals  (Art.  20),  that  is,  as  vari- 
ables approaching  zero  as  a  limit.  Conversely,  relations  between 
infinitesimals  are  frequently  established  in  which  these  are  replaced 
by  differentials.  The  "principle  of  replacement"  involved  here  is 


If  x  is  the  independent  variable,  we  have  seen  that  Ax  =  dx,  and 
thus  Ax  may  be  replaced  by  dx  in  any  equation.  If  Ax  — >  0,  so  will 
also  dx  — »  0.  On  the  other  hand,  Ay  and  dy  are  not  in  general  equal. 
But,  when  x  has  a  fixed  value  and  Ax  (=  dx)  is  an  infinitesimal,  so 
also  is  Ay,  and,  from  (5),  Art.  91,  dy  as  well.  Furthermore  it  is  easy 
to  prove  the  relation 

(1)  lim  ^  =  1 

Proof.   Since      lim  -~  ~f'(x), 
we  may  write  -^  =  f(x)  -f  i  if  lim  i  =  0. 

A  i» 

*-*«k  Aac  ->  0 

Clearing  of  fractions,  and  using  (5), 

Ay  =  dy-\-  i  Ax. 
Dividing  both  members  by  Ay,  and  transposing,  the  result  is 

dy  __  ,       .  Ax 

~7         —    J.    —    V   ~T * 

Ay  Ay 

Hence  lim  —  =  l,     or  also    lim~  =  l.  Q.E.D. 

We  now  state,  without  proof,  the 

Replacement  Theorem.  In  problems  involving  only  the  ratios  of  in- 
finitesimals which  simultaneously  approach  zero,  an  infinitesimal  may 
be  replaced  by  a  second  infinitesimal  so  related  to  it  that  the  limit  of  their 
ratio  is  unity. 

From  the  above  theorem,  Ay  may  be  replaced  by  dy,  and,  in 
general,  any  increment  by  the  corresponding  differential. 

In  an  equation  which  is  homogeneous  in  infinitesimals  the  above 
theorem  is  simple  in  application. 

ILLUSTRATIVE  EXAMPLE  1.  By  (5),  p.  3,  if  x  =  %i,  1  -  cos  i  =  2  sin2  %  i.  Let 
i  be  an  infinitesimal.  Then,  by  (S),  Art.  68,  sin  i  may  be  replaced  by  i,  sin2 1  i 
by  i  i2,  and  therefore  1  —  cos  i  by  \  i2.  Also  tan  i  (=  cos  i  sin  i)  may  be  replaced 
by  i. 

ILLUSTRATIVE  EXAMPLE  2.  In  (1),  Art.  95,  all  quantities  are  infinitesimals 
ultimately,  since  Ax  ->  0.  The  equation  is  homogeneous,  each  term  being  of  the 
second  degree.  By  the  theorem,  we  may  replace  the  infinitesimals  as  follows : 

Chord  PQ  by  arc  PQ  =  As,  and  As  by  ds ;  A#  by  dy ;  and  Ax  by  dx. 
Then  (1)  becomes  ds2  =  dx2  +  dy2,  that  is,  (C). 


*—  L. 

I 


If  L  is  not  zero,  i  and  /  are  said  to  be  of  the  same  order. 
If  L  =  0,  }'  is  said  to  be  of  higher  order  than  i. 
If  L  becomes  infinite,  /  is  said  to  be  of  lower  order  than  i. 
Let  L  =  1.    Then  j  —  •  i  is  of  higher  order  than  i. 


Film  (i^)  =  lira  fi  -  1\  =  lim  *  -  1  =  o.l 


The  converse  also  is  true.  In  this  case  (L  =  1),  j  is  said  to  differ 
from  i  by  an  infinitesimal  of  higher  order. 

For  example,  dy  and  Ax  are  of  the  same  order  if  /'(a?)  neither  vanishes  nor 
becomes  infinite.  Then  Ay  and  Aa;  are  of  the  same  order,  but  Ay  —  dy  is  of  higher 
order  than  Ax.  For  this  reason  dy  is  called  the  "principal  part  of  Ay."  Obviously 
powers  of  an  infinitesimal  i  are  of  higher  order  than  i. 

ILLUSTRATIVE  EXAMPLE.   Prove  the  assumption  of  Art.  95, 


= 


Solution.  In  the  figure  we  have,  by  geometry, 

chord  PQ  <  arc  PQ  <  FT  +  TQ, 
Therefore,  by  division, 
FT 


chord  PQ  ^  chord  PQ  "*"  chord  PQ '  O 

Now          chord  PQ  =  sec  $  Ax,  PT  =  sec  T  Ax,  TQ  =  Ay  —  dy, 

PT       -sec^  FQ       .  Ay  -  dy 

chord  PQ 

re__\=0>  ...  Lim/  arcP 


and  hence 


sec  0'      chord  PQ  Ax 

_-LI   i   =  \j .     .•.    r" i  '—• -  "  -  •       —  I  —  "( 

PQ/  As-^  chord  PQ/ 

Differentials  of  higher  order.   Let  #  =  /(*).    The  equation 


d2y=f"(x) 

defines  the  second  differential  of  y.  If  y"  'neither  vanishes  nor  becomes 
infinite,  d2y  is  of  the  same  order  as  Ax2  and  therefore  of  higher  order 
than  dy.  In  a  similar  manner  &y,  •  •  -,  dny  may  be  defined. 

PROBLEM 

In  triangle  ABC  the  sides  a,  6,  c  are  infinitesimals  which  simultaneously 

approach  zero,  and  c  is  of  higher  order  than  b.   Prove  lim  -  =  1. 

b 


CHAPTER  X 


CURVATURE.  RADIUS  AND  CIRCLE  OF  CURVATURE 

100.  Curvature.    In  Art.  55  the  direction  of  bending  of  a  curve 
was  discussed.  The  shape  of  a  curve  at  a  point  (its  flatness  or  sharp- 
ness) depends  upon  the  rate  of  change  of  direction.  This  rate  is  called 
the'  curvature  at  the  point  and  is  denoted  by  K.    Let  us  find  the 
mathematical  expression  for  K. 

In  the  figure,  P'  is  a  second  point  on 
a  curve  near  P.  When  the  point  of  con- 
tact of  the  tangent  line  describes  the 
arcPP'(=As),  the  tangent  line  turns 
through  the  angle  AT.  That  is,  Ar  is 
the  change  in  the  inclination  of  the  tan- 
gent line.  We  now  set  down  the  follow- 
ing definitions.  ^r 

—  =  average  curvature  of  the  arc  PP'. 

The  curvature  at  P  (=  K)  is  the  limiting  value  of  the  average  curvature 
when  P'  approaches  P  as  a  limiting  position,  that  is 

(.4)  K  —  lim  -—-  =  —  =  curvature  at  P. 

AS  -  o  As     as 

In  formal  terms  the  curvature  is  the  rate  of  change  of  the  inclination 
with  respect  to  the  arc  (compare  Art.  50). 

Since  the  angle  Ar  is  measured  in  radians  and  the  length  of  arc  As 
in  units  of  length,  it  follows  that  the  unit  of  curvature  at  a  point  is  one 
radian  per  unit  of  length. 

101.  Curvature  of  a  circle 

Theorem.  The  curvature  of  a  circle  at  any  point  equals  the  reciprocal 
of  the  radius,  and  is  therefore  the  same  at 
all  points. 

Proof.  In  the  figure  the  angle  AT  be- 
tween the  tangent  lines  at  P  and  P'  equals 
the  central  angle  PCP'  between  the  radii 
CP  and  CP'.  Hence  ^g 

Ar  __  angle  PCP/  =  ~R  =  1 
As  ~        As        ~~  As~  R 
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since  a  circle  bends  at  a  uniform  rate.   Obviously,  the  curvature  of  a 
straight  line  is  everywhere  zero. 

102.  Formulas  for  curvature ;  rectangular  coordinates 

Theorem.  When  the  equation  of  a  curve  is  given  in  rectangular  co- 
ordinates, then 

(B)  K  = ^— 3. 

where  y'  and  y"  are,  respectively,  the  first  and  second  derivatives  of  y 
with  respect  to  x. 

Proof.   Since  r  =  arc  tan  y'-,  (y'  =  -^-J 

differentiating,  we  have 

m  4*=      y'f     .  By  XXII,  Art.  60 

(L)  dx      1  +  y'2 

But 

(2)  J|  =  (1  +  0'2)*.  By  (3),  Art.  95 

Dividing  (1)  by  (2)  gives  (5).  Q.E.D. 

EXERCISE.   If  y  is  the  independent  variable,  show  that 

—  x" 
(1  4-  ;c'2)2 

where  x'  and  x"  are,  respectively,  the  first  and  second  derivatives 
of  x  with  respect  to  y. 

Formula  (C)  can  be  used  as  an  alternative  formula  in  cases  where 
differentiation  with  respect  to  y  is  simpler.  Also,  (2?)  fails  when  y'  be- 
comes infinite,  that  is,  when  the  tangent  at  P  is  vertical.  Then  in  (C) 

x'  =  0     and     K  =  -  x". 

Sign  of  K.  Choosing  the  positive  sign  in  the  denominator  of  (5), 
we  see  that  K  and  y"  have  like  signs.  That  is,  K  is  positive  or  nega- 
tive according  as  the  curve  is  concave  upward  or  concave  downward. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  curvature  of  the  parabola  #2=4a; 
(a)  at  the  point  (1,  2) ;  (b)  at  the  vertex. 


Solution.  y'  =  2-,     y"  =  £  (2)  =  -  *f 

y  dx\yj  y2 


(a)  When  x  =  1   and  y  =?  2,   then   if  =  1,   y"  =  —  •§.     Substituting   in   (B), 
JK"  =  —  |- V2  =  —  0.177.    Hence  at  (1,  2)  the  curve  is  concave  downward  and  the 


inclination  of  the  tangent  is  changing  at  the  rate  0.177  radian  per  unit  arc.  Since 
0.177  radian  =  10°  7',  the  angle  between  the  tangent  lines  at  P(l,  2)  and  at  a  point 
Q  such  that  arc  PQ  —  1  unit  is  approximately  10°. 

(b)  At  the  vertex  (0,  0),  y'  becomes  infinite.  Hence  use  (C). 

*•=!»•  *"-lf=i  *—!•*"• 

ILLUSTRATIVE  EXAMPLE  2.  Find  K  for  the  cycloid  (see  Art.  81) 

x  =  a(9  —  sin  d),    y  —  a(l  —  cos  9). 
Solution.  In  Illustrative  Example  2,  Art.  81,  we  found 


Hence  1  +  y'2  = 


1  —  cos 
2 


1  —  cos  B 
Also,  in  the  Illustrative  Example,  Art.  82,  it  was  shown  that 

„«  =  __!_. 

Substituting  in  (5),  a(1  ~  cos  W 

K  =  --     1  --  1_.  Ans. 

2  av  2  —  2  cos  6         4  a  sin  -£  9 

103.  Special  formula  for  parametric  equations.   From  equation  (A), 
Art.  81,  we  have,  by  differentiation, 

dxd2y     dy  d2x 


dt 

dt 

Whence,  using  (B),  Art.  82,  and  substituting  in  (5),  Art.  102,  and 
reducing,  we  obtain 


where  the  accents  indicate  derivatives  with  respect  to  t ;  that  is, 

X  ~~dt'    X    ~~dt?'    y  ~Tt'    y   ~HI?' 

Formula  (Z>)  is  convenient,  but  it  is  often  better  to  proceed  as  in 
Illustrative  Example  2,  Art.  102,  finding  y'  as  in  Art.  81,  y"  as  in 
Art.  82,  and  substituting  directly  in  (5). 

104.  Formula  for  curvature ;  polar  coordinates 

Theorem.   When  the  equation  of  a  curve  is  given  in  polar  coordinates, 

02  -f  2  p'2  _  pa" 

(E)  K=H  ^^ ££-, 

fO%  4-  0'2\2 
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where  p'  and  p"  are,  respectively,  the  first  and  second  derivatives  of  p 
with  respect  to  6. 

Proof.  By  (/),  Art.  85,   r  =  6  +  $. 
Hence 

m  *;  =  !  +  *£. 

(±)  dd      L  ^  d6 

Also,  by  (H),  Art.  85,    ^  =  arc  tan  •£• 

Hence  ^  =  *'*  ~  pp"  • 

aence  de     pf2  +  P2 

Then,  by  (1), 

W  *L  -  p2  +  2  p'*  -  pp" 

()  d6~         P2  +  p'2 

From  (/),  Art.  96, 

(3)  §=(P2  +  P'¥. 

Dividing  (2)  by  (3)  gives  (£).  Q.E.D. 

ILLUSTRATIVE  EXAMPLE.  Find  the  curvature  of  the  logarithmic  spiral  p  =  eaB 
at  any  point. 

Solution.          ^£  =  p'  =  aeae  =  ap;     j^  =  p"  =  aW6  =  a2  p. 

Substituting  in  (£),  K  =  —  _     .    •  Ans. 

pVl  +  a2 

105.  Radius  of  curvature.  The  radius  of  curvature  R  at  a  point 
on  a  curve  equals  the  reciprocal  of  the  curvature  at  that  point.  Hence, 
from  (£), 


ILLUSTRATIVE  EXAMPLE.   Find  the  radius,  of  curvature  at  any  point  of  the 

/  x       _x\ 
catenary  y  =  -\eo-  +  e   a)  (%ure  in  Chapter  XXVI). 


Solution.         „   —  „  ^        -      ,  ,     a    —  „ 

2  a 


'  =  £-.  Ans. 
a 


106.  Railroad  or  transition  curves.  In  laying  out  the  curves  on  a 
railroad  it  will  not  do,  on  account  of  the  high  speed  of  trains,  to  pass 
abruptly  from  a  straight  stretch  of  track  to  a  circular  curve.  In 

order  to  maVft  t.hft  rvhnncrp  nf  r/nrv^.tnrp  crra.rlnj)l 


circular  track.  This  curve  should  have  zero  curvature  at  its  point 
of  junction  with  the  straight  track  and  the  curvature  of  the  circular 
track  where  it  joins  the  latter.  Arcs  of  cubical  parabolas  are  generally 
employed  as  transition  curves. 

ILLUSTRATIVE  EXAMPLE.  The  transition  curve  on  a  railway  track  has  the  shape 
of  an  arc  of  the  cubical  parabola  y  =  f  a;3.  At  what  rate  is  a  car  on  this  track 
changing  its  direction  (1  mi.  =  unit  of  length)  when  it  is  passing  through  (a)  the 
point  (3,  9)?  (b)  the  point  (2,  |)  ?  (c)  the  point  (1,  £)? 

Solution.  &  =  &,    ??  =  2*. 

ax  dx2 


Substituting  in  (B),  K  =  — — 

(l+x*)% 

(a)  At  (3,  9),  K  =  — —  radian  per  mile  =  28'  per  mile.  Am. 

(82)* 

(b)  At  (2,  |),  #  =  —L-  radian  per  mile  =  3°  16'  per  mile.  Ans. 

(17)* 

(c)  At  (1,  £),  JK"  =  —  =  ~  radian  per  mile  =  40°  30'  per  mile.  Ans. 

(2)*      V2 

107.  Circle  of  curvature.  Consider  any  point  P  on  the  curve  C. 
The  tangent  line  drawn  to  the  curve  at  P  has  the  same  slope  as  the 
curve  itself  at  P  (Art.  42).  In  an  analogous 
manner  we  may  construct  for  each  point  of  the  •  , 
curve  a  tangent  circle  whose  curvature  is  the  / 
same  as  the  curvature  of  the  curve  itself  at  that  [ 
point.  To  do  this,  proceed  as  follows.  Draw  \ 
the  normal  to  the  curve  at  P  on  the  concave 
side  of  the  curve.  Lay  off  on  this  normal  the  dis- 
tance PC  =  radius  of  curvature  (=  J?)  at  P.  With  c  as  a  center  draw 
the  circle  passing  through  P.  The  curvature  of  this  circle  is  then 


which  also  equals  the  curvature  of  the  curve  itself  at  P.  The  circle 
so  constructed  is  called  the  circle  of  curvature  for  the  point  P  on 
the  curve. 

In  general,  the  circle  of  curvature  of  a  curve  at  a  point  will  cross 
the  curve  at  that  point.  This  is  illustrated  in  the  above  figure. 
(Compare  with  the  tangent  line  at  a  point  of  inflection  (Art.  57).) 

Just  as  the  tangent  at  P  shows  the  direction  of  the  curve  at  P,  so 
the  circle  of  curvature  at  P  aids  us  very  materially  in  forming  a  geo- 
metric concept  of  the  curvature  of  the  curve  at  P,  the  rate  of  change 
of  direction  of  the  curve  and  of  the  circle  being  the  same  at  P. 


analogous  to  that  of  the  tangent 
given  in  Art.  28. 

ILLUSTRATIVE  EXAMPLE.  Find  the  ra- 
dius of  curvature  at  the  point  (3,  4)  on  the 
equilateral  hyperbola  xy  =  12,  and  draw  the 
corresponding  circle  of  curvature. 

Solution.     ^  =  -y,     £*=£f 
2         2 


dx 


(3,4)' 


The  circle  of  curvature  crosses  the  curve  at  two  points. 

ILLUSTRATIVE  EXAMPLE  2.  Find  R  at  (2,  1)  for  the  hyperbola 

x2  +  4  xy  -  2  y'2  =  10. 

Solution.   Differentiating,  regarding  y  as  an  implicit  function  of  x,  we  get 
x  +  2  y  +  2  xy'  -  2  yy1  =  0. 

Differentiating  again,  regarding  y  and  ?/'  as  implicit  functions  of  x,  we  get 

1  +  4  ?/  -  2  ?/2  +  2  (a  -  y)?/"  =  0. 

Substituting  the  given  values  x  =  2,  y  —  1,  we  find  y'  =  —  2,  y"  =  *£. 
Hence,  by  (F),  R  =  f  Vs.   Ans. 

The  method  of  this  example  (namely,  regarding  y  and  y'  as  implicit  functions 
of  x}  can  often  be  used  to  advantage  when  only  the  numerical  values  of  y'  and  y" 
are  required,  and  not  general  expressions  for  them  in  terms  of  x  and  y. 


PROBLEMS 

Find  the  radius  of  curvature  for  each  of  the  following  curves  at  the 
point  indicated.  Draw  the  curve  and  the  corresponding  circle  of  curvature. 


1.  2y  =  x2;    (0,  0). 
2.Gy  =  &;   (2,  f). 

3.  y*  =  tf;    (I,  1). 

4.  y  =  sin  a;;    (£  TT,  1). 
5.y  =  ex;   (0,  1). 

6.  x2  -  4  7/2  =  9  ;    (5,  2). 

7.  72=a;3  +  8          I3)> 


Ans.    R  =  1. 


=  -V3-Vl3. 


- 
12  =  1. 


8.  y  =  2sm2x;   (|  TT,  2). 

9.  #  =  tan  x  ;    (|  TT,  1). 


Calculate  the  radius  of  curvature  at  any  point  (x\,  y\)  on  each  of 
the  following  curves. 


11. 
12. 
13. 

14. 


Ans.    R= 


R  = 


6  x\ 


+  a2?/2  =  a262. 
»*  =  a* 


15.  a;3  4-  y3  =  a3. 

16.  x  =  r  arc  vers  - 

r 

17.  y  =  In  sec  x. 


V2 


—    2 


72  =  3(axi#i)3. 
K  =  2V2  n/i. 
R  =  secxi. 


18.  If  the  point  of  contact  of  the  tangent  line  at  (2,  4)  to  the  parabola 
y2  =  8  x  moves  along  the  curve  a  distance  As  =  0.1,  through  what  angle, 
approximately,  will  the  tangent  line  turn?   (Use  differentials.) 

19.  The  inclination  of  the  curve  27  y  =  x3  at  the  point  A  (3,  1)  is  45°. 
Use  differentials  to  find  approximately  the  inclination  of  the  curve  at  the 
point  B  on  the  curve  such  that  the  distance  along  the  curve  from  A  to  B 
is  As  =  0.2  units. 

Calculate  the  radius  of  curvature  at  any  point  (p\,  B\~)  on  each  of 
the  following  curves. 


20.  The  circle  p  ~  a  sin  0. 

21.  The  spiral  of  Archimedes  p  =  ad.    (Fig.,  p.  534) 

22.  The  cardioid  p  =  a(l  -  cos  0).    (Fig.,  p.  533) 

23.  The  lemniscate  p2  =  a2  cos  2  0.   (Fig.,  p.  532) 

24.  The  parabola  p  =  a  sec2  %  Q.  (Fig.,  p.  537) 

25.  The  curve  p  =  a  sin3  $  0. 

26.  The  trisectrix  p  =  2  a  cos  0  -  a. 

27.  The  equilateral  hyperbola  p2  cos  2  0  =  a2. 


Ans.   R  =  \  a. 

(o  2 


B  = 


9  -  6  cos  0i 


Cv 


28.  The  conic  p  =  q(1  ~  e^  . 
1  —  e  cos  0 


=  ad  -«•)(!-  2f  cos  0, 

(1  —  2  cos  0j  );J 


Find  the  radius  of  curvature  for  each  ol  the  following  curves  at  tne 
point  indicated.   Draw  the  curve  and  the  corresponding  circle  of  curvature. 

29.  x  -  1  1;  y  =  t2  -  I  ;   t  =  l.  Ans.    R  =  4  V2. 

30.  x  =  3  t2,  y  —  3  i  -  t3  ;  t  -  1.  R  =  6. 

31.  x-Ze,1,  y  =  2e~t;   i  =  Q.  R  =  2V2. 

32.  re  =  a  cos  t,  y  =  a  sin  t',  t  =  i\.  R  =  a. 
W.x  =  2t,y  =  ^;t  =  l.  36.  x  =  2  sin  t,  y  =  cos  2  t;  t  =  i  TT. 

I 

34.  x  -  12  +  1,  y  =  t3  -  1  ;  t  =  1.  37.  a;  =  tan  t,  y  =  ctn  t;  t=  %  IT. 

35.  x  =  4  cos  «,  y  =  2  sin  t  ;  y  =  I.  38.  x  =  t  -  sin  t,  y  =  1  -  cos  t  ;  $  =  TT. 

39.  Find  the  radius  of  curvature  at  any  point  (t=k)  on  the  hypocy- 
cloid  x  —  a  cos3  i,  y  =  a  sin3  £.  Arcs.    #  =  3  a  sin  ii  cos  ii. 

40.  Find  the  radius  of  curvature  at  any  point  (t  =  h)  on  the  involute 
of  the  circle  x  =  a(cos  f  +  tsint), 

y  =  a(sin  t  —  t  cos  t).  Ans.    R  —  at\. 

41.  Find  the  point   on  the   curve  y  =  ex  where  the  curvature  is   a 
maximum.  Ans.   x  =  —  0.347. 

42.  Find  the  points  on  the  curve  3  y  =  x3  —  2  x  where  the  curvature 
is  a  maximum.  Ans.   x  =  ±  0.931. 

43.  Show  that  the  radius  of  curvature  becomes  infinite  at  a  point  of 
inflection. 

44.  Given  the  curve  y  —  3  x  —  x3. 

(a)  Find  the  radius  of  curvature  at  the  maximum  point  of  the  curve 
and  draw  the  corresponding  circle  of  curvature. 

(b)  Prove  that  the  maximum  point  of  the  curve  is  not  the  point  of 
maximum  curvature. 

(c)  Find  to  the  nearest  hundredth  of  a  unit  the  abscissa  of  the  point 
of  maximum  curvature.  Ans.  x  =  1.01. 

45.  Find  the  radius  of  curvature  at  each  maximum  and  minimum 
point  on  the  curve  y  —  x*  —  2  x2.    Draw  the  curve  and  the  circles  of  cur- 
vature.  Find  the  points  on  the  curve  where  the  radius  of  curvature  is  a 
minimum. 

46.  Show  that  at  a  point  of  minimum  radius  of  curvature  on  the 
curve  y  —  f(x)  we  have 


47.  Show  that  the  curvature  of  the  cubical  parabola  3  a2y  =  x3  in- 
creases from  zero  to  a  maximum  value  when  x  increases  from  zero  to 

4  .  - 

-|  av  125.   Find  the  minimum  value  of  the  radius  of  curvature. 

Ans.   0.983  a. 


DEFINITION.  The  center  of  curvature  (a,  /3)  for  a  point  P(x,  y]  on 
a  curve  is  the  center  of  the  circle  of  curvature. 

Theorem.  The  coordinates  (a,  /3)  of  the  center  of  curvature  for 
P(x,  y}  are 


v  y 

Proof.  The  equation  of  the  circle  of  curvature  is 

(1)  (x  -  a)2  +(y-  /3)2  =  R2, 
where  R  is  given  by  (F).  Differentiating  (1), 

(2)  y':        X~OL       "  R2 


y-F   *  ~    (y-W 

From  the  second  of  these  equations,  after  substituting  the  value 
of  R  from  OF),  we  obtain 


(3) 


y 


From  the  first  of  equations  (2),  we  get,  using  (3), 

Solving  in  (3)  for  |8,  in  (4)  for  a,  we 
have  (G).  Q.E.D. 

EXERCISE  1.  Work  out  (G)  di- 
rectly from  the  accompanying  figure, 
using  (G),  Art.  95.  (a  =  x  —  R  sin  r, 
j8  =  y  +  R  cos  r,  etc.) 

EXERCISE  2.  If  x'  and  x"  are,  re- 
spectively, the  first  and  second  deriv- 
atives of  x  with  respect  to  y,  derive 
(G)  in  the  form 

(H)  a  =  x  + 

Formulas  (If)  may  be  used  when  y'  becomes  infinite,  or  if  dif- 
ferentiation with  respect  to  y  is  simpler. 


ILLUSTRATIVE  EXAMPLE.  Find  the  coordinates  of  the  center  of  curvature  of 
the  parabola  y2  =  4  px  corresponding  (a)  to  any  point  on  the  curve;  (b)  to  the 
vertex. 

v  1 

Solution.  Use  (H).  Then  *'  =  -j->  x"  =  g—- 


Hence     a  =  x  + 


=  3  x  +  2  p, 


Therefore  (a)  [ 3  x  +  2  p,  —  j^  J  is  the  center  of 

curvature  corresponding  to  any  point  on  the  curve. 

(b)  (2  p,  0)  is  the  center  of  curvature  corresponding 
to  the  vertex  (0,  0). 

From  Art.  57  we  know  that  at  a  point  of  inflection  (as  Q  in  the 
next  figure) 


dx2 

Therefore,  by  (B),  Art.  102,  the  curvature  K  =  0 ;  and  from  (F), 
Art.  105,  and  (G),  Art.  108,  we  see  that  in  general  a,  /3,  and  R  in- 
crease without  limit  as  the  second  derivative  approaches  zero,  unless 
the  tangent  line  is  vertical.  That  is,  if  we  sup- 
pose P  with  its  tangent  to  move  along  the  curve 
to  P',  at  the  point  of  inflection  Q  the  curvature 
is  zero,  the  rotation  of  the  tangent  is  momen- 
tarily arrested,  and  as  the  direction  of  rotation 
changes,  the  center  of  curvature  moves  out  in- 
definitely and  the  radius  of  curvature  becomes 
infinite. 

109.  Evolutes.  The  locus  of  the  centers  of 
curvature  of  a  given  curve  is  called  the  evolute 
of  that  curve.  Consider  the  circle  of  curva- 
ture at  a  point  P  on  a  curve.  If  P  moves  along  the  curve,  we  may 
suppose  the  corresponding  circle  of  curvature  to  roll  along  the  curve 
with  it,  its  radius  varying  so  as  to  be  always  equal  to  the  radius  of 
curvature  of  the  curve  at  the  point  P.  The  curve  CCy  described  by 
the  center  of  the  circle  is  the  evolute  of  PPr. 

Formulas  (G)  and  (H),  Art.  108,  give  the  coordinates  of  any  point 
(a,  /3)  on  the  evolute  expressed  in  terms  of  the  coordinates  of  the 
corresponding  point  (x,  y}  of  the  given  curve.  But  y  is  a  function 
of  x ;  therefore  these  formulas  give  us  at  once  the  parametric  equations 


will  apply  in  all  cases,  the  method  to  be  adopted  depending  on  the 
form  of  the  given  equation.  In  a  large  number  of  cases,  however, 
the  student  can  find  the  rectangular  equation  of  the  evolute  by  taking 
the  following  steps. 

General  directions  for  finding  the  equation  of  the  evolute  in  rec- 
tangular coordinates. 

FIRST  STEP.  Find  a  and  (3  from  (G)  or  (H),  Art.  108. 

SECOND  STEP.  Solve  the  two  resulting  equations  for  x  and  y  in  terms 
of  a  and  /3. 

THIRD  STEP.  Substitute  these  values  of  x  and  y  in  the  given  equation 
and  reduce.  This  gives  a  relation  between  the  variables  a  and  /3  which 
is  the  equation  of  the  evolute. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  equation  of  the  evolute  of  the  parabola 
y2  =  4  px. 

'  I T) 

o»i..*i__  dy      &  P      d  y         4  p*  ~rr 

ooiution.  -j-  =  — j    v—  = —  • 

dx       y       ax2  y3 

a  =  3z  +  2p,    0  =  --£..  L~~ A 


y-- 


First  Step. 

Second  Step.  x  =  ^^ 

Third  Step.  (4  p2/3)t  =  4  p  (2L~- 
or  p]32  =  -fa  (a  -  2  p)3. 

Remembering  that  a  denotes  the  abscissa  and  /3  the 
ordinate  of  a  rectangular  system  of  coordinates,  we  see 

that  the  evolute  of  the  parabola  AOB  is  the  semicubical  parabola  DC'E,  the 
centers  of  curvature  for  0,  P,  PI,  Pz  being  at  C',  C,  Ci,  Cz  respectively. 


dy         b2x      dzy  fe4 

Solution.         ~  — r- >    3-5  =  —  -5-5  • 

ax          o2?/      cte  o  2/ 

(a2  —  b2)x3 


First  Step.        a  = 


(a2  - 
- 


54 


ru  /      Q4Ct      \ 

Step.     s  =  L8  _  52  ) 


j 

Second 


Third  Step,    (act)*  +  (b/3)*  =  (a2  -  ft2)*,   the 
equation  of  the  evolute  EHE'H'  of  the  ellipse 
ABA'B'.  E,  E',  H',  H  are  the  centers  of  curvature  corresponding  to  the  points 
A,  A',  B,  B',  on  the  curve,  and  C,  C',  C"  correspond  to  the  points  P,  P',  P". 

ILLUSTRATIVE  EXAMPLE  3.   The  parametric  equations  of  a  curve  are 


(1)  z  = — A — '    y—-^' 

\*->  4  6 

Find  the  equation  of  the  evolute  in  parametric  form,  plot  the  curve  and  the 
evolute,  find  the  radius  of  curvature  at  the  point  where  t  =  1,  and  draw  the  cor- 
responding circle  of  curvature. 


Solution. 


dx  ^_  _ 

dt      2'     dt~2 


dl  t 

Substituting  in  (G)  and  reducing  gives 
(2)  a  =  ^-^, 


By  (A),  Art.  81 
By  (B),  Art,  82 


4  t3  +  3  t 


AINU   U1KUL.JU   UF  UUKVATUKJjJ 
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the  parametric  equations  of  the  evolute.   Assuming  values  of  the  parameter  t,  we 
calculate  x,  y  from  (1)  and  a,  ft  from 
(2),  and  tabulate  the  results. 

Now  plot  the  curve  and  its  evolute. 

The  point  (\,  0)  is  common  to  the 
given  curve  and  its  evolute.  The  given 
curve  (semicubical  parabola)  lies  en- 
tirely to  the  right  and  the  evolute 
entirely  to  the  left  of  x  —  \. 

The  circle  of  curvature  at  A(^,  £), 
where  t  =  1,  will  have  its  center  at 
A'(—  £,  -g-)  on  the  evolute  and  ra- 
dius =  AA'.  To  verify  our  work  find 
the  radius  of  curvature  at  A.  From 
(F),  Art.  105,  we  get 


—  o 

-2 

3 

-1 

0 

1 

3 

2 

3 


TS 

__  1 


0 


This  should  equal  the  distance 
AA'  = 


+  i)2  +  a  -  I)2  =  ^2. 


By  (1),  Art.  3 


ILLUSTRATIVE  EXAMPLE  4.  Find  the  parametric  equations  of  the  evolute  of  the 
cycloid 

,  fx  =  a(t-sint), 

w  \y  =  a(l-cost). 

Solution.  As  in  the  Illustrative  Example  of  Art.  82,  we  get 

dy  _     sin  t         d2y  _  __  1  __ 
dx~  1  —  cost'    dx2~     a(l  —  cost)2 


Substituting  these  results  in  formulas  (G),  Art.  108,  we  get 
(4) 


f  a  =  a(l  +  sini)» 

\  J3  =  —  a(l  —  cos  t).  Ans. 


NOTE.  If  we  eliminate  t  between  equations  (4),  there  results  the  rectangular 
equation  of  the  evolute  OO'QV  referred  to  the  axes  O'a  and  0'/3.  The  coordinates 
of  0  with  respect  to  these  axes  are  (—  ira,  —  2  a).  Let  us  transform  equations  (4)  to 
the  new  set  of  axes  OX  and  OY.  Then 

a  =  x  —  ira,     /3  =  y  —  2  a. 

Also,  let    i  —  i'  —  'K. 

B 

Substituting  in  (4)  and  reducing,  the    ^ 
equations  of  the  evolute  become 

'  x  —  a(t'  —  sin  t'), 


piv     pv 


Since  (5)  and  (3)  are  identical  in    0 
form,  we  have: 

The.  Rnnlide.  nf  a  r,vr.lmd  is  itsdf  a  cycloid  whose  aeneratina  circle  eouals  that  of  the 
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110.  Properties  of  the  evolute.  The  evolute  has  two  interesting 
properties. 

Theorem  1.  The  normal  at  P(x,  y}  to  the  given  curve  is  tangent  to 
the  evolute  at  the  center  of  curvature  C(a,  /3)  for  P.  (See  figures  in  the 
preceding  article.) 

Proof.   From  the  figure, 

(1)  a  =  x  —  R  sin  r, 
(3  =  y  -\-  R  cos  r. 

The  line  PC  lies  along  the  normal  at 
P,  and  the 

(2)  Slope  of  PC  =  ^-^  =  -  r-^— 

v  '  x  —  a          tan  r 

=  slope  of  normal  at  P. 


Slope  of  evolute  =  — » 
da 

since  a.  and  /3  are  the  rectangular  coordinates  of  any  point  on  the 
evolute. 

Let  us  choose  as  independent  variable  the  length  of  arc  on  the 
given  curve ;  then  x,  y,  R,  r,  a,  (3  are  functions  of  s.  Differentiating 
(1)  with  respect  to  s  gives 


(3) 
(4) 


da     dx      0  dr  dR 

•j-  =  -3 R  cos  r  -3 sm  r  — > 

as      as  as  ds 


ds      ds 


ds 


ds 


But  —•  =  cos  r,  &  =  sin  r,  from  Art.  95 ;  and  ^  =  i. 
as  as  as      R 

Substituting  in  (3)  and  (4),  and  reducing,  we  obtain 

dR 


(5) 


da  .       dR 

—  =  —  sin  r  -r-> 
as  as 


-r-  =  cos  T  . 
ds  ds 


Dividing  the  second  equation  in  (5)  by  the  first  gives 
da  tan  r 


(6) 


—  slope  of  PC. 


Q.E.D. 


Theorem  2.   The  length  of  an  arc  of  the  evolute  is  equal  to  the  dif- 
ference between  the  radii  of  curvature  of  the  given  curve  which  are  tangent 

ir\  /fci'c?  nvn  ni  iVe  arfifovniti'ioy    fn<rf\iv).r}.orl.  fTin.t  n1.f\vin  iho  nvf  f\f  iko  rtjiiam  tvuvmit 


(7) 


\ds/ 


But  if  s'  =  length  of  arc  of  the  evolute, 
ds'2  =  da2  +  dfi2, 
by  (C),  Art.  95,  if  s  =  s',  x  =  a,  y  =  /3.  Hence  (7)  asserts  that 

(8)  (M\2fdR\*}    or    §L'  =  ±<^. 

\ds/      \ds/  ds          ds 

Confining  ourselves  to  an  arc  on  the  given  curve  for  which  the 
right-hand  member  does  not  change  sign,  we  may  write 


/r\\ 

(9) 


wO 


or 


Q/S 


That  is,  the  rate  of  change  of  the  arc  of  the  evolute  with  respect  to  R 
is  +  1  or  —  1.  Hence,  by  Art.  50,  corresponding  increments  of  s'  and 
R  are  numerically  equal.  That  is, 

(10)  s'-s'o-iCR-flo), 

or  (first  figure,  p.  159)  Arc  CCi  =  ±  (PiCi  -  PC). 

Thus  the  theorem  is  proved. 

In  Illustrative  Example  4,  Art.109,  we  observe  that  at  O'f  R  =  0  ; 
at  Pv,  R  =  4  a.  Hence  arc  0'QQV  =  4  <z. 

The  length  of  one  arch  of  the  cycloid  (as  00'  Qv)  is  eight  times  the 
length  of  the  radius  of  the  generating  circle. 

111.  Involutes  and  their  mechanical  construction.  Let  a  flexible 
ruler  be  bent  in  the  form  of  the  curve  CiCg,  the  evolute  of  the  curve 
PiPg,  and  suppose  a  string  of  length 
RQ,  with  one  end  fastened  at  Cg,  to 
be  stretched   along  the   ruler    (or 
curve).   It  is  clear  from  the  results 
of  the  last  article  that  when  the 
string  is  unwound  and  kept  taut,  the 
free  end  will  describe  the  curve  PiPg. 
Hence  the  name  evolute. 

The  curve  PiPg  is  said  to  be 
an  involute  of  CiCg.  Obviously  any 
point  on  the  string  will  describe  an 
involute,  so  that  a  given  curve  has 
an  infinite  number  of  involutes  but 
only  one  evolute. 
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The  involutes  PiPo,  Pi'Pv,  Pi'Po"  are  called  parallel  curves  sin 
the  distance  between  any  two  of  them  measured  along  their  commi 
normals  is  constant. 

The  student  should  observe  how  the  parabola  and  the  ellipse  < 
pages  159,  160  may  be  constructed  in  this  way  from  their  evolute 


PROBLEMS 

Find  the  radius  and  center  of  curvature  for  each  of  the  followii 
curves  at  the  given  point.  Check  your  results  by  proving  (a)  that  t] 
center  of  curvature  lies  on  the  normal  to  the  curve  at  the  given  poir 
and  (b)  that  the  distance  from  the  given  point  to  the  center  of  curvatu 
is  equal  to  the  radius  of  curvature. 

1.2py  =  x*;   (0,  0).  Ans.    (0,  p). 

2.  32  +  402  =  25;    (3,2).  (AV,  -  M 

3.  a?-  y*  =  19;   (3,2).  (W,  #)• 

4.  xy  =  6;   (2,  3).  (if,  ¥)• 

5.  y  =  e*;    (0,1).  (-2,3). 

6.  y  -  cos  x;   (0,  1).  (0,  0). 

7.  y  =  In  x;    (1,  0).  (3,  -  2). 

8.  y  ~  2  sin  2  x  ;    (i  TT,  2).  (4  TT,  ^). 

9.  (a  +  6)3  +  xy2  =  0  ;    (-  3,  3).  (-  13,  8). 

10.  2  y  -  x2  -4;   (0,  -2). 

11.  sy  =  x2  +  2  ;   (2,3). 

12.  y-simrx;   (£,  1). 

13.  2/  =  ^tan2a;;   (i  x,  £). 

Find  the  coordinates  of  the  center  of  curvature  at  any  point  (a;, 
of  each  of  the  following  curves. 

3  y*  +  *  ^ 


Ans.   a  = 


a4  +  15  y4 

-- 


^2  _)_  7,2^3 

16.  62a;2  -  a  V  =  a262.  a  =  ^a          Jg 


_      (a2 
~ 
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18.  Find  the  radii  and  centers  of  curvature  for  the  curve  xy  —  4  at  the 
points  (1,  4)  and  (2,  2).    Draw  the  arc  of  the  evolute  between  these  cen- 
ters. What  is  its  length  ?  _ 

Ans.  At  (1,  4),  Ri  =  -V-V17,   a  =  ^-,   &  =  *£; 
at  (2,  2),  R2  =  2  V2,   a  =  4,    0  =  4; 
fti  -  R2  =  5.933. 

Find  the  parametric  equations  of  the  evolute  of  each  of  the  following 
curves  in  terms  of  the  parameter  t.  Draw  the  curve  and  its  evolute,  and 
draw  at  least  one  circle  of  curvature. 

19.  x  =  3  I2,   y  =  St-  t3.  Ans.   a  =  f  (1  +  2  t2  -  t4),   &  =  -  4  I3. 
2Q.x  =  3t,y  =  t2-6.  a  =  -  f  P,   j8  =  3  t2  -  f  . 

21.  x-Q-t2,  y  =  2t.  a  =  4-3i2,   (3  =  -2P. 

22.x  =  2t,y~t2-2.  a  =  -  2  t3,    ft  =  3  t2. 

23.  x  =  4  t,   y  =  3  +  t2.  a  =  -  i3,    0  =  11  +  3  t2. 

24.  x  -  9  -  t2,   y  =  2  t.  a~7-3t2,(3  =  -2t3. 

,  3  12*4  +  9  27  +  4£4 


g        _ 

26.  x  —  a  cos  t,  y  =  b  sin  t.  a  —  -  -  '-  cos3  1, 


27.  x  —  a  cos3  1,  a  —  a  cos3  1  -f  3  a  cos  t  sin2  f, 
T/  =  a  sin3  1.  |8  =  3  a  cos2  i  sin  f  +  a  sin3  i. 

28.  cc  =  a(cos  t  +  t  sin  £),  a  =  a  cos  £,   0  =  a  sin  £. 
T/  =  a(sin  t  —  £  cos  /)• 

29.  x  =  4  -  t2,   y  =  2t. 

30.  a  =  2  J,   ?/  =  16  -  i2. 

31.  x  =  £2,   i/  =  i  *3. 

32.  x  =  1  —  cos  £,   y  —  i  —  sin  f. 

33.  #  =  cos4  t,   y  =  sin4  1. 

34.  s  =  a  sec  t,  y  =  b  tan  £. 

35.  a;  =  cos  £,  z/  =  i. 

36.  a;  =  6  sin  t,  y  =  3  cos  t. 

OIT       xv.  -    Q    «n^    /          „,  -    /(     «4-V!    * 


41.  U-iven  tne  equation  01  tne  equuai/erai  nyperooia  ^  xy  =  a*,  snow 
that  rnt  •   ..-VQ  /..  ___  ^.\s 


'     r^  _2  ~  /r2 

Cv  t£ 

From  this  derive  the  equation  of  the  evolute 


112.  Transformation  of  derivatives.  Some  of  the  formulas  derived 
above  independently  can  be  deduced  from  others  by  formulas  which 
establish  relations  between  derivatives.  Two  cases  will  be  presented 
here. 

Interchange  of  dependent  and  independent  variables. 


NOTATION.  Let  y'  =     >    y"  =     -  =      ,    etc., 
dx  dx      dx2 


,  _  dx       ft  _  rf^  _  d2x 
~  dy'         ~~  dy  ~^2' 


By  IX,  Art.  29, 


XT  // 

Now  y  "  ~  -~  —  —  7 

dx       x' 

Using  (7),  we  get  =  ~' 


Again,  y»  =        =! 

dx        x' 


And  so  on  for  higher  derivatives.    By  these  formulas  equations  in 
y',  y",  y"',  etc.  can  be  transformed  into  equations  in  xf,  x",  x'",  etc, 


ILLUSTRATIVE  EXAMPLE.  Transform  (5),  Art.  102,  into  (C)  in  that  article. 
Solution.  Using  (/)  and  (/)  above, 


K= 


(x'2  + 1)4 

Transformation  from  rectangular  to  polar  coordinates.  Given  the 
relations 

(1)  x  =  p  cos  0,    y  =  p  sin  6 

between  the  rectangular  and  polar  coordinates  of  a  point.  If  the 
polar  equation  of  a  curve  is  p  =/(0),  then  equations  (1)  are  para- 
metric equations  for  that  curve,  0  being  the  parameter. 

NOTATION.  The  independent  variable  is  0,  and  x',  x",  y',  y",  p',  p" 
denote  successive  derivatives  of  these  variables  with  respect  to  0. 

Differentiating  (1), 

(2)  x'  —  —  p  sin  0  +  p'  cos  0,  y'  =  p  cos  0  +  p'  sin  0 ; 

(3)  x"  =  -  2  p'  sin  0  +  (p"  -  p)  cos  0,   y"=2p'  cos  0  +  (p"  -  p)  sin  0. 

By  formulas  (1),  (2),  (3),  equations  in  x,  y,  x',  y',  x",  y"  may  be 
transformed  into  equations  in  p,  0,  p',  p". 

ILLUSTRATIVE  EXAMPLE.  Derive  (E),  Art.  104,  directly  from  (D),  Art.  103. 

Solution.  Taking  numerator  and  denominator  in  (Z>)  separately,  substituting 
from  (2),  (3),  and  reducing,  we  obtain  the  results 

x'y"  -  y'x"  =  p2  +  2  p'2  -  pp" ;    z'z  +  y'2  =  p2  +  p'2. 
Putting  these  values  in  (Z>)  gives  (£). 

PROBLEMS 

In  Problems  1-5  interchange  the  dependent  and  independent  variables, 


\  \u:i;/ 

7.  Transform  the  equation 

X  =  COS  t. 


l-x 


/-3f  /)/ 

-j-  +      a    2  =  0  by  assuming 


l-x 


Ans.  +  y  =  0. 


___  fJ%Qi  (j^I  fl  ~\ 

8.  Transform  the  equation  x2  ~  +  2x-fL+  —  ?/  =  0  by  assuming  a;  =  -  •• 


ADDITIONAL  PROBLEMS 

1.  Given  the  curve  x  —  3  cos  t  4-  cos  3  £,  T/  =  3  sin  t  —  sin  3  Z.  Find  the 
parametric  equations  of  the  evolute.    Find  the  center  of  curvature  for 
t  =  0  and  show  that  it  coincides  with  the  corresponding  point  on  the  given 
curve.  Ans.   a  =  6  cos  t  —  2  cos  3  t,   /3  =  6  sin  t  +  2  sin  3  t. 

2.  If   R   is   the   radius   of   curvature   at   any   point   of   the   ellipse 
b2x2  +  a2y2  =  a2b2  and  D  the  perpendicular  distance  from  the  origin  to 
the  tangent  drawn  at  this  point,  prove  that  EDZ  =  a2b2. 

3.  Find  the  equations  of  the  evolute  of  the  parabola  y2  =  4  x,  using  x 
as  a  parameter.  Find  the  points  of  the  parabola  for  which  the  correspond- 
ing centers  of  curvature  are  also  points  of  the  parabola.    Hence  find  the 
length  of  the  part  of  the  evolute  inside  the  parabola. 

Ans.   (2,  ±  2V2)  ;  4(V27  -  l). 

4.  (a)  At  every  point  (x,  y)  of  a  certain  curve,  its  slope  is  equal  to 

x(l  +  v] 
,       yi  and  the  curve  passes  through  the  point  (2,  0).    Verify  that  the 

V5  -  x2  

equation  of  the  curve  is  log  (1  +  y]  =  1  —  V 5  —  x2. 

(b)  Find  the  curvature  of  the  curve  at  this  point  and  draw  a  small 
portion  of  the  curve  near  it.  Ans.    K  =  -9-V5 

(c)  Draw  the  circle  of  curvature  at  this  point.        Ans.   a  =  f ,  (3  =  f . 

5.  The  slope  of  the  tangent  to  a  certain  curve  C  at  any  point  P  is 

0*77  ^ 

given  by  ~  =  ->  where  s  is  the  length  of  arc  (measured  from  some  fixed 
ax      a 

point)  and  a  is  a  constant.  The  center  of  curvature  of  C  at  P  is  P'.  De- 
note the  radius  of  curvature  of  C  at  P  by  R  and  the  radius  of  curvature  of 
the  evolute  of  C  at  P'  by  R'.  Prove 

s2  +  a2.  l      2  s(s2  +  a2} 
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THEOREM  OF  MEAN  VALUE  ANB  ITS  APPLICATIONS 

113.  Rolle's  Theorem.  A  theorem  which  lies  at  the  foundation  of 
the  theoretical  development  of  the  calculus  will  now  be  explained. 

Let  y  =  f(x)  be  a  single- 
valued  function  of  x,  con- 
tinuous throughout  the  in- 
terval [a,  6]  (Art.  7)  and 
vanishing  at  its  extremities 
(/(«)  =  0,  /(&)  =  0).  Sup- 
pose also  that  f(x)  has  a 
derivative  /'(#)  at  each  in- 
terior point  (a  <  x  <  b)  of 
the  interval.  The  function  will  then  be  represented  graphically  by 
a  continuous  curve  as  in  the  figure.  Geometric  intuition  shows  us  at 
once  that  for  at  least  one  value  of  x  between  a  and  b  the  tangent  is  par- 
allel to  the  x-axis  (as  at  P] ;  that  is,  the  slope  is  zero.  This  illustrates 

Rolle's  Theorem.  If  f(x)  is  continuous  throughout  the  interval  [a,  6] 
and  vanishes  at  its  extremities,  and  if  it  has  a  derivative  f(x)  at  every 
interior  point  of  the  interval,  then  f'(x)  must  vanish  for  at  least  one 
value  of  x  between  a  and  6. 

The  proof  is  simple.  For/(#)  must  be  positive  or  negative  in  some 
parts  of  the  interval  if  it  does  not  vanish  at  all  points.  But  in  this 
special  case  the  theorem  is  obviously  true.  Suppose,  then,  that  /(«) 
is  positive  in  a  part  of  the  interval.  Then  f(x)  will  have  a  maxi- 
mum value  at  some  point  within  the  interval.  Similarly,  if  f(x) 
is  negative,  it  will  have  a  minimum  value.  But  if  f(X)  is  a  maxi- 
mum or  minimum  (a  <  X  <  b),  then  f'(X}  —  0.  Otherwise,  f(x) 
would  increase  or  decrease  as  x  passes 
through  X  (Art.  51). 

The  figure  illustrates  a  case  in  which  Rolle's 
Theorem  does  not  hold ;  f(x)  is  continuous  through- 
out the  interval  [a,  6].  j "  (x),  however,  does  not 
exist  for  x  =  c,  but  becomes  infinite.  At  no  point 
of  the  graph  is  the  tangent  parallel  to  the  x-axis. 


We  give  first  two  applications  of  Rolle's  Theorem  to  geometry. 

114.  Osculating  circle.  If  a  circle  be 
drawn  through  three  neighboring  points 
PO,  Pi,  P2  on  a  curve,  and  if  PI  and 
Pz  be  made  to  approach  Po  along  the 
curve  as  a  limiting  position,  then  this 
circle  will  in  general  approach  in  mag- 
nitude and  position  a  limiting  circle 
called  the  osculating  circle  of  the  curve 
at  the  point  PO. 

Theorem.  The  osculating  circle  is  identical  with  the  circle  of  curvature, 

Proof.  Let  the  equation  of  the  curve  be 
(1)  y=f(x); 

and  let  XQ,  x\,  £2  be  the  abscissas  of  the  points  Po,  PI,  P2  respectively, 
(a',  j3')  the  coordinates  of  the  center,  and  R'  the  radius  of  the  circle 
passing  through  the  three  points.  Then  the  equation  of  the  circle  is 

and  since  the  coordinates  of  the  points  Po,  PI,  P2  must  satisfy  this 
equation,  we  have 

(XQ  -  a')2  +  (2/0  -  0')2  -  R'2  =  0, 


(2) 


0')2  -  &2  =  0, 
/?')2  -  R'2  =  0. 


(X!  -  a')2  +  (2/1 
(X*  -  a')2  +  (2/2 

Now  consider  the  function  of  x  defined  by 

F(x)  =  (x-  a')2  +  (V-  /3')2  -  -R'2, 

in  which  y  is  defined  by  (1)  . 

Then  from  equations  (2)  we  get 

F(XQ)  =  0,     F(xi)  =  0,     F(x2)  =  0. 

Hence,  by  Rolle's  Theorem  (Art.  113),  F'(x)  must  vanish  for  at 
least  two  values  of  x,  one  lying  between  XQ  and  xi,  say  x',  and  the 
other  lying  between  x\  and  xz,  say  x"  ;  that  is, 


Again,  for  the  same  reason,  F"(x)  must  vanish  for  some  value  of 
x  between  x'  and  x",  say  x$  ;  hence 

F"x     =  0. 
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Therefore  the  elements  a',  /3',  Rf  of  the  circle  passing  through  the 
points  PO,  PI,  Pz  must  satisfy  the  three  equations 

F(XQ)  =  0,     F'(x'}  =  0,     F"(XB)  =  0. 

Now  let  the  points  PI  and  P%  approach  P0  as  a  limiting  position  ; 
then  xi,  X2,  x',  x",  xs  will  all  approach  XQ  as  a  limit,  and  the  elements 
a,  /3,  R  of  the  osculating  circle  are  therefore  determined  by  the  three 
equations  F(xQ)  =  Q,  F'(x0)  =  0,  F"(xo)  =  Q; 

or,  dropping  the  subscripts,  by 

(3)  (X-ay+(y-ft2  =  R2f 

(4)  (x-a)  +  (y-  P)y'  =  0,  differentiating  (3). 

(5)  1  +  y'2  +  (y  -  j3)y"  =  0,  differentiating  (4). 

Solving  (4)  and  (5)  for  x  —  a  and  y  —  /3,  we  get  (y"  -^  0), 

1  4-  w'2 

i_ 


v.-'  —  g.rr  a         r-  ..n 

U     >  & 

Solving  (6)  for  a  and  {3,  the  result  is  identical  with  (G),  Art.  108. 
Substituting  from  (6)  in  (3),  and  solving  for  R,  the  result  is  (F), 
Art.  105.  Hence  the  osculating  circle  is  identical  with  the  circle  of 
curvature. 

In  Art.  28  the  tangent  line  at  P  was  defined  as  the  limiting  posi- 
tion of  a  secant  line  drawn  through  P  and  a  neighboring  point  Q 
on  the  curve.  We  now  see  that  the  circle  of  curvature  at  P  may  be 
defined  as  the  limiting  position  of  a  circle  drawn  through  P  and  two 
other  points  Q,  R  on  the  curve. 

115.  Limiting  point  of  intersection  of  consecutive  normals 

Theorem.  The  center  of  curvature  C  for  a  point  P  on  a  curve  is  the 
limiting  position  of  the  intersection  of  the  normal  to  the  curve  at  P  with 
a  neighboring  normal.  c(n  ^ 

Q\U'»  p  ) 

Proof.  Let  the  equation  of  a  curve  be  c&& 

(1)  y  —  j(x). 

The  equations  of  the  normals  to  the 
curve  at  two  neighboring  points  PO  and 

TD       oytpt 
J.    J.    CUC*  |/Y*n  T^    —I—    f*?/n  —  *)J  IT    (Tni    — -   0 

^•vu      <h }    \^  \f/u      y jj  \*^o/  ^^  "j 


4>(xG)  =  0,    <J>M  =  0. 

But  then,  by  Rolle's  Theorem  (Art.  113),  <j>'(x^  must  vanish  for 
some  value  of  x  between  x0  and  xi,  say  xf.  Therefore  a'  and  /3'  are 
determined  by  the  two  equations 


If  now  Pi  approaches  P0  as  a  limiting  position,  then  x'  approaches 
XQ,  giving 


and  C'(otf,  j8')  will  approach  as  a  limiting  position  a  point  C(a,  /3) 
on  the  normal  at  PO-  Dropping  the  subscripts  and  accents,  the  last 
two  equations  are 


Solving  for  a  and  /3,  the  results  are  identical  with  (G),  Art.  108.  Q.  E.  D. 
116.  Theorems  of  Mean  Value  (Laws  of  the  Mean).  For  later  appli- 
cations we  need  the 

Theorem.  If  /(x)  and  F(x}  and  their  first  derivatives  are  continuous 
throughout  the  interval  [a,  6],  and  if,  moreover,  F'(x)  does  not  vanish 
within  the  interval,  then  for  some  value  x  —  Xi  between  a  and  b, 


Proof.  Form  the  function 

(1)       0(a:)  »          "          [F(x)  -  F(a)]  -  [/(x)  -  /(a)]. 


Evidently  <£(a)  =  <f)(b)  —  0,  and  Rolle's  Theorem,  Art.  113,  may 
be  applied.  Differentiating, 


This  must  vanish  for  a  value  x  —  x\  between  a  and  6. 

=  0 
v. 


Dividing  through  by  f"(xi)  (remembering  that  F'(XI]  does  not 
vanish),  and  transposing,  the  result  is  (.4).  Q.E.D. 

If  F(x]  =  x,  (A)  becomes 


In  this  form  the  theorem  has  a  simple 
geometric  interpretation.  In  the  figure 
the  curve  is  the  graph  of  /(x).  Also, 
OC  =  a,     CA=/(o), 
OD  =  b,     DB=f(b). 
Hence 

=  gl       of  chord 


o  —  a 


X 


Now  /'(#i)  in  (2?)  is  the  slope  of  the  curve  at  a  point  on  the  arc 
AB,  and  (5)  states  that  the  slope  at  this  point  equals  the  slope  of 
AB.  Hence  there  is  at  least  one  point  on  the  arc  AB  at  which  the  tan- 
gent line  is  parallel  to  the  chord  AB. 

The  student  should  draw  curves  (as  the  first  curve  in  Art.  113) 
to  show  that  there  may  be  more  than  one  such  point  in  the  interval, 
and  curves  to  illustrate,  on  the  other  hand,  that  the  theorem  may 
not  be  true  if  /(#)  becomes  discontinuous  for  any  value  of  x  between 
a  and  &,  or  iff(x)  becomes  discontinuous  (as  in  the  second  figure  of 
Art.  113). 

Clearing  (Z?)  of  fractions,  we  may  also  write  the  theorem  in  the  form 

(O  /(6)=/(o)  +  (b-o)/'(xi). 

Let  6  —  a  -r  Aa  ;  then  b  —  a  =  Aa,  and  since  xi  is  a  number  lying 
between  a  and  6,  we  may  write 

xi  =  a  +  6  •  Aa, 

where  6  is  a  positive  proper  fraction.    Substituting  in  (C),  we  get 
another  form  of  the  Theorem  of  Mean  Value, 

(D)  /(a  +  Aa)  -/(a)  =  Aa/'(a  4-  6  .  Aa).          (0  <  0<  1) 

PROBLEMS 

1.  Verify  Rolle's  Theorem  by  finding  the  values  of  x  for  which  /(x) 
and/'(a;)  vanish  in  each  of  the  following  cases. 

(a)  f(x)  =  x3  —  3  x.  (e)  f(x)  =  sin  TX  —  cos  irx. 

(b)  /(re)  =  6  x2  -  x3.  (f  )  /(z)  =  tan  x  -  x. 

(c)  /(x)  =  a  +  bx  +  ex2.  (g)  /(x)  =  x  In  x. 

(d)  f(x)  =  sin  x.  (h)  /(x)  =  xex. 


2.  Given  f(x)  =  tan  x.     Then  j(U)  =  U   and  jf  W  =  u.     JDoes  Koiie's 
Theorem  justify  the  conclusion  that  /'(cc)  vanishes  for  some  value  of  x 
between  0  and  TT  1   Explain  your  answer. 

3.  Given  (y  4-  I)3  =  x2.    Then  y  =  0  when  x  =  —  1  and  y  =  Q  when 
a;  =  +  1.    Does  Kolle's  Theorem  justify  the  conclusion  that  y'  vanishes 
for  some  value  of  x  between  —  1  and  -f-  1  ?    Explain  your  answer. 

4.  In  each  of  the  following  cases  find  xi  such  that 


(a)  f(x)  =  xz,a  =  l,b  =  2.  Ans.   Xi  =  1.5. 

(b)  f(x)  =  Vol,  a  =  1,  6  =  4.  xi  =  2.25. 

(c)  f(x)  =  e*,  a  =  0,  6  =  1.  Xi=  In  (e  -  1)  =  0.54. 

(d)/(:c)=-»a  =  l,  &  =  2. 

X 

(e)  /(z)  =  In  z,  a  =  0.5,6  =  1.5. 

(f)  /(a;)  =  sin  —  »  a  =  0,  6  =  1. 

u 

5.  Given  /(»)  =  -»  a  =  —  1,  &  =  1.    For  what  value  of  a;:,  if  any,  will 

/(a)  +  (&-a)f(a*)? 

6.  Given  /(x)  =  x^,  a  =  —  1,  6  =  1.    For  what  value  of  x\,  if  any,  will 


117.  Indeterminate  forms.  When,  for  a  particular  value  of  the 
independent  variable,  a  function  takes  on  one  of  the  forms 

5,    22,     OX*),     cx>~_oo,    0°,     ooo,     1-, 

it  is  said  to  be  indeterminate,  and  the  function  is  not  defined  for  that 
value  of  the  independent  variable  by  the  given  analytical  expression. 
For  example,  suppose  we  have 


F(x} 
where  for  some  value  of  the  variable,  as  x  =  a, 


For  this  value  of  x  our  function  is  not  defined  and  we  may  there- 
fore assign  to  it  any  value  we  please.  It  is  evident  from  what  has 
gone  before  (Case  II,  Art.  17)  that  it  is  desirable  to  assign  to  the 
function  a  value  that  will  make  it  continuous  when  x  =  a  whenever 
it  is  possible  to  do  so. 

118.  Evaluation  of  a  function  taking  on  an  indeterminate  form.  If 
the  function  f(x)  assumes  an  indeterminate  form  when  x  =  a,  then  if 

lim  f(x) 


exists  and  is  finite,  we  assign  this  value  to  the  function  for  x  =  a, 
which  now  becomes  continuous  for  x  =  a  (Art.  17). 

The  limiting  value  can  sometimes  be  found  after  simple  transfor- 
mations, as  the  following  examples  show. 

x2  —  4 
ILLUSTRATIVE  EXAMPLE  1.   Given  f(x)  = —  •  Prove  Km  /(x)  =  4. 

X  —  6  x-*  2 

Solution.  /(2)  is  indeterminate.  But,  dividing  numerator  by  denominator, 
/(x)  =  *  +  2.  Then  lira  (x  +  2)  =  4. 

x->2 

ILLUSTRATIVE  EXAMPLE  2.   Given  /(x)  =  sec  x  —  tan  x.  Prove  lim  /(x)  =  0. 

*  -» i  f 
Solution,    /(x)  is  indeterminate  (co  —  oo).   Transform  as  follows: 

sec  x  -  tan  x  =  1  ~  cin  g  =  1  ~  sin  x  .  1  +  sln  x  =     cosx    ^ 
cosx  cosx       1+sinx      1+sinx' 

Hence  the  limit  is  0. 

See  also  Art,  18.   General  methods  for  evaluating  the  indeter- 
minate forms  of  Art.  117  depend  upon  the  calculus. 

119.  Evaluation  of  the  indeterminate  form  -•    Given  a  function  of 


the  form  j^-  such  that  f(a)  =  0  and  F(a)  =  0.    The  function  is 

indeterminate  when  x  =  a.   It  is  then  required  to  find 

f(r\ 

T  /  \  *  W 

Jsw 

We  shall  prove  the  equation 


Proof.   Referring  to  (A),  Art.  116,  and  setting  b  =  x,  remembering 
that  /(a)  =  F(a)  =  0,  we  have 


If  x  -*  a,  so  also  o;i  —  >  a.  Hence,  if  the  right-hand  member  of  (1) 
approaches  a  limit  when  X!  ->  a,  then  the  left-hand  member  will  ap- 
proach the  same  limit.  Thus  (£)  is  proved. 

From  (£),  if  /'(a)  and  F'(a)  are  not  both  zero,  we  shall  have 


F'(a) 
Rule  for  evaluating  the  indeterminate  form  -•   Differentiate  the  nu- 

merator jor  a,  new  numerator  and  the  denominator  for  a  new  denominator. 
The  value  of  this  new  fraction  for  the  assigned  value  of  the  variable  will 


In  case  it  happens  that  /'(a)  =  0  and  F'(a)  =  0,  that  is,  the  first 
derivatives  also  vanish  for  x  =  a,  then  (E)  can  be  applied  to  the  ratio 


and  the  rule  will  give  us  lim        .  =  . 

It  may  be  necessary  to  repeat  the  process  several  times. 

The  student  is  warned  against  the  very  careless  but  common  mistake 
of  differentiating  the  whole  expression  as  a  fraction  by  VII. 

If  a  =  oo,  the  substitution  x  =  -  reduces  the  problem  to  the  evaluation 
of  the  limit  for  z  =  0. 


Thus 


Therefore  the  rule  holds  in  this  case  also. 

sin  wx 
ILLUSTRATIVE  EXAMPLE  1.  Prove  lim —  —  n. 

z-»0        X 

Solution.  Let/(x)  =  sinTix,  F(x)  =  x.  Then/(0)  =0,  F(Q}  =  Q.  Therefore,  by  (£), 


lim         =  lim  =  lim  =  n.  Q.E.D. 

x-o  F(x)      x->o  F'(x)      x-*o        1  x 

™3  _  Q  ,.     I    o  Q 

ILLUSTRATIVE  EXAMPLE  2.   Prove  lim  —  -  -  —  ~  —  -  =  ~ 

x-»i  x3  -  x2  -  x  +  1      2 

Solution.     Let  f(x)  =  x3  -  3  x  +  2,   F(x)  =  x3  -  x2  ~  x  +  1.     Then  /(I)  =  0, 
jP(l)  =  0.   Therefore,  by  (E), 

8af"3iS-    •••  ^terminate. 


-2      2 


ILLUSTRATIVE  EXAMPLE  3.  Prove  lim 


Solution.  Let  f(x)  =  e*  -  e"x  —  2  x,  F(x)  =  x  —  sin  x.  Then  /(O)  =  0,  F(0)  =  0. 
Therefore,  by  (E), 

^ST^r  =§•  •••  ^-^- 

-  lim  IrM  =  lim  ^T8"  =  £•    .'.  indeterminate. 
»-*or"(a;)      aj-»o    smz        0 

=  Km  %$L  =  lim  *L±T!  =  2.  Q.E.D. 

z-O  ^'"(x)        a;-»0      COS  X  V 


joi  vmuctuc 


1.  lim 

z-*4 

2.  lim 


x< 


16 


4  x2  +  x  -  20 

x  —  a 

^¥»W    „     /-»7l 

^  -*  a  «v  u- 


3.  lim 


Inx 


x-iz-  1 

.  ,.     ex  —  e~ 

4.  lim  — : 

x  _  o    sin  x 


_  v 
5.  hm 


tanx  — 


.,._  o  x  —  sin  x 
In  sin  x 


.  ,. 

6.  lim 

_^7r  (IT 

*""*  2 

/ji 

7.  lim5 


or 

8.  lim 

0->o 

9.  lim 

'  x  -,  $ 

«  «  i  • 
10.  lim 


0  —  arc  sin  6 

-  rr^  -- 

sin3  6 

sin  g  ~  Sln  ^ 


+  sin  y  —  1 


_   v      sec2  (j>  -  2  tan  <^ 
11.  lim  —  T-^  -  Tl~' 
.    TT      1  +  cos  4  <f> 
- 


ar2  -  a2r  +  a3 


-10  r      V3  a  —  Vl2  —  x 
13.  lim  -  .  • 

*-32  iC  —  3V19  —  5  X 


Ans. 


na" 
1. 


1      <Z 

lnr 
° 

_  i 
6> 


lim 
m 


tan  g  +  sec  g  -  1 


o  tan  0  -  sec  0  +  1 


16.  lim 

a:->0 


a;  —  sin 


.-sin.. 
sm3  a 


18.  Given  a  circle  with  center  at  0,  radius  r, 
and  a  tangent  line  A  T.  In  the  figure,  A  M  equals 
arc  AP,  and  B  is  the  intersection  of  the  line 
through  M  and  P  and  the  line  through  A  and  0.  v  ^ 
Find  the  limiting  position  of  B  as  P  approaches 
A  as  a  limiting  position.  Ans.  OB  =  2  r. 

*  After  differentiating,  the  student  should  in  every  case  reduce  the  resulting  expression 
to  its  simplest  possible  form  before  substituting  the  value  of  the  variable. 


120.  Evaluation  of  the  indeterminate  form  g.    In  order  to  find 


lim 


when  both  /(#)  and  F(x)  become  infinite  when  x  —  >  a,  we  follow  the 
same  rule  as  that  given  in  Art.  119  for  evaluating  the  indeterminate 

form  -.   Hence 

Rule  for  evaluating  the  indeterminate  form  |J.  Differentiate  the 
numerator  for  a  new  numerator  and  the  denominator  for  a  new  denomi- 
nator. The  -value  of  this  new  fraction  for  the  assigned  value  of  the  vai  i- 
able  will  be  the  limiting  value  of  the  original  fraction. 

A  rigorous  proof  of  this  rule  is  beyond  the  scope  of  this  book. 
ILLUSTRATIVE  EXAMPLE.   Prove  lim  -^-^  =  0. 

x->  0  CSC  X 

Solution.  Let  f(x)  =  In  x,  F(x}  =  esc  x.  Then/(0)  =  -  oo  ,  F(Q)  =  oo  .  Hence, 
by  the  rule,  ^ 

*      0 


x->QF(x)      x-+oF'(x)      x  -,  o  ~  esc  x  ctn  x     x->o  xcosx       0 

Then,  by  (£),  lim  ~  sin2  x  =  lim  "  2  sin  x  cos  g  =  0.  Q.E.D. 

x-*o  x  cos  a;      z  _>  o  cos  x  —  x  sin  cc 

121.  Evaluation  of  the  indeterminate  form  0  •  oo.  If  a  function 
f(x)  •  4>(%}  takes  on  the  indeterminate  form  0  •  oo  f or  x  —  a,  we  write 
the  given  function 

r  /•      \  t    s      \  f  \  *As  t 

or  = 


so  as  to  cause  it  to  take  on  one  of  the  forms  r-  or  ~,  thus  bringing  it 
under  Art.  119  or  Art.  120. 

As  shown,  the  product  /(re)  •  0(x)  may  be  rewritten  in  either  of 
the  two  forms  given.  As  a  rule,  one  of  these  forms  is  better  than 
the  other,  and  the  choice  will  depend  upon  the  example. 

ILLUSTRATIVE  EXAMPLE.   Prove  lim   (sec  3  a;  cos  5  .T)  =  —  f . 

Z-»  -g-TT 

Solution.   Since  sec  f  ir  =  oo ,  cos  f  IT  =  0,  we  write 

sec  3  x  cos  5  a;  = ^—  •  cos  5  x  = r—  • 

cos  3  x  cos  3  x 

Let /(a)  =  cos  5  x,  F(x)  =  cos  3  x.  Then/(J  TT)  =  0,  F$  TT)  =  0.  Hence,  by  (£), 

lim    $EU    lim    £feU    iim    -SsinSx         5 
z_^^(3:)      z_47r^'(*)      x- 1^-3  sin  3  x         3 


122.  Evaluation  of  the  indeteiininate  form  oo  —  oo.    It  is  possible  in 
general  to  transform  the  expression  into  a  fraction  which  will  assume 

either  the  form  -  or  ^  • 

ILLUSTRATIVE  EXAMPLE.  Prove  lim    (sec  x  —  tan  x]  =  0. 

X->  \TT 

Solution.    We  have  sec  \  TT  —  tan  \  TT  =  oo  —  oo .    .-.  indeterminate. 

_     ,_.        0  ,  1         sin  a;      1  —  sin  x 

By  (2),  p.  2,  sec  x  -  tan  x  — = 

cos  x      cos  x         cos  x 

Let/(x)  =  1  -  sin  x,  F(x)  =  cos  x.  Then/(|-  TT)  =  0,  F(±  TT)  =  0.  Hence,  by  (£), 

lim         U    lim          U    lim    ZJ^>?  =  0.  Q.E.D. 

' 


PROBLEMS 
Evaluate  each  of  the  following  indeterminate  forms. 

,.      In  x  An  18.  lim  (I  -  tan  0)  sec  2  6.   Ans.  1. 

1.  lim  -—•  Ans.   0.  g^z  v  ' 

x  -»  oo    3?  4 

r       ctn  g_  o  ,.     f     2  1     1  . 

n  otn  2  z"  id.  lim  -  — — -  •  -  2. 

a;  ->  0  '-  "ij-  **  jf  a;  -»  1  L  -t<    —  J.        .6  —  JLI 


tan  3  0t  i 

1   **•*••*••*•       .  «  3*  -  . 

e_£  tan  0  14. 


„    ,.        uaii  o  i/                                    i                               i-    -  -, 

3.  hm -•  s-  ,.   ,.     T  1 x_l 

Inxj 


2 


f    2  11 

0.  15.  lim    —    5—7  —  :; T  •     T. 

<j>  -,  o  [.sin'0  0      I  —  cos  <p  J 


/,   r      x* 

4.  lim  -— • 


5.  lim  , 
s^oolnx  w-iL^~ 

6>lim^nj.  -oo.      17.  lim  F^-_  11.  i 

a;^o  hi£  aj-,oLsm  ^     a;2J 

„  v     In  sin  2  a;  -i  1Q  i;_  x  +  In  a; 

7.  hm  -. — ; 1-  18.  lim  — : 

z-,0  Insmx  x-,<n   xmx 

8.  lim  x  In  sin  x.  0.  19.  lim  6  esc  2  0. 

x-,0  0-*0 

9.  lim  ~  tan  ^.  ^  ,,-2.      go.  li 


JL            ,         UO-11          _  I?        "         *                    WWW       AAAiJL                             ^ 

09         2  z-,  o  ctn  3  a; 

10.  lim  a;  sin  -•  a.           21.  lim  (a2  —  02)  tan  ^-> 

x->  ao               X  <$>->  a                                   <-•  & 

11.  Hm  (TT  -  2  a;) tan  x.  2.           22.  lim  (sec  5  0  -  tan  0.) 

7T  0_Z 

Z""2  2 


23.  lim   •-  -  .     .  T        .    •  26.  lim 

a; 


.  lim   •£-  -  .     .  T  ,   ,.    • 
z-,oL4z      2  a-(e»*  +  1)J 

-9  -  -~  —  1  • 
2      ztanzj 

25.  lim  [x  tan  *  -  f  sec  *]. 

"  J 


24.  lim 


123.  Evaluation  of  the  indeterminate  forms  0°,  I00,  00°.  Given  a  func- 
tion of  the  form 


In  order  that  the  function  shall  take  on  one  of  the  above  three 
forms,  we  must  have,  for  a  certain  value  of  x, 

/(z)=0,      <£(*)=  0,     giving  0°; 
or  /(«)  =  !,      <#>(«)=:  oo,     giving  I00; 

or  /(re)  =  oo,     (£(#)  =  0,      giving  00°. 

Let  0=/(a;)*fc>. 

Taking  the  natural  logarithm  of  both  sides, 
In  y  =  4>  ( 


In  any  of  the  above  cases  the  natural  logarithm  of  y  (the  function) 
will  take  on  the  indeterminate  form 

0  •  oo. 

Evaluating  this  by  the  process  illustrated  in  Art.  121  gives  the 
limit  of  the  logarithm  of  the  function.  This  being  equal  to  the  loga- 
rithm of  the  limit  of  the  function,  the  limit  of  the  function  is  known. 
For  if  limit  In  y  =  a,  then  lim  y  =  ea. 

ILLUSTRATIVE  EXAMPLE  1.  Prove  lim  xx  =  1. 

z-»0 

Solution.    The  function  assumes  the  indeterminate  form  0°  when  x  =  0. 

Let  y  =  xx  ; 


then 
By  Art.  121, 

By  Art.  120, 

\ny 
}ny 

,.     In  a; 

lim  

x 

—  a;  In 
Inx 

~~r 

X 

=  lim 

a;-*0 

x  =  0  •  —  oo  ,                    when  x  —  0. 
=  »                            when  x  =  0. 

1 

-ij.=o. 

"a-* 

Therefore         lim  In  y  =  0,     and     Urn  y  =  lim  x1  -  e°  =  1.  Q.E.D. 

*^0  j;  -.  0  3;  -,  0 


solution,    me  mnction  assumes  tne  indeterminate  form  1°°  when  x  =  1. 
J-jGt  y  ^^  ( &  "~~  $ )  i 

then  In  y  =  tan  \  TTX  In  (2  —  x)  =  oo  •  0,  when  x  =  1. 

By  Art.  121,  In  'y  =  ln  ^  ~  ^  = -, 

!_ 

,'m  ln   (2  -  «)  -  lir 


By  Art.  119,        lizn  ~      =  lim  -         -  =     . 

x-l    Ctn  |  7TX         a:-.!  —  £  7T  CSC2  £  7TX        7T 

9  *       1  I 

Therefore     limlny  =  -,     and    lim  y  =  lim  (2  -  xy™2™  -  ew  .  O.E.D. 


ILLUSTRATIVE  EXAMPLE  3.   Prove  lim  (ctn  x)sinz  =  1. 

»->o 

Solution.   The  function  assumes  the  indeterminate  form  °o°  when  x  =  0. 
Let  y=  (ctnx)sina:; 

then  In  y  =  sin  a;  In  ctn  x  =  0  •  oo  ,  when  x  =  0. 

By  Art.  121,  In  y  =  ln  ctn  x  =  -,  when  x  =  0. 

CSC  X  oo 

—  esc2  a; 


By  Art.  120,     lim     -^^  =  lim n£ =  lim  jnx.  =  Q< 

x^O      CSC  X          x-»0  —  CSC  X  Ctn  X       o;->0  COS2  X 

Therefore     lim  In  y  =  0,     and    lim  y  =  lim  (ctn  x)sina;  =  e°  =  1.  Q.E.D. 


PROBLEMS 
Evaluate  each  of  the  following  indeterminate  forms. 

1.  lim  (sin  z)tan*.  Ans.   1.         8.  lim  (cos  2\z. 

TT  \                /y.  / 

a;-*  —  a;-»  oo    \          ^/ 
2 

/n           \x  /          2\  a2 

2.  lim  (-  +  1)  .  <?2.        9-  lim     cos-     . 

a;-»oo  \X           /  z-»co   \          »/ 

1  1                                /          2\a:3 

•^   limrr1-1  =•        10.  lim      COS-      . 

%11_mX         '  e                x->*\        X) 

(\     y 

1  +  -  )  .  c".      11.  lim  (e2x  +  2  x) 

W  Z-.D 


5.  lim  (1  +  sin  x)cna;.  e.       12.  Km  (x  +  l)c 

x-»0  x-»0 

8.  lim  («"  +  *)«.  «2.      13.  li 
a;-+o  x-^ 

7.  lim  (1  +  nOT.  e*.      14.  lim  (1  + 


124.  The  Extended  Theorem  of  Mean  Value.  Let  the  constant  R 
be  defined  by  the  equation 

(1)  /(&)  -/(a)  -  (b  -  a)/'(a)  -  }(6  -  a)2E  =  0. 

Let  ^(x)  be  a  function  formed  by  replacing  6  by  x  in  the  left-hand 
member  of  (1)  ;  that  is, 

(2)  F(x)  =/(a)  -/(a)  -  (x  -  a)/'  (a)  -  J(x  -  a)2E. 

From  (1),  jF(6)  =  0  ;  and  from  (2),  F(a)  =  0  ;  therefore,  by  Rolle's 
Theorem  (Art.  113),  at  least  one  value  of  x  between  a  and  6,  say  Xi, 
will  cause  F'(x)  to  vanish.  Hence,  since 

F'(x)=J'(x)-f'(a)-(x-a)R, 
we  get  F'M  =J'W  -/'(^)  ~  («i  -  <*)fl  =  0. 

Since  F'(x\)  =  0  and  J"(a)  =  0,  it  is  evident  that  F'(x)  also  satisfies 
the  conditions  of  Rolle's  Theorem,  so  that  its  derivative,  namely  F"(x)t 
must  vanish  for  at  least  one  value  of  x  between  a  and  xi,  say  #2,  and 
therefore  x%  also  lies  between  a  and  6.  But 

F"($  =  /"(»)  -  R  ;  therefore  F"(x2)  =/"(x2)  -  12  =  0, 
and  R=fff(xz}. 

Substituting  this  result  in  (1),  we  get 

(F)     /(&)  =/(a)  +  (6  -  a)/'(a)  +  rs  (&  ~  ^)2/"(x2).    (a  <  x2  <  6) 

1  21 

By  continuing  this  process  we  get  the  general  result, 
«?)      /(&)  =  /(a)  +  ^         /'  (a)  +  ^          /"(a) 


Equation  (G)  is  called  the  Extended  Theorem  of  Mean  Value,  or  the 
Extended  Law  of  the  Mean. 

125.  Maxima  and  minima  treated  analytically.  By  making  use  of 
Art.  116  and  the  results  of  the  last  section  we  can  now  give  a  general 
discussion  of  maxima  and  minima  of  functions  of  a  single  independent 
variable. 

Given  the  function  /(#).  Let  h  be  a  positive  number  as  small  as 
we  Dlease:  then  thp  definitions  oiven  in  Art.  4fi  mav  he  stated  as 


If,  for  all  values  of  x  different  from  a  in  the  interval  [a—h,  a  -f  h~\, 

(1)  /(x)  —  /(a)  =  a  negative  number, 

then  /(x)  is  said  to  be  a  maximum,  when  x  —  a. 
If,  on  the  other  hand, 

(2)  f(x)  —  /(a)  =  a  positive  number, 

then  /far.)  is  said  to  be  a  minimum  when  x  =  a. 

We  begin  with  an  analytical  proof  of  the  criterion  on  page  51. 

A  function  is  increasing  when  the  derivative  is  positive,  and  decreas- 
ing when  the  derivative  is  negative. 

For,  let  y=f(x).    When  Aa;  is  small,  numerically,  —^  and  the 

Ax 

derivative  /'(x)  will  agree  in  sign  (Art.  24).  Let  /'(*)  >  0.  Then, 
when  Ax  is  positive,  so  is  Ay,  and  when  Ax  is  negative,  so  is  Ay. 
Therefore  /(x)  is  increasing.  A  similar  proof  holds  when  the  deriv- 
ative is  negative. 

The  truth  of  the  following  statement  is  now  easily  deduced. 

7//(a)  is  a  maximum  or  minimum  value  o//(x),  then  /  '(a)  =  0. 

For,  if  /'(a)  ^  0,  f(x)  would  increase  or  decrease  as  x  increases 
through  a.  But  then  /(a)  is  neither  a  maximum  nor  a  minimum. 
We  seek  general  sufficient  conditions  for  maxima  and  minima. 
Consider  the  following  cases. 

I.  Let  /'(a)  =  0,  and  /"(a)  ^  0. 

From  (F),  Art.  124,  replacing  6  by  x  and  transposing  /(a), 

(3)  f(x)  -  /(a)  =  ^=^  f'(x2).  (a<x2<  x) 

Since  /"(a)  ^  0,  and  /"(x)  is  assumed  as  continuous,  we  may 
choose  our  interval  [a~h,  a  +  K]  so  small  that  /"(x)  will  have  the 
same  sign  as  /"(a).  Also,  (x  —  a)2  does  not  change  sign.  Therefore 
the  second  member  of  (3)  will  not  change  sign,  and  the  difference 


will  have  the  same  sign  for  all  values  of  x  in  the  interval  [a  —  h,a-\-  h], 
and,  moreover,  this  sign  will  be  the  same  as  the  sign  off"(a).  It  there- 
fore follows  from  our  definitions  (1)  and  (2)  that 

(4)  /(a)  is  a  maximum  if  f(a)  =  0  and  /"(a)  =  a  negative  number-, 

(5)  /(a)  is  a  minimum  if  /(a)  =  0  andff'(a~)  =  a  positive  number. 

These  conditions  are  the  same  as  those  in  Art.  56. 


II.  Let /'(a)  =/"(o)  =  0,  and /"(a)  ^  0. 

From  (G),  Art.  124,  putting  n  =  3,  replacing  6  by  *,  and  trans- 
posing /(a), 

(6)  f(x)  -  /(a)  =  |  (x  -  a)3/"  W  (a  <  x3  <  x) 

12 

As  before,  /'"(a:)  will  have  the  same  sign  as  /"'(a).  But  (x  —  a)3 
changes  its  sign  from  —  to  +  as  x  increases  through  a.  Therefore 
the  difference  /(*) -/(a) 

must  change  sign,  and  /(a)  is  neither  a  maximum  nor  a  minimum. 

III.  Let  /'(a)  =  /"(a)  =  •  •  •  =/(n~1)(a)  =  0,  and  /(n)(«)  ^  0. 

By  continuing  the  process  as  illustrated  in  I  and  II,  it  is  seen  that 
if  the  first  of  the  derivatives  of  f(x)  which  does  not  vanish  for  x  =  a 
is  of  even  order  (=  n) ,  then 

(ft)       /(a)  is  a  maximum,  if  /(n)(a)  =  a  negative  number; 
(-0         /(fl)  is  a  minimum  if  /(n)(a)  =  a  positive  number.* 

If  the  first  derivative  of  /(#)  which  does  not  vanish  for  a;  =  a,  is  of 
odd  order,  then /(a)  will  be  neither  a  maximum  nor  a  minimum. 

ILLUSTRATIVE  EXAMPLE  1.  Examine  £3  —  9  a;2  -f  24  »  -  7  for  maximum  and 
minimum  values. 

Solution.  /(»)  =  a;3  -  9  x2  +  24  *  -  7. 

/'(x)  =  3  x2  -  18  x  +  24. 

Solving,  3  x2  -  18  jc  +  24  =  0 

gives  the  critical  values  x  =  2  and  x  =  4.   .'./'(2)  =  0,  and/' (4)  =  0. 

Differentiating  again,  /"(»)  =  6  x  —  18. 

Since  /"(2)  =  -  6,  we  know,  from  (#),  that/(2)  =  13  is  a  maximum. 

Since  /"(4)  =  +  6,  we  know,  from  (/),  that/(4)  =  9  is  a  minimum. 

ILLUSTRATIVE  EXAMPLE  2.  Examine  ex  +  2  cos  x  +  e~*  for  maximum  and  mini- 
mum values. 

Solution.  f(x)  —  e*  +  2  cos  x  +  e~x, 

f'(x)  =  ex  -  2  sin  x  -  e~x  =  0,  for  x  =  0,f 
f"(x)  =  ex  -  2  cos  x  +  e-*  =  0,  for  x  =  0, 
f'"(x)  -  e*  +  2  sin  x  -  e~*  =  0,  for  x  =  0, 
f™(x)  =  ex  +  2  cos  x  +  e~x  =  4,  for  x  =  0. 
Hence,  from  (/),  /(O)  =  4  is  a  minimum. 

*  As  in  Art.  46,  a  critical  value  a;  =  a  is  found  by  placing  the  first  derivative  equal  to 
zero  and  solving  the  resulting  equation  for  real  roots. 

t  x  —  0  is  the  only  root  of  the  equation  ex  —  2  sin  x  —  e~x  ~  0. 


PROBLEMS 

Examine  each  of  the  following  functions  for  maximum  and  minimum 
values,  using  the  method  of  the  last  section. 

1.  x4  -  4  as3  +  5.  Ans.   z  =  0,  gives  neither, 

x  =  3,  gives  min.  =  —  22. 

2.  x3  +  3  x2  +  3  x.  x~-l,  gives  neither. 

3.  x*(x  —  2)2.  x  =  0,  gives  neither, 

x  —  f ,  gives  max.  =  1.11, 
x  =  2,  gives  min.  =  0. 

4.  z(z-l)2(;s+l)3. 

5.  Investigate  4  x5  -  15  x4  +  20  x3  -  10  x2   at  »  =  1. 

6.  Show  that  if  the  first  derivative  of  f(x)  which  does  not  vanish  for 
x  =  a  is  of  odd  order  (=  n),  then/(z)  is  an  increasing  or  decreasing  function 
when  x  —  a,  according  as  /(n)  (a)  is  positive  or  negative. 

ADDITIONAL  PROBLEMS 

1.  If  y  =  e*  +  e~x,  find  dx  in  terms  of  y  and  dy.        Ans.   dx  =     ,     y    . 

Vj/2-4 

2.  Prove  that 


In  (3  x  +  2  +  V9  x2  +  12  x)  = 


-  .     -       -     - 

V9  a;2  +  12  x 
3.  Prove  that 


-7 
aa:|_4 

4.  Show  that  the  curve  x  =  P  +  2  t2,  y  =  3  t2  +  4  t  has  no  point  of 
inflection. 

5.  Prove  that  the  points  of  intersection  of  the  curves  2  y  =  x  sin  x  and 
y  =  cos  a;  are  points  of  inflection  of  the  first  curve.   Sketch  both  curves  on 
the  same  axes. 

6.  Given  the  damped  harmonic  motion 

s  =  ae~bt  sin  ct, 

where  a,  6,  and  c  are  positive  constants  ;  prove  that  the  successive  values 
of  /  for  which  v  =  0  form  an  arithmetic  progression  and  that  the  correspond- 
ing values  of  s  form  a  decreasing  geometric  progression. 

7.  The  abscissa  of  a  point  P  moving  on  the  parabola  y  =  ax2  is  increas- 
ing at  the  rate  of  one  unit  per  second.   Let  O  denote  the  origin  and  let  T 
be  the  intersection  of  the  x-axis  with  the  tangent  to  the  parabola  at  P. 
Show  that  the  rate  of  increase  of  the  arc  length  OP  is  numerically  equal 

TP 
to  the  ratio  —  • 


532).    The  line  MA  is  drawn  perpendicular  to  the  tangent  at  P.   Prove 
that  the  length  of  MA  is  constant  and  equal  to  a. 

9.  The  curve  x2y  +  12  y  —  144  has  one  maximum  point  and  two  points 
of  inflection.  Find  the  area  of  the  triangle  formed  by  the  tangents  to  the 
curve  at  these  three  points.  Ans.  1. 

10.  Given  In  6  =  1.792  and  In  7  =  1.946.     Calculate  In  6.15  first  by 
interpolation  and  second  by  differentials.   Show  graphically  that  the  true 
value  lies  between  the  two  approximations. 

11.  Given  the  ellipse  b2x2  +  a2y2  —  a252,  find  the  length  of  the  shortest 
tangent  intercepted  between  the  coordinate  axes.  Ans.  a  +  6. 

12.  Given  the  area  in  the  first  quadrant  bounded  by  the  curves  y2  =  x 
and  y2  =  x3.    A  rectangle  with  sides  parallel  respectively  to  the  axes  is 
drawn  within  the  limits  of  this  area.   The  width  of  the  rectangle  (measured 
horizontally)  is  f  and  one  of  the  diagonals  has  an  extremity  on  each  curve. 
Find  the  area  of  the  rectangle  of  maximum  area  which  can  be  constructed 
in  this  way.  Ans.  0.019. 

13.  Rectangles  are  drawn  with  one  side  along  the  x-axis,  a  second  side 
along  the  line  x  =  j,  and  one  vertex  on  the  curve  y  =  e~x*.   Find  the  area 
of  the  largest  of  these  rectangles.  Ans.   e~°-2G  =  0.7788. 

14.  Find  the  maximum  and  minimum  values  of  y,  if 

x  __a; 

y  =  aea  —  3  x  —  2  ae  a. 

Ans.  Max.  =  —  a;  min.  =  a(l  —  3  log  2). 

15.  Given  x2  +  3  xy  +  2  y2  ~  5  x  —  67/4-5  =  0,  find  the  maximum  and 
minimum  values  of  y.  Ans.  Max.  =  1 ;    min.  =  5. 


INTEGRAL  CALCULUS 


CHAPTER  XII 

INTEGRATION  ;  RULES  FOR  INTEGRATING  STANDARD 
ELEMENTARY  FORMS 

126.  Integration.  The  student  is  already  familiar  with  the  mutu- 
ally inverse  operations  of  addition  and  subtraction,  multiplication 
and  division,  raising  to  a  power  and  extracting  roots.  In  the  ex- 
amples which  follow,  the  second  members  of  one  column  are,  respec- 
tively, the  inverse  of  the  second  members  of  the  other  column. 

y  =  x2  4-  1,  x  —  ±  V#  —  1  ; 

y  =  ax,  x  =  loga  y  ; 

y  =  sin  x,  x  —  arc  sin  y. 

From  the  differential  calculus  we  have  learned  how  to  calculate 
the  derivative  /'(x)  of  a  given  function  /(x),  an  operation  indicated  by 


or,  if  we  are  using  differentials,  by 

df(x)  =  /'  (z)cte. 

The  problems  of  the  integral  calculus  depend  .on  the  inverse 
operation,  namely  : 

To  find  a  function  f(x)  whose  derivative 

(1)  /'(*)  =  0(*) 
is  given. 

Or,  since  it  is  customary  to  use  differentials  in  the  integral  cal- 
culus, we  may  write 

(2)  df(x)  =  f'(x)dx  =  <})(x)dx 
and  state  the  problem  as  follows  : 

Having  given  the  differential  of  a  function,  to  find  the  function  itself. 
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The  function  f(x)  thus  found  is  called  an  integral  of  the  given 
differential  expression,  the  process  of  finding  it  is  called  integration, 

and  the  operation  is  indicated  by  writing  the  integral  sign  *  /  in  front 
of  the  given  differential  expression ;  thus 

(3) 


read  the  integral  of  f(x)dx  equals  /(a;).   The  differential  dx  indicates 
that  x  is  the  variable  of  integration.    For  example, 

"(a)  ~ff~7(«)~==  x3,  then/'  (x}dx  —  3  x2  dx,  and 

#2<£c  =  x3. 
(b)  If  /(x)  =  sin  a,  then/'(x)dx  =  cos  xdx,  and 

•» 

cosrucfcc  =  sin  x. 


(c)  If /(or)  =  arc  tan  x,  then/' (»)<&;  =      *    »  and 

J.  ~f~  3/ 

rfa; 


,    -T  =  arc  tan  a. 

+  iC2 

.  Let  us  now  emphasize  what  is  apparent  from  the  preceding  ex- 
planations, namely,  that 

Differentiation  and  integration  are  inverse  operations. 
Differentiating  (3)  gives 


(4) 

Substituting  the  value  of  f'(x)dx  [=  df(x}\  from  (2)  in  (3),  we  get 

(5)  JV(aO  =/(*)- 

j          p 
Therefore,  considered  as  symbols  of  operation,  3-  and  I  •  •  •  dx  are 

inverse  to  each  other ;   or,  if  we  are  using  differentials,  d  and  /  are 
inverse  to  each  other.  „  J 

When  d  is  followed  by  I  they  annul  each  other,  as  in  (4),  but 

when  I  is  followed  by  d,  as  in  (5),  that  will  not  in  general  be  the 

case.   The  reason  for  this  will  appear  at  once  from  the  definition  of 
the  constant  of  integration  given  in  the  next  section. 


127.  Constant  of  integration.  Indefinite  integral.  From  the  preced- 
ing section  it  follows  that 

since        d(x3}  —  3  x2dx,    we  have    j  3  x2dx  =  x3  ; 
since  d(x*  +  2)  =  3  x2dx,    we  have    /  3  x2dx  =  x3  +  2  ; 

since  d(xs  —  7)  =  3  x2dx,    we  have    I  3  x2dx  =  x3  —  7. 

In  fact,  since  d(x3  +  C)  =  3  x2dx, 

where  C  is  any  arbitrary  constant,  we  have 

f  3  x2dx  =  z3  +  C. 

A  constant  C  arising  in  this  way  is  called  a  constant  of  integration,  a 
number  independent  of  the  variable  of  integration.  Since  we  can  give 
C  as  many  values  as  we  please,  it  follows  that  if  a  given  differential 
expression  has  one  integral,  it  has  infinitely  many  differing  only  by 
constants.  Hence  /» 

J  /'(«)<&  =/(«)  +  C; 

and  since  C  is  unknown  and  indefinite,  the  expression 

/(«)  +  C 
is  called  the  indefinite  integral  of  f'(x)  dx. 

It  is  evident  that  if  <f>(x)  is  a  function  the  derivative  of  which  is 
f(x],  then  <j>(x)  +  C,  where  C  is  any  constant  whatever,  is  likewise 
a  function  the  derivative  of  which  is  f(x).  Hence  the 

Theorem.  //  two  functions  differ  by  a  constant,  they  have  the  same 
derivative. 

.....  It  is,"  however,  not  obvious  that  if  <j>(x)  is  a  function  the  derivative 
of  which  is  f(x),  then  all  functions  having  the  same  derivative  f(x) 
are  of  the  form 


+  c> 

where  C  is  any  constant.    In  other  words,  there  remains  to  be 
proved  the 

Converse  theorem.  If  two  functions  have  the  same  derivative,  their 
difference  is  a  constant. 

Proof.  Let'4>(x)  and  \f/(x)  be  two  functions  having  the  same  deriva- 
tive /(aj).   Place 

F(x)  =  4>(x)  —  \p(x)  ;  then,  by  hypothesis, 

(1)  F'(z)  =       [0(3)  -  iKs)]  =  /(*)  -/(*)  =  0. 


But  from  the  Theorem  of  Mean  Value  (Z>),  Art.  116,  we  have 

F(x  +  Ax)  -  F(x)  =  Ax  F'(x  +  0  •  Az).       (0  <  0  <  1) 

.-.  F(x  +  Ax)  -  F(x)  =  0, 

[Since  by  (1)  the  derivative  of  F(z)  is  zero  for  all  values  of  a;.] 

and  F(x 

This  means  that  the  function 


does  not  change  in  value  at  all  when  x  takes  on  the  increment  Ax, 
that  is,  <£(sc)  and  $(x)  differ  only  by  a  constant. 

In  any  given  case  the  value  of  C  can  be  found  when  we  know  the 
value  of  the  integral  for  some  value  of  the  variable,  and  this  will  be 
illustrated  by  numerous  examples  in  the  next  chapter.  For  the  pres- 
ent we  shall  content  ourselves  with  first  learning  how  to  find  the 
indefinite  integrals  of  given  differential  expressions.  In  what  fol- 
lows we  shall  assume  that  every  continuous  function  has  an  indefinite 
integral,  a  statement  the  rigorous  proof  of  which  is  beyond  the  scope 
of  this  book.  For  all  elementary  functions,  however,  the  truth  of 
the  statement  will  appear  in  the  chapters  which  follow. 

In  all  cases  of  indefinite  integration  the  test  to  be  applied  in  veri- 
fying the  results  is  that  the  differential  of  the  integral  must  be  equal 
to  the  given  differential  expression. 

128.  Rules  for  integrating  standard  elementary  forms.  The  differen- 
tial calculus  furnished  us  with  a  General  Rule  for  differentiation 
(Art.  27).  The  integral  calculus  gives  us  no  corresponding  general 
rule  that  can  be  readily  applied  in  practice  for  performing  the  inverse 
operation  of  integration.*  Each  case  requires  special  treatment,  and 
we  arrive  at  the  integral  of  a  given  differential  expression  through 
our  previous  knowledge  of  the  known  results  of  differentiation.  That 
is,  we  must  be  able  to  answer  the  question,  What  function,  when  dif- 
ferentiated, will  yield  the  given  differential  expression  ? 

Integration,  then,  is  essentially  a  tentative  process,  and  to  expedite 
the  work,  tables  of  known  integrals  are  formed  called  standard  forms. 
To  effect  any  integration  we  compare  the  given  differential  expression 
with  these  forms,  and  if  it  is  found  to  be  identical  with  one  of  them, 
the  integral  is  known.  If  it  is  not  identical  with  one  of  them,  we 
strive  to  reduce  it  to  one  of  the  standard  forms  by  various  methods, 
many  of  which  employ  artifices  which  can  be  suggested  by  practice 

*  Even  though  the  integral  of  a  given  differential  expression  may  be  known  to  exist,  yet 
it  may  not  be  possible  for  us  actually  to  find  it  in  terms  of  known  functions. 


only.  Accordingly  a  large  portion  of  our  text  will  be  devoted  to  the 
explanation  of  methods  for  integrating  those  functions  which  fre- 
quently appear  in  the  process  of  solving  practical  problems. 

From  any  result  of  differentiation  may  always  be  derived  a  formula 
for  integration. 

The  following  two  rules  are  useful  in  reducing  differential  expres- 
sions to  standard  forms. 

(a)  The  integral  of  any  algebraic  sum  of  differential  expressions 
equals  the  same  algebraic  sum  of  the  integrals  of  these  expressions 
taken  separately. 

Proof.  Differentiating  the  expression 


I  du  +  I  dv  —  I  dw, 


u,  v,  w  being  functions  of  a  single  variable,  we  get 

du  +  dv-  dw.  By  III,  Art.  94 


(1) 


/.  /  (du  +  dv-  dw)  =  I  du+  idv  -  i  dw. 


(b)  A  constant  factor  may  be  written  either  before  or  after  the  inte- 
gral sign. 

Proof.   Differentiating  the  expression 

a  I  dv 

gives  adv.  By  IV,  Art.  94 

(2)  .'.  I  adv=a  I  dv. 

On  account  of  their  importance  we  shall  write  the  above  two  rules 
as  formulas  at  the  head  of  the  following  list  of  "Standard  Elementary 
Forms/' 

STANDARD  ELEMENTARY  FORMS 

(1)  f  (du  4-  dv  -  dw)  =  \du  +  I  du  -  ( dw. 

(2)  Cadv  =  'a  Cdv.  I  .       '      * 

(3)  fdx  =  x+C. 

rvn  +  l  '    "'•     '   "      "'     '  '    '  ; 

v«dv  =  2—. r+C.  (n^-1) 

n  -J-  I  • 


[Placing  C  =  In  c.] 

favdv  =  ^-  +  C. 
J  In  a 

f  evdv~ev  +  C. 

\  sinvdv  —  —  cosv  +  C. 

/  cos  v  dv  =  sin  v  +  C. 

/  sec^  z;  dv  =  tan  v  H-  C. 
/  esc2  v  dv  =  —  ctn  v  +  C. 
/  sec  y  tan  f  cf  v  =  sec  i;  +  C. 
/  esc  y  ctn  v  d  i;  =  ~  esc  v  +  C. 
J  tan  v  dv  ~  —  In  cos  v  =  In  sec  v  -f  C. 
/  ctn  V  cfo  =  In  sin  i/  +  C. 
/  sec  v  d  v  ~  In  (sec  w  -f  tan  z>)  +  C. 
/  esc  v  dv  —  In  (esc  y  —  ctn  v)  +  C. 
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(21) 
(22) 

f       dV        -  In  fr  +-/7*  + 

O  \       |        rf*1 

a?             v      x, 
+  —  arc  sin  -  +  C. 
2             a 

J^v*±a2     lnO>+V,± 

a*-v*dv  =  -     a*-v* 

/      _  -.       _        fl2 

Vi;2  ±  a2  du  =  -  Vv*  ±  a2  ±  —In  (i;  +  Vy2±a2)  +  C. 
2  2 


129.  Formulas  (3),  (4),  (5).  These  are  easily  proved. 

Proof  of  (3).  Since     d(x  +  C)  =  dx,  II,  Art.  94 

we  get  /  dx  =  x  -f-  C. 

Proof  of  (4).  Since 

-5j-  +  c)  =  vn  dv,  VI,  Art.  94 

vn+1 


vndv  = 


we  get  ,  „  „„  -  M  +  x 

This  holds  true  for  all  values  of  n  except  n  =  —  1.    For  when 
n  =  —  1,  (4)  involves  division  by  zero. 
The  case  when  n  =  —  1  comes  under  (5). 

Proof  of  (5).  Since  j,, 

d(ln»+C)=— *  X,  Art.  94 

we  get  I  —  =  In  v  +  C. 

The  results  we  get  from  (5)  may  be  put  in  more  compact  form  if 
we  denote  the  constant  of  integration  by  logec.  Thus 

rjttj 

—  =  In  v  -f  In  c  =  In  cv. 
v 

Formula  (5)  states  that  if  the  expression  under  the  integral  sign  is  a 
fraction  whose  numerator  is  the  differential  of  the  denominator,  then  the 
integral  is  the  natural  logarithm  of  the  denominator. 

ILLUSTRATIVE  EXAMPLES* 
Work  out  the  following  integrations : 

1.  fx&dx  =  ~-~r  +  C  =  ^-  +  C,  by  (4),  where  v  =  x  and  n  —  6. 
J  6  + 1  i 

2. 

x 


2.  J  Vic  dx  =fx%dx  =  ~+C  =  ~x^+  C,  by  (4),  where  v  =  x  and  n  —  \. 


3.  f  ±|  =  Cx~sdx  =  ^  +  C  =  -  5^-5  +  C,  by  (4),  where  t>  =  a;  and 

4.fax5dx  =  afx5dx  =  ~+C.  By  (2)  and  (4) 

5.  J  (2  x3  —  5  z2  -  3  x  +  4)dz 

=f2x3dx~f5x2dx-f3xdx+f4;dx          by  (1) 

=  2  f  x3dz  —  5  f  as2da;  —  3  f  xdx  +  4  f dec  by  (2) 

t/  t/  \J  •/ 


NOTE.   Although  each  separate  integration  requires  an  arbitrary  constant,  we 
write  down  only  a  single  constant  denoting  their  algebraic  sum. 


/{*  2 

&£~2cte  +  f  3  ra^da;  by  (1) 

*y 

=  2  afx~*dx  -  bfx~2dx  +  3  cfx^dx  by  (2) 

•5-1  f 


4  a  Vx  +  -  +  1  cx%  +  C. 
x      5 


7.  f  («f  -  xtydx  =  a2x  +    ox  -    a       -      +  C. 

t/  (  O  O 

HINT.   First  expand. 

8./V  +  62x2)*^x  =  (a2  +  ^  +  C. 

Solution.  This  may  be  brought  into  the  form  (4).  For 
insert  the  factor  2  &2  after  the  integral  sign  before  x  dx,  and 
its  reciprocal  before  the  integral  sign.  Those  operations 
balance  each  other  by  (2). 

JV  +  Vx^xdx  =  ^  JV  +  WfiV  ^xdx^=~^v^dv  =  -^  +  C,  by  (4)J 


Comparison  with  (4). 
v  ==  a2  +  &2ic2,  w  =  |, 
dw  =  2  62a;  dx. 


NOTE.  The  student  is  warned  against  transferring  any  function  of  the  variable 
from  one  side  of  the  integral  sign  to  the  other,  since  that  would  change  the  value 
of  the  integral. 

3  ax  dx  _  3  a  <     «2  , 
b2  +  c2x2  ~~  2  c2 

_,  ,  ,.  r  3  ax  dx       0     /-     *  u*  T}-T  /o\ 

Solution.  I  .,  ,    ,  ^  =  3  a  (  ,,  ,    .  •  •  By  (2) 


the  value  of  the  expression  will  not  be  changed. 


-.  ta  ((,!  +  cV)  +  C. 


,.2 


Solution.   First  divide  the  numerator  by  the  denominator.  Then 

™5  1 

=  x2  -  x  +  1  -  • 


x+1  '          x+1 

Substituting  in  the  integral,  using  (1),  and  integrating  gives  the  answer. 

11.  fl  X  ~  *  dx  =  x  -  In  (2  x  +  3)2  +  C. 
./  /s  x  +  o 

2  x  —  1  4 

Solution.   Dividing,  -  -  T  =  1  —  -  —  —  -•    Substitute  and  use  (1)  etc. 
^aj  +  o  Jx  +  d 

The  function  to  be  integrated  is  called  the  integrand.    Thus  in 
Illustrative  Example  1,  p.  193,  the  integrand  is  a;6. 

PROBLEMS 
Verify  the  following  integrations. 

1.  JV  cfcc  =  y  +  C.  6.  (3  CM/2  <fy  =  a?/3  +  C. 


x  x 


4.      =2+  c.  9. 


V2  x 

2 

dx-      3  a;5  .   ^ 


_x3  ,  2 

0  2  ~  "fi"  +  Z 

2      x2  6      x 


14.  f  Vx(3  x  -  2}dx 


-f  C. 


is.  r  V5 

•^ 

17   C—JJL__  - 

I        /  -  1  — 

J  va  —  b 


00 

-      2     g  -  by 


~T"    O  . 


19. 

20.  fy(a  - 
J 


- 

60 

(2  + 


46 


21. 


2  2 


.  fx  (2  x  +  1  )  2  da-  = 


23. 
24. 
25. 
26. 


6  z  dz 


(5-3  z2)2      6  -  3  z2 


+  C. 


Va; 


^      2(Va- 
3    • 


+  C. 


28   f— HJLr  -  ?^°LL±JL. 
J  Va4  +  <4  2 


29  r    d/u    

V 


(a  +  6z/ 

8ar   *(& 

J  (a  - 


+  C. 


C. 


f— 

'J  (a 


31 
32./*(a 


t2dt 


3  6  (a 
££ 

jG 


C. 


33. 

34. 

j 

35.  /"(32  +  pcfa  _  2  Va;3  +  3  a; 


3  n6 


4-  C. 


r(2  +  In  x)dx  _  (2  +  In  x)2  +  a 
'J  x  2 

r  -,        r,-      N9  A        (sinx)3  ,  ^  _  sinjx  ^ 

37.  I  sin2  x  cos  x  dx  =  J  (smx)2  cos  a  ax  =  — jp4-  +  0  -     g     -t- 

HINT.   Use  (4),  making  t>  =  sin  x,  dv  =  cos  a?  dx,  n  =  2. 

r  .  j        sin2  ax  ,   n 

38.  I  sm  ax  cos  ax  dx  =  — — — t-  C. 

39.  fsin  2  x  cos2  2  x  dx  = 2 — ;  +  C. 

40.  ftan  |  sec2 1  dx  =  tan2  -  +  C. 

r   cos  ax  dx     __  2V&  +  sin  ax  ,  ^ 
V  V6  +  sin  ax  a 


secx 


1  +  tanx 


. 

J  2  +  3x  3 

_  In  (2  + 
- 


...    rg2^  _  In  (2  +  x      ,   r 
44.  I  r—  —  5  —  -  v  --  r  o. 
J  2  +  x3  3 

tdt         In  (a  +  &/.2)   ,   ^ 

— 


+  6  X 

(y  +  2)dy  _  In  (?/2  +  4  y)   .  c 


r 

'J  y*  +  ±y  2 

In  (a  +  be 
- 


49.  rslna:da;  =  In  (1  -  cos  x)  +  C. 
J  1  —  cos  x 


r  see'ydy    =lln  (a  +  6  tany)  +  C. 
J  a  +  b  tan  y      o 

r(2a?  +  8)dte  =  2a._ln(a.  +  2)  +  a 
J       x  +  2 

r(^ 

J 


52 


1  2 

g  ,  5  In  (2  a;  +  3)  ,  g 

"2"1"  4 


2  x  dx     _ 


=  -  1  f  (6  - 


Solution. 

J  V6  —  5x 

Verification.   d{-  T3o(6  -  5  x2)!  +  C}  =  -  &  •  §(6  -  5  z2)4(-  10  z)cfo 

2  x  dx 


(6  -  5  x2)!  +  C. 


w./c 


v  e*  —  cos  a; 
sec  2  0  tan  2  0  d0 


130.  Proofs  of  (6)  and  (7).  These  follow  at  once  from  the  corre 
spending  formulas  for  differentiation,  XI  and  XI  a,  Art.  94. 


/ 

Solution.  Cba2xdx  =  'bj'a2xdx. 


2  In  a 


C. 


By  (2) 


This  resembles  (6).   Let  v  =  2x;  then  dv  =  2  dx.   If  we  then  insert  the  factor 
2  before  dx  and  the  factor  £  before  the  integral  sign,  we  have 

|~  +  C.     By(6) 


1.    6  e3*  dx  =  2  e3*  +  C. 


4.    10*  dx  =  r^-r  +  C. 
J  In  10 


2.        do;  =  ne*  +  C.  5.    a""  %  =  -y-  +  C. 

./  n  In  a 


e  a)dx  =  aVea  -  e  a/  +  C. 


r(  2 
7.  l\ea 

/•/  5          _*V  fl/  i5          _2j\ 

8.J  \ea  -  e  a)  dx  =  |Ve  °  -  e    °  /  -  2  a;  +  C. 
9.  Jae*8  dx  =  i  exz  +  C. 

10.  fesin  x  cos  a;  dx  =  esin  *  +  C. 

11.  fe<an0  sec2  ^  rf^  =  etan^  +  C. 

12.  fV?  d^  =  2  VP  ,+  C. 


13.  I  d  6    dx  —  1,     ;    i          ~T~  C/. 

J  1  +  In  a    * 

14.  fa2*  dx  =  -^~  +  C. 
J  2  In  a 

JLu«  I  (&      "T"  Of     JCuX  —  "irl  C       ~p  ^       "  1  -j~  0« 

J  5\          -In  a/ 

Work  out  each  of  the  following  integrals  and  verify  your  results  b; 
differentiation. 

16.f5eaxdx.  S 

17  f3^, 
"J    e*  •  23.  fe*_X2'  2S.  fa  xe~x*  dx. 

is.  r^. 

^  ve*  34.  |  x(e12  -1-  2)dx.  29. 

19.  fc01  dx. 

•J  rp-^x  _  q  /• 

t         ^r-vr^      3°-/« 


21. 
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131.  Proofs  of  (8)-(17).   Formulas  (8)-(13)  follow  at  once  from  the 
corresponding  formulas  for  differentiation,  XIII,  etc.,  Art.  94. 


Proof  of  (14).          I  tan  t>  do  =  I ' 


sin  v  dv 
cos  v 

/—  sin  v  dv 
~ 


COS  fl 

/c?(cos  v) 
COS  V 

=  —  In  cos  v  +  C  by  (5) 

=  In  sec  v  +  C. 


[Since  —  In  cos  c  =  —  In =  —  In  1  +  In  sec  v  =  In  sec  t>. 
sec »  J 

•r.         r     r  /-t  c\  /"   -i-          J  T608  V  <^>          f  d(sin  V) 

Proof  of  (15).          I  ctn  v  dv  =  I  — : =  I  -^ L 

J  J     sin  v       J     sin  v 


—  In  sin  v  +  C.  By  (5) 


Proof  of  (16).  Since      sec  v  =  sec  v  sec 


Proof  of  (17).  Since      esc  v  =  esc  v 


sec  v  +  tan  v 
__  sec  v  -tan  v  +  sec2  v 
sec  v  -f-  tan  v 

C      v dv  =.  raecPtani  +  Bec'g ^ 
J  J       sec  v  +  tan  v 

/c?(sec  0  +  tan  v) 
sec  w  +  tan  v 
=  In  (sec  v  +  tan  v)  +  C.  By  (5) 

esc  v  —  ctn  v 


esc  v  —  ctn  v 

esc  0  ctn  v  +  esc2  v 
esc  v  —  ctn  v 

—  esc  v  ctn  v  -f-  esc2 


fcsc  v  dv  =  f 
J  j         esc  v  —  ctn 

/d(csc  fl  ~  ctn  g) 


esc  v  —  ctn  0 
=  In  (esc  v  —  ctn  t?)  +  C.  By  (5) 


ILLUSTRATIVE  EXAMPLE  1.  Prove  the  following  integration. 


Solution.    This  resembles  (8).   For  let  v  =  2  ax  ;  then  dv  -  2  a  dx.   If  we  now 
insert  the  factor  2  a  before  dx  and  the."  factor  -^-  before  the  integral  sign,  we  get 


J  sin  2  ax  dx  =  -^Jsin  2  ax  •  2  a  dz  f=  —Jsin  9  dv  =  ~  ^  cos  0  +  C,  by  (8)1 


2  a 

ILLUSTRATIVE  EXAMPLE  2.  Prove  the  following  integration. 
"  (tan  2  s  -  1)2  ds  =  i  tan  2  s  +  In  cos  2  s  +  C. 


Solution.  (tan  2  s  -  I)2  =  tan2  2  s  -  2  tan  2  s  4-  1. 

tan2  2  s  =  sec2  2  s  -  1.  .    By  (2),  Art.  2 

Hence,  substituting, 

y  (tan  2  s  -  I)2  ds  =J"(sec2  2  s  -  2  tan  2  s)ds  =  f  sec2  2  s  ds  -  2  f  tan  2  s  ds. 
Now  let  v  =  2  s.   Then  dv  =  2  ds.   Using  (10)  and  (14),  the  steps  are  as  follows. 
J  sec2  2  s  ds  =  ij"sec2  2  s  d(2  s)  ["=  J  fsec2  0  da  =  •£  tan  v\  =  \  tan  2  s. 

J  tan  2  s  ds  =  ij^tan  2  s  d(2  s)  ["=  4  ftan  v  dv  =  -  i  In  cos  v\  =  -  ^In  cos  2  s. 

» 

PROBLEMS 

Verify  the  following  integrations. 

/^ 
cos  ma?  dc  =  —  sin  mx  +  C. 
m 

2.  /  tan  bx  dx  ~  -  In  sec  bx  +  C. 
J  .       o 

/•^ 
sec  ax  dx  =  -  In  (sec  GW  +  tan  ax)  +  C. 
d 

4.  Jcsc  v  dz;  =  In  tan  %v+  C. 

5.  J  sec  3  ^  tan  3  t  dt  =  |  sec  3  Z  +  C. 

6.  /  esc  at/  ctn  ay  dy  =  --  esc  ay  +  C. 

J  CL 

7.  fcsc2  3  x  dx  =  —  $  ctn  3  x  +  C. 

8.  f  ctn  |  dx  =  2  In  sin  |  -f  C. 
J        £  it 

9.  |  x2  sec2  x3  dx  —  %  tan  z3  +  C. 

10.  f-~-  =  -  ctn  x  +  C. 
J  sin2  x 


/dx 
•=—. =  —  ctn  x  +  esc  x  +  C. 
1  +  cos  x 

HINT.    Multiply  both  numerator  and  denominator  by  1  -  cos  x  and  reduce 
before  integrating. 

IK    C      dx  , 

lo.  I  T~ i — : —  —  tan  x  —  sec  x  +  C. 
J  1  4-  sin  x 


sin  s  ds 

r^rs= 

ec2  a;  da;     , 


18.  J  a;  cos  x2dx  =  %  sin  z2  +  C. 

19.^(3;  +  sin  2  a;)e&  =  J(^2  -  cos  2  »)  +  C. 

on  fsin  a;  dx        n  /-.  - 
20.  /  =  2  V4  -  cos  a;  +  C. 

^  V4  —  cos  a; 

cos  x}dx     ,    ,     ,     . 

~  =  ln  (x  +  sm  ^  +  c- 


+  2  tan  6 

Work  out  each  of  the  following  integrals  and  verify  your  results  by 
duierentiation. 

/ 
si 

24.  fcos  (6  +  az)<£c.  30.  ftan  |  <fo. 

Jo 

25.  fcsc2  (a  -  6z)da;.  31.  f—  ^—  . 
^  J  tan  5  2 


32.  f- 

J  Si 


. 
4  0 


ctn  e1  die.  34. 
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sm2  3 


35.  -r  43-  f  (i  -  csc 

J 


(J  CLX 


44. 


38.      sec  2  6-csc~d8. 


.  J  (s 
39.  f( 


40.  fftan  4  s  —  ctn 

J  V 


4, 

/4Q    I     w"^*    •"  """ 
(ctn  x  -  I)2  dx.  'J  V3  -  ctn  x 

Vs  +  2  tan  x  dx 


42.  f  (sec  <  -  I)2  dt. 


cos 


132.  Proofs  of  (18)-(21).    Formulas  (18)  and  (20)  follow  easily 
from  the  corresponding  formulas  for  differentiation. 
Proof  of  (18).  Since 


d(-  arc  tan  ^  +  c)  -  -       7,2  =  -~—2>  by  XXII,  Art.  60 
\o  a        /      a  ^      M2     v2  +  a2 

w 

we  get  |    ,  ,y   9  =  -  arc  tan  -  +  C. 

6  J  v2-\-a2     a  a 

Proofs  of  (19)  and  (19  a).  We  prove  (19)  first.  By  algebra,  we  have 
1  1  2o 


v  —  a      v  -h  a      v'1  — 

XlGIlCc  o  o         pC~ 


_  _  !  r~^~  J-  r  ^ 

tf~2^J  v-a~2aj  v  +  a 


=  -    In  (®  -  a)  -  --  In  (v  +  a)       by  (5) 

Zj  Ct  *  Zi  tt 

=  ^-ln^+C.  By  (2),  Art.  1 

2  a      v  -fa 


The  rest  of  the  proof  proceeds  as  above. 

NOTE.   The  integrals  in  (19)  and  (19  a)  satisfy  the  relation 

r   dv    _  _  r   dv 

Jv\-a2~    Ja2-v2' 

Hence  either  formula  can  be  applied  in  any  given  case.   Later  we  shall  see  that 
one  form  must  be  chosen  in  many  numerical  examples. 

Proof  of  (20).  Since 


d  arc  sin-  +  C]  = 
a 


we  get 


by  XX,  Art.  94 


=  arc  sin  -  +  C. 
a 


Proof  of  (21).    Assume  v  =  atanz,  where  z  is  a  new  variable; 
differentiating,  dv  =  a  sec2  z  dz.   Hence,  by  substitution, 

C      dv       _  r     a  sec2  z  dz      _  r    sec2  z  dz 
J  \A>2  +  a2     J  Va2  tan2  z  +  a2  ~J  Vtan2  z  +  l 

=  I  sec  z  dz  =  In  (sec  z  +  tan  z)  +  c        by  (16) 
=  In  (tan  z  +  Vtan2  2  +  1)  +  c.      By  (2),  Art.  2 

7) 

But  tan  z  =  - ;  hence, 
a 


J^jL=  =  ln(l  +  ^  +  1)  +  c 


-  In 


=  In  (v  +  \A>2  +  a2)  -  In  a  +  c. 
Placing  C  =  —  In  a  +  c,  we  get 

=  =  ln(t;+  Vfl2  +  a2)  +  C. 

& 

In  the  same  manner,  by  assuming  v  ~  a  sec  z,  dv  =  a  sec  z  tan  2  efe, 
we  get 

C  -     dv     J=   r«  sec  2;  tan 

=  In  (sec  2  +  tan  z)  +  c  by  (16) 

=  In  (sec  z  +  Vsec2z-l)  +  c          by  (2),  Art.  2 


C. 


£—  =  -  arc  tan  -^  +  C. 


Solution.  This  resembles  (18).  For,  let  «2  =  4  z2  and  tf  =  9 ;  then  v  = =2  x 
dv  =  2  dx,  and  0  =  8.  Hence  if  we  multiply  the  numerator  by  2  and  divide  in  front 
of  the  integral  sign  by  2,  we  get 


f 

J 


_     _-       _  _    _    =__     - 
4z2+9~2j  (2z)2  +  (3)2|_     2  J  t;2  +  a2     2  a 

1 


r=l 
|_     2 


By  (18)1 
J 


=  —  arc  tan  -£-  +  C. 
6  o 


PROBLEMS 

Work  out  the  following  integrals. 


=ln  (s  +      a2  -  16   *  C 


//7/v*  "1  .      o  3}    . 

.  -  J  arc  sm  -r-  + 

Vlfi  -  9z2       »  4 


,, 
C. 


cos 


1  ,    /2  +  sin 


1L  J  a2s2  -  c2      2  ac       W  +  c) 

X  (W»     I  i ~"  f\ 

J  Vi  -  z4     2 


df 


^).+9-=s"etannr>  +  a 
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15.  f   ,    dy        =  -  In  (ay  +  VTToV)  +  C. 

J  Vl  +  02?/        fl 

16.  f    .         M  =  arc  sin  ( M  0     )  +  C. 
J  V4  -  (u  +  3)2  \    *    / 

Work  out  each  of  the  following  integrals  and  verify  your  results  by 
differentiation. 


rr  f    dx 

nn  C     &  dy 

27  r 

6  tdt 

'^  V9-16Z2 

IP  r    dy 

J  9  y2  -  16 

wf    ds    • 

1   n 

J  o 

28  r 

-3t2 
sin  0  d0 

J  -Vy/g  ?/2  -j-  4 
tf\C       dt 

niJ^tdt+6 

J  -\ 

r 

/4  +  cos2  0 
dx 

J  4*2  +  25 

//7<7* 
UjJs 

J  V«*  -  4 

29'JW 

Oft      1 

i2  +  (x  •+•  n)2 
du 

25  *2-  4' 

nt     C       '   dX 

'  J  V5  x2  +  3 

oc  r  2e*dx  . 

3°J4 

si  T- 

~fdx~V 

3  +  7x2 

The  standard  formulas  (18)-(21)  involve  quadratic  expressions 
(v2  ±  a2,  a2  —  v2)  with  two  terms  only.  If  an  integral  involves  a 
quadratic  expression  containing  three  terms,  the  latter  may  be  re- 
duced to  one  with  two  terms  by  completing  the  square,  as  shown  in 
the  following  examples. 

ILLUSTRATIVE  EXAMPLE  1.  Verify  the  following : 


Solution.        x2+2x  +  5=x2+2x-f 
dx  C         dx 


This  is  hi  the  form  (18).  For  let  »  =  x  +  1,  and  a  =  2.   Then  dv  =  dx. 
Hence  the  above  becomes 

v    ;  =  -  arc  tan  -  +  C  =  ^  arc  tan  ^~ •  +  C. 
a  a  2  2 


ILLUSTRATIVE  EXAMPLE  2.    f       2dx    *-  =  2  arc  sin  — — -  +  C. 
J  V 2  +  x  -  x2  3 

Solution.   This  is  in  the  form  (20),  since  the  coefficient  of  x2  is  negative. 
Now  2+z  —  z2=2-(:c2-a;  +  i)+i  =  f—  (x  —  i)2- 

Let  v  =  x  —  J,  a  =  f .  Then  dv  =  dx. 

J-^4^=s=2j^=^==  =  2j-^===52arcBin2  +  C,      by  (20) 


dx  IfcgjJLzl  +  C. 


_  „      r 

ILLUSTRATIVE  EXAMPLE  3.  J  3a;2+4a._7 

Solution.   3  x2  +  4  x  -  7  =  3(x2  +  f  x  -  §)  =  3(z2  +  |  x  +  f  -  -Vs) 


dx 


f 

z-7     J 


by  form  (19),  if  t>  =  x  +  |,  a  =  f,  since  also  dv  -  dx.   Then  we  have 


PROBLEMS 
Work  out  the  following  integrals. 


4.  f 
J 


dx 


, 
V3  a;  -  x2  -  2 


=  arc  sin  (2  a?  -  3)  +  C. 


7. 


Vl5 


=  arc  sn 


C. 


10.  f 
•^ 

n.  f       ds 

J  V2  as  +  s2 

10   f 

V 


=  arc  sin  (x  -  1)  +  C. 


18. 


=  In  (s  +  a  +  V2  as  +  s2)  +  C. 

I  We. 

C. 


+  3y  +  l      V5      \22/  +  3  +  V5 

rfx        =  _2^  arc  tan  /2  x  +  1\ 
fx  +  a;2      V3ar°         \    V3    / 


14.  =  In   a;  +  ±  +  VI  +  x  +  x2  }  +  C. 

J  Vl  +  a;  +  x2          \        2  J 


=     arc  tan  +  C. 

4  2 


16.  f          ^  =     1=  arc  tan  /i^)  +  C. 

J3z2-2s  +  4 


V41 

Work  out  each  of  the  following  integrals  and  verify  your  results  by 
differentiation. 


is.  f & 29.  r     *dx 

J  x2  +  2  x  +  10  J  Vz2  —  4  x 


dx 

.  .„•  «».  i  = 

+  13 

dz 


20. 
21. 
22. 


Vz2  +  2  cc  +  5  33' J  : 

//T^Y* 

ujj      .  . .  ..  /™ 

Vx2  +  4  z  +  3  34>  J  ; 


VI  -  t  -  2 


04  x  r 

'J^tfTz^'  35>J: 


3  x2  +  4  x  +  1 
dw 


2  w2  +  2  w  +  1 
V3  i  —  2  i2 


25  36  f        a?2  <fa 

'  V  9  a;6  —  3  a;3  —  1 


26. 


x2  -  4  x  +  5'  V  15  +  4  i  - 


27.  f- ^ 38.  f- 

V2+2a;-ic2  -^ 


2+2x-x2  J  V9  x2  +  12  x  +  8 


28.  C- — ^ 

J  r2  -  2  r  - 


:  x2  -  12  o;  +  7 


When  the  integrand  is  a  fraction  of  which  the  numerator  is  an 
expression  of  the  first  degree  while  the  denominator  is  an  expression 
of  the  second  degree  or  the  square  root  of  such  an  expression,  the 
integral  can  be  reduced  to  standard  forms,  as  shown  in  the  following 
examples* 


'4  x2  +  9          * 
Solution.   Multiply  through  by  dx  and  apply  (1) . 

x-l     -,    __  C    Bxdx     _  C_      dx 
iz2  -J-9          J  V4  x2  4-  9     J  " 


'4  a;2  +  9          •/  V4  a;2  4-  9 
Then  by  (4)  and  (21)  we  obtain  the  answer. 

ILLUSTRATIVE  EXAMPLE  2. 

1,    /       .  4         7\      13 


Solution.   3z2+4cc-7  =  8[(a  +  §)2  -  -¥"],  by  Illustrative  Example  3,  p.  20' 
Let  v  =  x  +  §.   Then  x  =  t>  —  f  ,  and  dx  —  dv.  Substituting, 


3jv2-^       9Jv2-2f' 
Using  (5)  and  (19),  and  substituting  back  v  =  x  +  f,  we  have  the  above  result. 

PROBLEMS 
Work  out  the  following  integrals. 

1.  rIL±JL2^?  -  arc  tan  x  +  In  (1  +  x2)  -1-  C. 

2.  I  ^"  ?  +  l^dx  =  2Vx2  -  1  +  In  (x  +  Vx2-] 


C. 


3. 


~  l">dx  - 


-  _      l-»2  -  arc  sin  x  +  C. 


. 

J    V9 


3  In 


C. 


f( 

'•  / 

J 


_  1  ,    ,q    2  _  «v  _  5  V6  ,    /3  a;  -  Ve\  ,  r 

—  ^  in  ^  a?   —  6)      -——.  in  I  -  -~  }  +  C. 

d  12        \3  x  4-  V6/ 

5 


. 

J  V3  i2  -  9 


2  ^  +  5)  +  arc  tan 


.    r    (1  -  x)dx     _  _  1 
V4a;2-4z-3~       8 


1  ,      2  x  -  8 
16 


13 


.  /" 
•> 


Vx2  +  2  a; 


+  2  In  (a;  +  1  +  Vz2  +  2  »)  +  C. 


. 
^  V4  re  -  xz 


.  f 
J 

r 
•^ 


xdx 


. 
V27 


=  -  V27  +  6  a;  -  x2  +  3 


arc  sin 


+  C. 


Vl9  -  5  x  + 


_ 
In  (re  -  |+  Vl9  -  5  a;  +  x2)  +  C. 


,  -    C      (3  x  —  2)dx  S.y^  —  5  -  -.  -  r—? 

17.  I  —  /  .  '  —  -  V  4  a;2  —  4  x  +  5 

2-  4 


18. 


(8  a  - 


Vl2  x  -  4  x2  -  5 


_ 
-  i  In  (2  x  -  1  +  V4  x2  -  4  x  +  5)  +  C. 

_  _  2  Vl2  a;  -  4  x2  -  5 


9          . 
arcsin 


„ 
C. 


Work  out  each  of  the  following  integrals  and  verify  your  results  by 
differentiation. 


j   r(4  x  +  3) 

J         X2  +  1 

)-/I§^lL 


(3- 


/(4  x 
Vs 

>-/j 


3  +  5x2 


;  +  x  +  l 

32  f J2*L+l)dx_ 
j  : 


25.|(i4±J    2 

M  r^±2fe. 


___ 

2  x2  +  2  cc  +  1 
C   (3a?  +  8)d!x 
'J  9x2-3x-l' 


34. 


r 

^ 


(6  - 


V4  x2  -  12  x  +  7 


UJ.O    WJ.     \WW/    «JUH 


OU.U0llJ.UUbC 


Then 
and 
Hence 


=  a  sin  2. 
=  a  cos 


Va2  —  v2  =  Va2  —  a2  sin2  z  =  a  cos  z. 
C^/a2-v2dv  =  a2  f  cos2z  dz  =  ^  f  (cos  2 z  +  l)dz  by  (5),  Art.  2 


To  obtain  the  result  in  terms  of  v,  we  have,  from  above, 

z  =  arc  sin  ->    and    sin  2  z  =  2  sin  z  cos  z  =  2  -  — a  ~v  • 
a  a        a 

Substituting,  we  obtain  (22). 

Proof  of  (23).  By  substituting  v  =  a  tan  z,  we  show  (see  Art.  132) 
readily  that 

(1)  I  Vv2  +  a2  dv=  I  a  sec  z  •  a  sec2zdz  —  a2  I  sec3z  dz. 
In  a  later  section  it  is  proved  that 

(2)  I  sec3  z  dz  =  |  sec  z  tan  z  +  ^  In  (sec  z  +  tan  2)  +  C. 

Since  tan  z  =  ^  and  sec  z  =  ^®2  +  ^2,  we  derive,  from  (1)  and  (2), 
a  a 

\*jj        i    v  t/      i    w/    i*t/        «    v  u      i    w      r^  <2          ^      '         ^      I         /     i         9 
J  2 

where  C'=C— ^-Ina.    Hence  (23)  is  proved  when  the  positive  sign 
holds. 

By  substituting  v  =  a  sec  z,  we  obtain  (see  Art.  132) 

(4)  f  V02  —  a2 dv  =  I  atanz-asecztanzdz  =  a2  f  tan2zseczdz 

=  a2  I  sec3z  dz  —  a2  I  sec  zdz. 
Comparing  (4)  with  (2),  we  have 

/2  y.2 

V02  —  a2  cfo  =  ^-  sec  z  tan  z  —  ^-  In  (sec  z  +  tan  z)  +  C. 
A  & 


M 

But  sec  z  =  -t  and  hence  tan  z  = 
a 

we  obtain  (23)  for  the  negative  sign  before  a2. 


Substituting  in  (5), 


ILLUSTRATIVE  EXAMPLE  1.  Prove  the  following: 

f  V4-9z2  dx  =  |  V4  -  9  xz  +  |  arc  sin  ^  +  C. 

Solution.   Compare  with  (22),  and  let  a2  =  4,  v  =  3  x.  Then  dt>  =  3  da;.  Hence 
f  V4-9z2  dx  -  ~  /V4  -9z2  3  dz  =  |  JVa2-fl2cfo. 

Using  (22),  and  setting  0  =  3  s,  o2  =  4,  we  have  the  answer. 
ILLUSTRATIVE  EXAMPLE  2. 
TVs  a;2  +4  a;  —  7  da; 


=    (3  a; 


- 
18 


In  (3  x  +  2  +  V9  x2  +  12  x  -  2l)  +  C. 


Solution.  By  Illustrative  Example  3,  p.  207, 

3x2  +  4x-7  =  3  [(a?  +  f)2  -  ^  =  3(z>2  -  a2) 
if  v  —  x  +  f  ,  a  =  •§.  Then  dp  =  da;. 

/.  fV3x2  +  4x-7dx=  V3  fVj;2  -a2d». 

Using  (23),  and  setting  »  =  a;  +  1,  a  =  f,  we  obtain  the  answer. 

PROBLEMS 

Verify  the  following  integrations  : 

1.  fVl  -  4  x2dx  =  %  Vl  -  4  x2  +  7  arc  sin  2  x  +  C. 
J  24 

2.  jVl  +  9  x2  d»  =  |  Vl  +  9  x2  +  |  In  (3  x  +  Vl  +  9  x2)  +  c. 
>/\/T 


4.  f  V25  —  9  x2dx  =  %  V25  -  9  x2  +  =^  arc  sin  ^  +  C. 

»/  6  O  5 

5.  f  V4  x2  4-  9  dx  =  |  V4  x2  4-  9  4  |  In  (2  x  4-  V4  x2  +  9)  +  C. 

_    . T     , K.  /3 

6.  /V5-3  x2rfx  =  ^  V 5  -  3  x2  +  -~  arc  sin  x,  /f  +  C. 
•>  2  2V3  \5 

7.  fV3  -  2  x  -  x2cfo  =  ^~  V3  -  2  x  ~  x2  +  2  arc  sin^t-l  +  c. 

8.  /"V5  -  2  x  +  x2dx  =  ^-j-^  V5  -  2  x  +  a;2 

4-  2  In  (x  -  1  +  V5  -  2  x  +  x2)  +  C. 

9.  fV2  x  —  x2dx  =  x~     V2  x  -  x2  4-  „  arc  sin  (x  -  1)  4-  C. 

J  u  Z 


10.  JVlO  -  4  x  -f  4 


;  VlO  -  4  x  4-  4  x2 


^  ^ 


UN  1  JliVjrXV/1  J.  JLUJLN 


Work  out  each  of  the  following  integrals  and  verify  your  results  by 
differentiation. 

H.jVl6-9x2dx.  16.  J~V5  -  4  x  -  x2  dx. 

12.  f  \/4  +  25  x2  dx.  17.  f  V5  +  2  x  +  x2  dx. 

13.  J"  V9  a;2  -  1  (to.  18.  f  Vx2  -  8  a;  +  7  dx. 

14.  f  V8  -  3  x2  dx.  -19.  f  V4  -  2  x  -  x2  dx. 

15.  f  V5  +  2  x2  dx.  20.  f  Vx2  -  2  x  +  8  dx. 

134.  Trigonometric  differentials.  We  shall  now  consider  some  trigo- 
nometric differentials  of  frequent  occurrence  which  may  be  readily 
integrated  by  transformation  into  standard  forms  by  means  of  simple 
trigonometric  reductions. 


Example  I.   To  find  I  si- 


sinmu  cosnu  du. 


When  either  m  or  n  is  a  positive  odd  integer,  no  matter  what  the 
other  may  be,  this  integration  may  be  performed  by  means  of  simple 
transformations  and  formula  (4), 


n  +  l  '  - 

For  example,  if  m  is  odd,  we  write 

sin7"  u  =  sin771"1  u  sin  u. 

Then,  since  m  —  1  is  even,  the  first  term  of  the  right-hand  mem- 
ber will  be  a  power  of  sin2  u,  and  can  be  expressed  in  powers  of  cos2  u 
by  substituting  sin2  u  =  1  _  C0g2  M> 

Then  the  integral  takes  the  form 

(1)  I  (sum  of  terms  involving  cos  u}  sin  u  du. 

Since  sin  udu  =  d(cos  u},  each  term  to  be  integrated  is  of  the 
form  vn  dv  if  v  =  cos  u. 

Similarly,  if  n  is  odd,  write  cos71  u  =  cos71"1  u  cos  u,  and  use  the 
substitution  cos2  u  =  1  —  sin2  u.  Then  the  integral  becomes 

(^\  I   (Riim.  nf  terms  invnlm'.'yi.n  sin.  iA  nn&  11.  Am 


ILLUSTRATIVE  EXAMPLE  1.  Find  f  sin2  x  cos5  x  dx. 
Solution.   I  sin2  x  cos5  x  dx  =  I  sin2  x  cos4  x  cos  x  dx 

=  /  sin2  x(l  —  sin2  a;)2  cos  x  dx  by  (2),  Ai 

=  /  (sin2  x  —  2  sin4  x  +  sin6  x')  cos  x  dx 

=  I  (sin  x)2  cos  x  dx  —  2  /  (sin  x)4  cos  x  dx  +  I  (sin  a;)6  cos  : 

_  sin3  x      2  sin5  a;  ,  sin7  x  ,  n  ,-. 

—     g  5 7  y 

Here  w  =  sin  x,  dv  =  cos  x  da;,  and  n  =  2,  4,  and  6  respectively. 

ILLUSTRATIVE  EXAMPLE  2.  Prove  f  sin3  J  x  dx  =  f  cos3  Ja;  —  2cos^a;+C 
Solution.   Let  %x  =  u.   Then  a;  =  2  w,  dx  =  2  dw.   Substituting, 

(3)  /  sin3  %xdx  =  2  I  sin3  w.  du. 

Now          /  sin3  udu=  I  sin2  M  •  sin  M  du  =  I  (1  —  cos2  u)  sin  w.  dw 

=  I  sinudu—  I  cos2  it  sin  ti  dw  =  —  cos  u  + 1  cos3  w  +  i 

Using  this  result  in  the  right-hand  member  of  (3)  and  substituting  back  u  =  • 
we  have  the  answer. 

PROBLEMS 
Work  out  the  following  integrals. 

1.  Jsin3  x  dx  =  $  cos3  x  —  cos  x  +  C. 

2.  Jsin2  6  cos  9  d6  =  $  sin3  6  +  C. 

3.  /  cos2  0  sin  <f>  d<f>  =  —  -J  cos3  0  +  C. 

4.  /  sin3  6  x  cos  6  cc  dx  =  ^  sin4  6  a?  -f  C. 

5.  (cos3  2  0  sin  2  0  d0  =  -  |  cos4  2  6  +  C. 

v»  /  ~    ,r~'~ri~  Gw?  —  CSC  2/  "*""  7?  CSC    CC  ~T"  O« 

J  sin4  a; 

=  sec  d>  +  cos  <6  +  C. 


7.  f^4 

J  COS2  0 

8.  fcos4  x  sin3  a;  dx  =  —  f  cos5  a;  +  |  cos7  x  +  C. 

9.  /sin5  a;  do;  =  —  cos  x  +  f  cos3  x  —  |  cos5  a;  +  C. 


10.  f  cos5  x  dx  =  sin  x  —  f  sin3  x  +  i  sin5  cc  4-  C. 

11.  /"  sm5  y  %  =  -  2  Vcos  y  (l  -  |  cos2  #  +  J  cos4  y]  +  C. 
J  v  cos  ?/  \       o  y          / 


12.  f-^=  dt  =  |  sin§  f  f  1  -  5  sin2  <  +  |  sin4  A  +  C. 
J\/sinZ          2  V        2  7          ; 

Work  out  each  of  the  following  integrals  and  verify  your  results 
differentiation. 

13.  f  sin3  2  6  d6.  18.  fsin3  mt  cos2  wf  dt. 

14.  fcos3  1  d0.  19.  Jsin5  nx  dx. 

15.  Jsin  2  a:  cos  2  a;  dx.  20.  Jcos3  (a  +  W)eff. 

16.  J  sin3  f  cos3  *  <K. 


Example  II.   To  find  I  tann  udu  or  I  ctnn  u  du. 

These  forms  can  be  readily  integrated,  when  n  is  an  integer,  or 
somewhat  the  same  plan  as  in  the  previous  examples. 
The  method  consists  in  writing,  as  the  first  step, 

tann  u  =  tann~2  u  tan2  u  =  tann~2  w(sec2  u  —  1)  ; 
or      ctnnw  =  ctnn-2wctn2^  =  ctnn-2^(csc2w-l).    By  (2),  Art.  1 
The  examples  illustrate  the  subsequent  steps. 
ILLUSTRATIVE  EXAMPLE  1.  Find  /  tan4  x  dx. 
Solution,      j  tan4  x  dx  =  f  tan2  x(sec2  x  —  l)cfcc 

=  /tan2  x  sec2  x  dx  —  /tan2  x  dx 

=  f  (tan  x)2  d(tan  x)  -  f(sec2  x  -  l)efc 

x      a  B     4  and  (lc 


O 

ILLUSTRATIVE  EXAMPLE  2.  Prove 


Tctn3  2  x  dx  =  -  i  ctn2  2  x  -  %  In  sin  2  x  +  C. 
Solution.   Let  2  x  —  u.   Then  x  =  \u,dx  =  %du.   Substituting, 

/•._„,      ,  r  .  ,     , 


Now  /  ctn3  u  du  =  I  ctn  u  •  ctn2  u  du 

—  I  ctn  w(csc2  u  —  l)du 

=  |  ctn  u  esc2  u  du  —  I  ctn  u  du 

=  -  \  ctn2  u  —  In  sin  u  +  C.  By  (4)  and  (15) 

Using  this  result  in  the  right-hand  member  of  (4)  and  substituting  back  u  =  2  x, 
we  have  the  answer. 


Example  III.   To  find  I  secnudu  or  I  cscnudu. 


These  can  be  easily  integrated  when  n  is  a  positive  even  integer. 
The  first  step  is  to  write 

n-_2 

seenw  =  secn~2  u  sec%  =  (tan2^  + 1)  2  sec2^; 

n-Z 

or        cscnu  =  cscn~2  u  csc.2u  —  (ctn2  u  +  1)  2  esc2  u.  By  (2),  Art.  2 
The  example  shows  the  subsequent  steps. 

ILLUSTRATIVE  EXAMPLE  3.  Prove  f sec4  %xdx  =  %  tan3 f  x  +  2  tan  f  a;  +  C. 
Solution.  Let  \x  =  u.   Then  a;  =  2  w,  dx  =  2  <fat.  Substituting, 
(5)  f  sec4  |  x  dx  =  2  f  sec4  w  dw. 

Now  /  sec4  udu=  I  sec2  w  •  sec2  w  du 

=  f  (tan2  w  + 1)  sec2  w  dw  by  (2),  Art.  2 

=  jtan2  u  sec2  udu+  Csec2udu 

~  \  tan3  M  +  tan  u  +  C.  By  (4)  and  (10) 

Substituting  back  in  the  right-hand  member  of  (5)  and  putting  u  —  ^x  gives 
the  answer. 

EXERCISE.  Set  sec£M  =  1  +  tan2tt  in  the  right-hand  member  of  (5),  square, 
and  follow  Illustrative  Example  1  above. 

Example  IV.   To  find  I  tanmu  secnudu  or  I  ctnmu  cscnu  du. 

When  n  is  a  positive  even  integer  we  proceed  as  in  Example  III. 

ILLUSTRATIVE  EXAMPLE  4.  Find  ftan6a;  sec* a;  dx. 

Solution.        ftan8  x  sec4  x  dx  =  J  tan6  x  (tan2  x  +  1)  sec2  x  dx          by  (2),  Art.  2 

=J  (tan  a;)8  sec2  x  dx  +  ftan6 x  sec2 £  dx 

tan7x  .  ^  .,     ... 

— =—  +  C.  By  (4) 


When  m  is  odd  we  may  proceed  as  in  the  following  example. 
ILLUSTRATIVE  EXAMPLE  5.  Find  J  tan5  x  sec3  x  dx. 
Solution.    I  tan5  x  sec3  x  dx  =  I  tan4  x  sec2  x  sec  x  tan  x  dx 

=  /  (sec2  x  —  I)2  sec2  x  sec  x  tan  x  dx     by  (2),  Art.  2 

=  I  (sec6  x  —  2  sec4  a;  +  sec2  x)  sec  x  tan  x  dx 
sec3x 


Here  v  =  sec  x,  dv  =  sec  #  tan  x  dx,  etc. 


The  methods  used  in  the  above  examples  are  obviously  limited  in 
their  application.   For  example,  they  fail  in  the  following  case. 

I  sec3  u  du  =  I  sec  u  sec2  u  du 

=  I  sec  u  tan2  u  du  -+-  In  (sec  u  +  tan  M). 

For  we  cannot  proceed  further  by  the  elementary  standard  forms. 
Later  other  methods  will  be  developed  of  more  general  use. 

PROBLEMS 
Work  out  the  following  integrals. 

1.  /  tan3  x  dx  =  J  tan2  x  +  In  cos  x  +  C. 

2.  f  ctn3  1  dx  =  -  ^  ctn2  f  -  3  In  sin  f  +  C. 

J{J  A  O  O 

3.  J  ctn3  2  a;  esc  2  x  dx  =  \  esc  2  x  —  %  esc3  2  x  +  C. 

4.  fcsc4  7  cfc  =  -  |  ctn3  7  -  4  ctn  7  +  C. 
J         4  34  4 

5.  Jtan5  3  0  eZ0  =  TV  tan4  3  0  -  i  tan3  3  0  +  $  In  sec  3  6  +  C. 


6  =tan3 

J     cos4  03 

7-  f  •  2odX    4o     =  tan  2  x  +  ^  tan3  2  x  -  |  ctn  2  x  +  C. 
J  sin2  2  x  cos4  2  2  6  2 

8 


sin6  x 


/&.  2.  5 

tan3  a  sec2  a  da  —  f  sec2  a  —  f  sec2  a  +  C. 


11.  ^  _  _     tn  ax  + 

tanaay  a  \  3 


12./(ctn2  20  +  ctn4  2  0)d0  =  -  i  ctn3  2  0  +  C. 

13.  /(tan  &£  -  ctn  &)3  ^  =  A  [tan2  &£  +  ctn2  &<]  +  |  In  sin  2U+C, 

Work  out  each  of  the  following  integrals  and  verify  your  results  by 
differentiation. 


14.  fctn5  ax  dx.  21.  f- 

J  J  si 


dx 


sin4  3  x  cos2  3 


tan6o;/ 


OK   rtan  %  otx 

<6U«    I  .  .  ~ • 

26.  /  tan™  x  sec4  x  dx. 
27   ,  tan5  2 


sec3  2  0 
Example  V.   To  find  I  sinmu  cosnu  du  by  means  of  multiple  angles. 

When  either  m  or  n  is  a  positive  odd  integer,  the  shortest  method 
is  that  shown  in  Example  I,  p.  213.  When  m  and  n  are  both  positive 
even  integers,  the  given  differential  expression  may  be  transformed  by 
suitable  trigonometric  substitutions  into  an  expression  involving  sines 
and  cosines  of  multiple  angles,  and  then  integrated.  For  this  purpose 
we  employ  the  following  formulas. 

sin  u  cos  u  =  %  sin  2  u,  by  (5),  Art.  2 

sin2  u  =  %  —  %  cos  2  u,  by  (5),  Art.  2 

cos2  u  =  %  + 1  cos  2  u.  by  (5),  Art.  2 

ILLUSTRATIVE  EXAMPLE  1.  Find  f  cos2  u  du. 

Solution.     I  cos2  u  du  =  I  (J  +  J  cos  2  w)dM 

1  C         if  u     1 

=  -  I  dii  +  r  I  cos  2  M  dtc  =  -  +  -  sin  2  u  +  C. 
<->  J  u  J  Z      4 


ILLUSTRATIVE  EXAMPLE  2.  Find  fsin.2x  cos2xdx. 

Solution,     f  sin2x  cos  2x  dx  =  %  f  sin2  2  x  dx  by  (5),  Art.  2 

=  i  f  (i  -  i  cos  4  x)dx  by  (5)  ,  Art.  2 


ILLUSTRATIVE  EXAMPLE  3.  Find  fsin4x  cos2xdx. 

t  Solution,     jsin4  x  cos2  x  dx  =  f  (sin  x  cos  x)  2  sin2  x  dx 

=  jj  sin2  2  x(%  —  |  cos  2  x)dx 

=  £  f  sin2  2  x  dx  —  £  jsin2  2  x  cos  2  x  dx 

=  5  f  (i  —  i  cos  4  x)dx  —  J  jsin2  2  x  cos  2  x  dx 


_x  __  sin  4  x  _  sin3  2  x      ^ 
16         64  48      + 

or 


Example  VI.    To  find  I  sin  mx  cos  nx  dx,  I  sin  mx  sin  nx  dx, 
I  cos  mx  cos  nx  dx,  when  m^n. 

By  (6),  Art.  2,  sin  mx  cos  nx  =  \  sin  (m  +  ri)x  +  J  sin  (m  —  n)x. 
.'.  I  sin  mx  cos  nx  dx  —  \  I  sin(w  +  n)x  dx  +  \  I  sin(m  —  n)x  dx 

_  cos  (m  +  n)x     cos  (m  —  n)x  .   „ 
~       2  (m  4-  ri)          2(m  —  n) 
Similarly,  we  find 

,  sin  (m  +  n)x  .  sin  (m  —  %)a;  ,  ,-, 

sm  mo;  sm  nxdx  = ^-7 — , — r~  +  -777 r-  +  C, 

2  (m  +  w)          2  (m  —  n) 

,       sin  (m  +  n)x  .  sin  (w  —  ri)x  ,  ,-, 
cos  mx  cos  nx  dx  =  —^ — r — *-  +  -^7= *-  +  C. 

*J    I  fyyt        I       /yj   i  V/    I  /yvj       /yi   i 

^i  ^/ft  ^^   fbj  £*  \Uif  ^^    ivj 

PROBLEMS 
Work  out  the  following  integrals. 

t    C  -   9     j        #      sin  2s;..-, 

1.  /  sin2  x  dx  = 1-  C. 

o   C  •  A     j       3  a;      sin  2  x  .  sin  4  a;  .   „ 

2.  I  sin4  a?  dx  =  -5 ^ 1 ^ h  C. 
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*     j        3  a;      sin  2  a;  ,  sin  4  2  .    ,, 


c    r      R      ,        5  x  ,  sin  2  x      sin3  2  x  ,  3  sin  4  a;  .   ~ 

5.  I  cos6  x  ax  =  -rz-  H  --  -:  ---  75  --  1  --  r-j  --  1-  C. 
J  16  4  48  64 

„    r  .   ->        T       x      sin  2  ox  .    ~ 

6.  I  sin2  ax  dx  =  -  --  ;  --  1-  C. 
J  2          4  a 


sin  2  x  .    ~ 
—  +  C. 


. 
4  a  32  a 

2;,  sin3  4  x      sin  8  x 


10.  f  (2  -  sin  e)zdd  =  ^-  +  4:  cos  0-^1+  C. 

1  1    T/  •   9  j.  •         J.^9  JJL      ^</>,2  sin3  0  .  sin  4  0  .    „ 

11.  J  (sin2  0  +  cos  0)2  d0  =  -^  H  --  g-^  H  --  g2^  +  C. 

n  o   T  •    o  ^     j       cos  2  x      cos  6  x  .   ^ 

12.  I  sin  2  x  cos  4  x  dx  =  —  r  ---  rr  --  f-  C. 

i  o    T  •    o       •    o     j        sin  x      sin  5  x  ,    „ 

13.  J  sin  3  x  sin  2  x  dx  =  —  -  ---  rr  --  H  C. 

i  A    C       A  o     j       sin  x  .  sin  7  x  .   „ 

14.  I  cos  4  x  cos  3  x  ax  =  —=.  —  1  --  •=-.  --  \-  C. 
J  2  14 

Work  out  each,  of  the  following  integrals  and  verify  your  results  b; 
differentiation. 

15.  J  cos2  ax  dx.  21.  J  (1  +  cos  x)3  dx. 

16.  Jcos4  ax  dx.  22.  J(Vsin  2  0  -  cos  2  0)2  d0. 

17.  fsin2  ax  cos2  ax  dx.  23.  f(Vcos  0"  -  2  sin  0)2  d0. 

18.  fsin4  |  cos2  1  dB.  24.  f(sin  2  x  -  sin  3  x)2  dx. 


135.  Integration  of  expressions  containing  Va2  —  u2  or  Vu2  ±  a2  by 
trigonometric  substitution.  In  many  cases  the  shortest  method  of  in- 
tegrating such  expressions  is  to  change  the  variable  as  follows. 

When  Va2  —  u2  occurs,  let  u  =  a  sin  2. 
When  Va2  +  u1  occurs,  let  u  =  a  tan  2. 
When  VW2  —  a2  occurs,  let  u  =  a  sec  2. 

These  substitutions  were  used  in  Arts.  132-133.  By  them  the  radi- 
cal sign  is  in  each  case  eliminated.  For 

(1)  Va2  —  a2  sin2  2  =  aVl  —  sin2  2  =  a  cos  2  ; 

(2)  Va2  +  a2tan22  =  aVl  +  tan22  =  a  sec  2 ; 
(3) 


sec^ 


-a2 


aVsec22—  1  =  a  tan  2. 


ILLUSTRATIVE  EXAMPLE  1.  Find 


ind  C  — 

J   a2  ~ 


(a2 
Solution.  Let  u  =  a  sin  z;  then  du  —  a  cos  z  dz,  and,  using  (1), 

du 
(a2  - 


/a  cos  z  dz  _  _!_  r  dz    __  _!_  /* 
,  a3  cos3  z      a2  J  cos2  z      a2  J 

+  C. 


tan  z 


<*2  o2Va2  -  u2 

For,  since  sin  z  =  -  >  draw  a  right  triangle  and  mark  the 
sides  as  in  the  figure.  Then  tan  z  = 


dx 


ILLUSTRATIVE  EXAMPLE  2.  Prove  C- 

J  x  V4  x2  +  9      3 

Solution.  Here  V4  z2  +  9  =  W  +  a2  if  w  =  2  x,  a  =  3. 
Hence  let  2  £  =  % ;  then  x  =  ^  u,  dx  =  ^  du.  Substituting, 

. . .  r        dx  r        \  du  r        du 

(4) 


:X2   +   9 

Let  u  =  a  tan  z.  Then  du  =  a  sec2z  dz,  and,  using  (2), 

a  sec2  z  cfe          1  r  sec  z  dz 


tan  z  •  a  sec  z 


_  !_  r  sec  z  dz  _  1  r_ 

~~  aJ     tan  z    ~  aj  si 


dz_ 

sinz 


1  r  1 

=  -  I  esc  z  dz  =  -  In  (esc  z~—  ctn  z)  +  C. 
a  J  a 


Since  tan  z  =  -»  draw  a  right  triangle  and  mark  the  sides  as  in  the  figure.  Then 


cscz  = 


Vu2 


Hence  J  " 


^M2  +  a2 

Sil>iotif.nt.i-ncr  TionV  in 


+  a2 


M 
oo-(-fincr 


, 


=  9 


1.  / o  = .  +  C. 

J  (x2  +  2)*      2 Va;2  +  2 

2.  f-^L^  =  f  Va^"6  +  3ln(; 
^  Va;2  -  6      2 


a? 


da; 


+  C. 


/r  9\"2          '•iA/'^  T-2 

(5  —  X    )  O  V  O  —  .6 

4.  f   f^     =  -  |  V4-^2  +  2  arc  sin  ~+C. 
•J  V4  - 12          2  2 

a;2  dx  x 


8) 


8 


dx 


'9-u2 
li    /          a; 


—  arc  sin  -  +  C. 


xvx* 


+  4      2      V  2  +  Va;2  +  4 


C. 


dx 


;V25  -  a;2      5      \5  +  V25  -  x2 


+  C. 

1_ 

54 


C. 


a;2  V5  —  a;2  "  * 

da;  Va;2  -9.1  a;  ,    „ 

~          ^-  +  P7  arc  sec  -  +  C. 


C. 


+  In  (a;  +  Va;2  +  8)  +  C. 


Work  out  each,  of  the  following  integrals  and  verify  your  results  by 
differentiation. 


18. 
19. 
20. 


+  1 


(v2  -  3)* 


da; 


a;4  Va;2  —  5 
'a:2  +  9  dx 


136.  Integration  by  parts.  If  u  and  v  are  functions  of  a  single  inde- 
pendent variable,  we  have,  from  the  formula  for  the  differentiation  of 

a  product  (V),  Art.  94,     ,,    ,          ,          , 
F  ^    '  d(uv]  =  u  dv  +  v  du, 

or,  transposing,  udv  =  d(uv)  —  v  du. 

Integrating  this,  we  get  the  inverse  formula, 


(A)  I  udv  =  uv—  I  v  du, 


called  the  formula  for  integration  by  parts.  This  formula  makes  the 
integration  of  u  dv,  which  we  may  not  be  able  to  integrate  directly, 
depend  on  the  integration  of  dv  and  v  du,  which  may  be  in  such  form 
as  to  be  readily  integrable.  This 'method  of  integration  by  parts  is  one 
of  the  most  useful  in  the  integral  calculus. 

To  apply  this  formula  in  any  given  case  the  given  differential  must 
be  separated  into  two  factors,  namely,  u  and  dv.  No  general  direc- 
tions can  be  given  for  choosing  these  factors,  except  that 

(a)  dx  is  always  a  part  of  dv; 

(b)  it  must  be  possible  to  integrate  dv;  and 

(c)  when  the  expression  to  be  integrated  is  the  product  of  two  func- 
tions, it  is  usually  best  to  choose  the  most  complicated-looking  one  that  it 
is  possible  to  integrate  as  part  of  dv. 

The  following  examples  will  show  in  detail  how  the  formula  ia 
applied : 

ILLUSTRATIVE  EXAMPLE  1.  Find  fa?  cos  x  dx. 
Solution.  Let  u  =  x    and    dv  =  cos  x  dx ; 

then  du  =  dx    and    v  =  /cos  x  dx  =  sin  x. 

Substituting  in  (A), 

u     dv  u     v  v     du 

i  x  cos  x  dx  =  x  sin  x  —  /sin  x  dx  =  x  sin  x  +  cos  x  +  C, 

ILLUSTRATIVE  EXAMPLE  2.  Find  I  x  In  x  dx. 

Solution.  Let  u  =  In  x    and    dv  =  x  dx ; 

dx  C  x2 

then  du  =  —      and      v  =  I  x  dx  =  -$• 

X  J  6 

Substituting  in  (A), 

dx 


ILLUSTRATIVE  EXAMPLE  3.  Find  Cxeaxdx. 

Solution.  Let  u  =  eax         and        dv  =  x  dx  ; 

/3?2 
xdx  =  —  • 

Substituting  in  (A), 

Cxeaxdx  =  eax  ~  -  f  |-  eaxadx 

•y-Zpax         (j    /> 

=  £-f--H     *2eaxdx. 
A        &J 

But  x2eaxdx  is  not  as  simple  to  integrate  as  xeaxdx,  which  fact  indicates  thai 
did  not  choose  our  factors  suitably.   Instead,  let 

.   u  =  x    and    dv  =  eaxdx  ; 

r  eax 

then  du  =  dx    and    v=leaxdx  =  — 

J  a 

Substituting  in  (.4), 

/0O-X  p  0QX 

xeaxdx  =  x  ---  I  —  dx 
a      J    a 


It  may  be  necessary  to  apply  the  formula  for  integration  by  pz 
more  than  once,  as  in  the  following  example. 

ILLUSTRATIVE  EXAMPLE  4.  Find  Cx2eaxdx. 
Solution.  Let  u  =  x2      and      dv  =  eaxdx; 

then  du  =  2  xdx    and    v  =  Ceaxdx  =  —  • 

J  a 

Substituting  in  (.4), 

/pCLX  /-»/>O.X 

x2eaxdx  =  x2  •  -  --  I  ^—  •  2  xdx 
a      J   a 

o-2/>as         O     /i 

(1)  =^  --  -  Cxeaxdx. 

a         aJ 

The  integral  in  the  last  term  may  be  found  by  applying  formula  (A)  ag 
which  gives 

Cxeaxdx  =  —  (x  -  -}  +  C. 
J  a\        a/ 

Substituting  this  result  in  (1),  we  get 

//v-S/jOx         O  pax  /  1  \  pas  /  9  ™>          O  \ 

x*&*dx  =  ^--^4-(x-i)  +  C  =  e—(x*  -  —  +  4)  +  C. 
a          a2  \       aJ  a  \          a       a2/ 

ILLUSTRATIVE  EXAMPLE  5.  Prove 

Csec3zdz  =  |  sec  z  tan  z  +  ^  In  (sec  z  +  tan  z)  +  C. 
Solution.  Let  u  =  sec  2  and          dv  =  $ec2zdz; 


Substituting  in  (A), 

jsec3zdz  —  sec  z  tan  z  —  /sec  z  tan2  2^2. 
In  the  new  integral,  substitute  tan2  z  =  sec2  z  —  1.   Then  we  get 

|  sec3  z  dz  =  sec  z  tan  z  —  (  sec3  z  dz  +  In  (sec  z  +  tan  z)  +  C. 

Transposing  the  integral  in  the  right-hand  member  and  dividing  by  2,  we  have  the 
required  result. 

ILLUSTRATIVE  EXAMPLE  6.  Prove 

sin  nx  dx  =      la  sm  rac  —  TO  cos  nx)      ^ 
a2  +  n2 

Solution.   Let  u  =  eax       and       dv  =  sin  nx  dx ; 

cos  nx 


then  du  =  aeaxdx     and    v  =  — 

n 

Substituting  in  formula  (A),  the  result  is 

(2)  Ceax  sin  nx  dx  =  -  e™  cos  nx  +  -  Ceax  cos  nx  dx. 
J  n  nJ 

Integrate  the  new  integral  by  parts. 

Let  u  =  ea*       and       dv  =  cos  nx  dx ; 

then  du  =  aeaxdx     and    v  — sm  nx  • 

n 

Hence,  by  (A), 

/»  /;<W?  cjin  'M^T          f7     /* 

(3)  /  eaz  cos  rax  da;  =  - —  -  -  {  eax  sin  nx  dx. 
J                                 n  nJ 

Substituting  in  (2),  we  obtain 

/pax  f                                                 \         ftZ     f\ 
eax  sin  nx  dx  =  — - 1  a  sin  nx  —  n  cos  nx) I  eax  sin  nx  dx. 
n2\                             /     n2  J 

The  two  integrals  in  (4)  are  the  same.   Transposing  the  one  in  the  right-hand 
member  and  solving,  the  result  is  as  above. 

Among  the  most  important  applications  of  the  method  of  inte- 
gration by  parts  is  the  integration  of 

(a)  differentiate  involving  products, 

(b)  differentials  involving  logarithms, 

(c)  differentials  involving  inverse  circular  functions. 

PROBLEMS 
Work  out  the  following  integrals. 

1.  I  x  sin  x  dx  =  sin  x  —  x  cos  x  +  C. 


.    r  ,        cos  nx  .  x  sin  nx  .   „ 

4.  I  x  cos  nx  ax  =  -  ;  --  ---  h  C. 
J  n2  n 

5.  I  u  sec2  u  du  =  u  tan  %  +  In  cos  w  +  C. 

6.  10  sin2  3  v  dv  =  %  v2  —  TV  v  sin  6  v  —  -fe  cos  6  v  +  C. 

•          j        2  cos  ny  ,  2  y  sin  ny      y2  cos  ny 
—  -  - 


8.     m*  dz  =  a? 


+  C. 


'•/' 

9.  fxn  In  x  dx  =  X"  I  (in  x r-r)  +  C. 

J  TO  + 1  \          TO  +  ly 

10.  fare  sin  x  dx  =  x  arc  sin  x  +  Vl  —  x2  +  C. 
ll.Ja.TC  tan  a;  da?  =  x  arc  tan  a;  —  i  In  (1  -j-  a;2)  +  C. 

12.  J  arc  cot  y  dy  =  y  arc  cot  #  +  J  In  (1  4-  y2)  4-  C. 

13.  fare  cos  2  re  dx  =  x  arc  cos  2  a?  —  J  Vl  —  4  z2  +  C. 

14.  Tare  sec  y  dy  =  y  arc  sec  y  —  In  (T/  +  V?/2  —  l)  +  C. 

15.  fare  esc  |  dZ  =  <  arc  esc  |  +  2  In  (t  +  V*2  -  4)  +  C. 

//V»2     J_     ~\  Or* 

o;  arc  tan  x  dx  =  — — -  arc  tan  X  —  -  +  C. 

17.  fare  tan  Vx  da;  =  (z  +  1)  arc  tan  Vz  -  Vz  +  C. 

d 

19.  Je9  cos  6  d8  -  Q-  (sin  6  +  cos  9)  +  C. 


21 


//v-3 
x2  arc  sin  x  dx  =  jr  arc  sin  x  -i 


22./ 
23. 


+ 


Va;+l 
xex  dx  e 


=  2 


[In  (x  +  1)  -  2]  +  C. 


C. 


(1  +  x)2      l  +  x 

o/f    r  --           4  jt      e~*(-7r  sin  ?r^  —  cos  TrQ   ,  ,., 
24.  I  e   '  cos  irt  dt  — * 5-— ^ +  C. 

J  7T2+  1 


25.  fx  sec2  £  die.  36.  fare  tan  Vxdx. 
J             2  .7  3.2 

26.  J a;  cos2  2  x  die.  37./X3  arc  tan  x  dx. 

27.  fx2  cos  x  dx.  38.yV  +  2  x)2  dx. 

28.  fare  sin  wx  dx.  39. J  (2*  +  x2)2  dx. 

29.  fare  ctn  |  dx.  40.  jV 9  cos  |  d0. 

30. /arc  cos  -  dx.  4L  Jes  sin  TT£  d*. 

31.  fare  sec  -  dy.  42.  Je3*  cos  |  dx. 

32.  J  arc  esc  n<  di.  43.  Ce~*  cos2t  dt. 

33.  Jarc  sin  ^J|  dx.  44  Jel  cog  ^  ^ 

34.  J  x3  arc  sin  x  dx.  45.  Ce~  *  sin  ^  <K. 

/'•x  arc  sin  x  dx  /• 

85v    VF^2 —  46< J csc3  0  d^- 

137.  Comments.  Integration  is,  on  the  whole,  a  more  difficult  op- 
eration than  differentiation.  In  fact,  so  simple  an  integral  (in 
appearance)  as  ^ 

I  Vai  sin  x  dx 

cannot  be  worked  out ;  that  is,  there  is  no  elementary  function  whose 
derivative  is'VaJsina;.  To  assist  in  the  technique  of  integration, 
elaborate  tables  of  integrals  have  been  prepared.  A  short  table  is 
given  in  Chapter  XXVII  in  this  book.  The  use  of  this  table  is  ex- 
plained below  in  Art.  176.  At  this  point  let  it  suffice  to  remark  that 
the  methods  thus  far  presented  are  adequate  for  many  problems. 
Other  methods  will  be  developed  in  later  chapters. 


..  .  -' 

J  Vl  -  X2 


10- f— 

J  X2  — 


6  a; +  10 
ll.f(e2x  +  2  e~xY  dx. 

12.f(e2x  -  2  x)2  dx. 

/cltXs 
x  _  .    _x' 

14.  J  sin2  ax  cos  ax  dx. 

15.  J  sin2  ax  cos2  ax  dx. 
16. fin  (1  -  Va;)dz. 

;2tan2  0-ctn0)2d0. 
4  x  dx 


19.  f 
•^ 


go. 


, 
Va;2  +  1 


Va;2  -  1 


23.  f    *s<*g     . 
J  Vl  -  4  a;4 

24.  JV{  cos  3  t  dt. 

25.  Jsin5  1  dd. 

26.  fsin4  |  d0. 
J          5 

27  r(*  -  csg2  2  o< 

'J     i2  +  ctn2« 


34.  J(l  +  tan  x)3  dx. 


35 


r    sm  0  dl 
'J  (1  —  cos 

36./-(1  +  sin! 


cos 


38.  J  sin  2  0  cos  3 

39.  /  sin  4>  sin  4  (j>  d<j>, 

40.  J  cos  a  cos  2  a  da 


CHAPTER  XIII 


CONSTANT  OF  INTEGRATION 

138.  Determination  of  the  constant  of  integration  by  means  of  initial 
conditions.  As  was  pointed  out  on  page  190,  the  constant  of  integration 
may  be  found  in  any  given  case  when  we  know  the  value  of  the 
integral  for  some  value  of  the  variable.    In  fact,  it  is  necessary,  in 
order  to  be  able  to  determine  the  constant  of  integration,  to  have 
some  data  given  in  addition  to  the  differential  expression  to  be 
integrated.  Let  us  illustrate  this  by  means  of  an  example. 

ILLUSTRATIVE  EXAMPLE.  Find  a  function  whose  first  derivative  is  3  x2  ~  2  x  +  5, 
and  which  shall  have  the  value  12  when  x  =  1. 

Solution.  (3  x2  —  2  x  +  5)  dx  is  the  differential  expression  to  be  integrated. 

Thus  J(3  x2  -  2  x  +  5)dx  =  x3  -  x2  +  5  x  +  C, 

where  C  is  the  constant  of  integration.   From  the  conditions  of  our  problem  this 
result  must  equal  12  when  x  =  1 ;  that  is, 

12  =  1  -  1  +  5  +  C,     or    C  =  7. 
Hence  x3  —  x2  +  5  x  +  7  is  the  required  function. 

139.  Geometrical  signification  of  the  constant  of  integration.  We 
shall  illustrate  this  by  means  of  examples. 

ILLUSTRATIVE  EXAMPLE  1.  Determine  the  equation 
of  the  curve  at  every  point  of  which  the  tangent  line  has 
the  slope  2  x. 

Solution.  Since  the  slope  of  the  tangent  to  a  curve  at 

any  point  is  -^-,  we  have,  by  hypothesis, 
ax 


Integrating, 

(1) 


dy  =  2  x  dx. 
y  =  2  Cx  dx,  or 


where  C  is  the  constant  of  integration.  Now  if  we  give  to 
C  a  series  of  values,  say  6,  0,  -  3,  (1)  yields  the  equations 

y  =  x2  +  6,    y  =  x2,    y  =  x2-3, 
whose  loci  are  parabolas  with  axes  coinciding  with  the  t/-axis  and  having  6,  0,  —  3 


respectively  as  intercepts  on  the  #- 


, 
-- 


All  the  parabolas  (1)  have  the  same  value  of  -f-  ;  that  is,  they  have  the  same 

C12G 

direction  (or  slope)  for  the  same  value  of  x.  It  will  also  be  noticed  that  the  difference 


ii  in  tiie  auuve  eAampie  we  impuse  me  ciuuitiuiitti  cuiiuii/iuu  UII<*L  i/ue  cui  ve  siia.ii 
pass  through  the  point  (1,  4),  then  the  coordinates  of  this  point  must  satisfy  (1), 
giving  4  =  1  +  C,  or  C  =  3. 

Hence  the  particular  curve  required  is  the  parabola  y  =  x2  +  3. 

ILLUSTRATIVE  EXAMPLE  2.   Determine  the  equation  of  a  curve  such  that  the 
slope  of  the  tangent  line  to  the  curve  at  any  point  is  the 
ratio  of  the  abscissa  to  the  ordinate  with  sign  changed. 
Solution.  The  condition  of  the  problem  is  expressed 
by  the  equation  &y  _      x 

dx~      y' 
or,  separating  the  variables, 

y  dy  —  —  x  dx. 

Integrating,  ^-  =  —  ^-  +  C, 

£*  u 

or  x2  +  y2  =  2  C. 

This,  we  see,  represents  a  family  of  concentric  circles  with  their  centers  at  the  or  igi  n . 
If,  in  addition,  we  impose  the  condition  that  the  curve  must  pass  through  the 
point  (3,  4),  then  9  +  16  =  2C. 

Hence  the  particular  curve  required  is  the  circle  x2  +  y-  =  25. 


PROBLEMS 

The  following  expressions  have  been  obtained  by  differentiating  certain 
functions.  Find  the  function  in  each  case  for  the  given  values  of  the  vari- 
able and  the  function. 


Derivative  of 
function 

Value  of 
variable 

Corresponding 
value  of  function 

Answer 

1.3-3 

2 

9 

\tf- 

3  a;  +  13. 

2.  3  +  x  -  5  z2 

6 

-20 

304  + 

O  3?    r"  "2"  30     ~~~  "3"  » 

3.  y3  —  b2y 

2 

0 

i#4- 

J  &  V  +  2  &2  - 

4.  sin  6  +  cos  Q 

ITT 
1 

2 
0 

sin  6  - 
ln(2t 

-  cos  0  +  1. 

-*2). 

5'  t      2-t 

6.  sec   0  +  tan  (j) 

0 

5 

tan  <£> 

+  In  sec  0  +  5. 

i 

a 

7T 

-arc  t 
a 

.._  3    .      7T 

2  _L      2 

2a 

.an  —  H  -  —  • 
a     4  a 

8.  6x3  +  ax  +  4 

& 

10 

9>  Vi  +  — 

4 

0 

10.  ctn  6  -  esc2  0 

11.  3  tezt* 


Find  the  equation  of  the  family  of  curves  such  that  the  slope  of  the 
tangent  at  any  point  is  as  follows. 

12.  m.  Ans.   Straight  lines,  y  =  mx  +  C. 

13.  x.  Parabolas,  y  •=  %  x2  +  C. 

14.  -  •  Parabolas,  \  y2  =  x  +  C. 

x2 

15.  —  •  Semicubical  parabolas,  f  y2  =  J  x3  +  C, 

16.  -^«  Semicubical  parabolas,  ^  y3  =  \  x2  +  C, 
y 

17.  3  x2.  Cubical  parabolas,  y  =  x3  +  C. 

18.  -5  •  Cubical  parabolas,  ^  y3  =  x  -t-  C. 

sv* 

19.  -  •  Equilateral  hyperbolas,  y2  —  x2  =  C. 
y 

20.  —  -•  Equilateral  hyperbolas,  xy  =  C. 

x 

ft2r 

21.  ^-  Hyperbolas,  b2x2  -  a2y2  =  C. 
a*y 

Mr 

22.  -  -V-  Ellipses,  b2x2  +  a2y2  =  C. 


> 
l- 


Circles,  x2  +  y2  +  2  x  -  2  y  =  C. 


In  each  of  the  following  examples  find  the  equation  of  the  curve  whost- 
slope  at  any  point  is  the  given  function  of  the  coordinates  and  which 
passes  through  the  assigned  particular  point. 

24.  x  ;  (1,  1).  Ans.   2y  =  x2  +  l. 

25.  4y;  (1,  1).  In  y  =  4  x  -  4. 

26.  2  xy  ',  (3,  1).  In  y  =  x2  -  9. 

_£! 

27.  -xy;  (0,2).  y  =  2  e    2  . 

28-  1±1  .  (0>  1}.  (y  +  1)2  =  (x  +  1)2  +  3> 

29.  —  -7;   (0,  0).  x2  +  y2  -  2  hx  -  2  ky  =  0. 

y  —  & 


30.^;  (1,  1). 

30 

31.  2/Vz;  (4,  1). 

32-  T-^IK  :   (2'  1)  4  a;2  -  7/2  =  15. 


33.       ;   (1,4). 


34.  xVy;  (1,9).  <,R   ,  ,SJIL£.  (2,6). 


36. 


4  ' 


41.  Given  cfa/  =  (2  a;  +  l)dx,  ij  =  7  when  jc  =  1.    Find  the  value  of  y 
when  x  =  3.  Aws.  17. 


42.  Given  dA  =  V2  pz  da;,  A  =  2L  when  x  =  ^  •   Find  the  value  of  A 
when  a;  =  2  -p.  Ans.   f  p2. 

43.  Given  dy  =  ccVlOO  —  x2  dx,  y  —  0  when  a;  =  0.    Find  the  value  of 
y  when  x  =  8.  Aws.   ^^f4. 

44.  Given  dp  =  cos  2  6  dd,  p  =  6  when  0  =  £  TT.    Find  the  value  of  p 
when  6  =  f  x. 


45.  Given  ds  =  <V4  £  +  1  dt,  s  =  0  when  f  =  0.    Find  the  value  of  s 
when  t  =  2, 

46.  At  every  point  of  a  certain  curve  y"  =  x.  Find  the  equation  of  the 
curve  if  it  passes  through  the  point  (3,  0)  and  has  the  slope  §  at  that  point. 

Ans.   Qy  =  x3  —  6x  —  9. 

47.  At  every  point  of  a  certain  curve  y"  =  —  •   Find  the  equation  of 

the  curve  if  it  passes  through  the  point  (1,  0)  and  is  tangent  to  the  line 
6  x  +  y  =  6  at  that  point.  Ans.   xy  +  6  x  =  6. 

3 

48.  Find  the  equation  of  the  curve  at  every  point  of  which  y"  =    / 

v  x  ~r  o 

and  which  passes  through  the  point  (1,  1)  with  an  inclination  of  45°. 

49.  Find  the  equation  of  the  curve  at  every  point  of  which  y"  =  -  and 
which  passes  through  the  point  (1,  0)  with  an  inclination  of  135°.     x 

50.  Find  the  equation  of  the  curve  whose  subnormal  is  constant  and 
equal  to  2  a.  Ans.   y2  =  4  ax  +  C,  a  parabola. 

HINT.  From  (4),  Art.  43,  subnormal  =  y-^-~ 

dx 

51.  Find  the  curve  whose  subtangent  is  constant  and  equal  to  a 
(see  (3),  Art.  43).  Ans.   a\ny  =  x+C. 

52.  Find  the  curve  whose  subnormal  equals  the  abscissa  of  the  point 

of  rnntar't-  Ans.    1J2  —  rK2  =  2  Cl.  an  enm'lfltpral  Vivnprhnla 


HINT.  From  Art.  43,  length  of  normal  =  y^Jl  +  (*j£l  >  or 


54.  Determine  the  curves  in  which  the  length  of  the  subnormal  is 
proportional  to  the  square  of  the  ordinate.  Ans.  y  =  Cekx. 

55.  Find  the  equation  of  the  curve  in  which  the  angle  between  the 
radius  vector  and  the  tangent  is  one  half  the  vectorial  angle. 

Ans,   p  =  c(l  —  cos  6). 

56.  Find  the  curves  in  which  the  angle  between  the  radius  vector  and 
the  tangent  at  any  point  is  n  times  the  vectorial  angle.    Ans.  pn  =  c  sin  nd. 

140.  Physical  signification  of  the  constant  of  integration.  The  fol- 
lowing examples  will  illustrate  what  is  meant. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  laws  governing  the  motion  of  a  point 
which  moves  in  a  straight  line  with  constant  acceleration. 

Solution.  Since  the  acceleration  |  =  -571  from  (A),  Art.  59    is  constant,  say  /, 
i  \      dt  I 

we  have  u 

dv  _  , 
dt~L 

or  dv=fdt.   Integrating, 

(1)  v-ft  +  C. 

To  determine  C,  suppose  that  the  initial  velocity  is  v0;  that  is,  let  v  =  v0  when 
«=*0. 

These  values  substituted  in  (1)  give 

»„  =  0  +  C,    or    C  =  v0. 
Hence  (1)  becomes 

(2)  v=ft  +  vQ. 

Since  v  =      ((C),  Art.  51),  we  get  from  (2) 


or  ds=ftdt  +  vodt.  Integrating, 

(3)  s  =  %ft2  +  v0t  +  C. 

To  determine  C,  suppose  that  the  initial  distance  is  s0  ;  that  is,  let  s  =SQ  when  t  =  0. 
These  values  substituted  in  (3)  give 

s0  =  0  +  0  +  C,     or    C  =  s0. 
Hence  (3)  becomes 

(4)  s  =  % 


By  substituting  the  values  f~g,vo  =  Q,  sQ  =  0,  s  =  h,  in  (2)  and  (4),  we  get  the 
laws  of  motion  of  a  body  falling  from  rest  in  a  vacuum,  namely, 

c  1)  =  gt,     and     h  —  \  gt2. 

Eliminating  t  between  these  equations  gives  v  =  V2  gh. 

ILLUSTRATIVE  EXAMPLE  2.  Discuss  the  motion  of  a  projectile  having  an  initial 
velocity  Vo  inclined  at  an  angle  a  with  the  horizontal, 
the  resistance  of  the  air  being  neglected. 

Solution.  Assume  the  .XOY-plane  as  the  plane 
of  motion,  OX  as  horizontal,  and  OY  as  vertical,  and 
let  the  projectile  be  thrown  from  the  origin. 

Suppose  the  projectile  to  be  acted  upon  by 
gravity  alone.    Then  the  acceleration  in  the  hori- 
zontal direction  will  be  zero  and  in  the  vertical  direction  —  g.   Hence,  from  (F), 
Art.  84,  d  d 

^  =  0,    and    ^  =  -g. 
at  at 

Integrating,  vx  =  C\     and    vv  =  —  gt  +  Cz. 

But  VQ  cos  a  —  initial  velocity  in  the  horizontal  direction, 

and  Vo  sin  a  =  initial  velocity  in  the  vertical  direction. 

Hence  Ci  ==  VQ  cos  a.    and    Cz  =  VQ  sin  a,  giving 

(5)  Vx  =  Vo  cos  a    and    vy  =  —  gt  +  v0  sin  a. 

But  from  (C)  and  (D),  Art.  83,  vx  =  ^  and  ^  =  ~;  therefore  (5)  gives 

Q,t  U>t 

dx  T     dij  ,  , 

-TT  =  %  cos  a    and    -77  =  —  gt  +  vo  sin  a, 

at  at 

or  dx  =  VQ  cos  a  dt    and    dy  =  —  gtdt  +  VQ  sin  a  dt. 

Integrating,  we  get 

(6)  x  =  v0  cos  a  - 1  +  Cz    and    y  =  —  •§  gl2  +  v0  sin  a  •  t  +  C*. 

To  determine  Cz  and  C4  we  observe  that  when  t  =  0,  x  =  0  and  y  =  0. 
Substituting  these  values  in  (6)  gives 

C3  =  0    and    C4  =  0. 
Hence 

(7)  x  =  VQ  cos  a  •  t,  and 

(8)  y=  —  \  gt2  +  vo  sin  a  •  t. 
Eliminating  t  between  (7)  and  (8),  we  obtain 


(9)  y  —  x  tan  a 


gx2 


2  VQ2  COS2CK 

which  is  the  equation  of  the  trajectory  and  shows  that  the  projectile  will  move  in  a 
parabola. 

PROBLEMS 

In  the  following  problems  the  relation  between  v  and  t  is  given.   Find 
the  relation  between  s  and  £  if  s  =  2  when  t  =  1. 

l.v  =  a  +  U.      Ans.   s  =  a(t  -  1)  +  i  b(t2  -  1)  +  2. 


In  the  following  problems  the  expression  for  the  acceleration  is  given. 
Find  the  relation  between  v  and  tit  v  =  2  when  t  =  3. 

4.  4-£2.     Ans.   t>  =  4  «  -  £*8-l.  5.  Vi  +  3.  6  ^  -  «. 

r 

In  the  following  problems  the  expression  for  the  acceleration  is  given. 
Find  the  relation  between  s  and  tit  s  =  0,  v  =  20  when  £  =  0. 

7.  -  32.     Ans.   s  =  20  $  -  16  t2.  8.  4  -  $.  9.  -  16  cos  2  <. 

10.  With  what  velocity  will  a  stone  strike  the  ground  if  dropped  from 
the  top  of  a  building  120  ft.  high?  (g  =  32.)       Ans.   87.64  ft.  per  second. 

11.  With  what  velocity  will  the  stone  of  Problem  10  strike  the  ground 
if  thrown  downward  with  a  speed  of  20  ft.  per  second?  if  thrown  upward 
with  a  speed  of  20  ft.  per  second?  Ans.   89.89  ft.  per  second. 

12.  A  stone  dropped  from  a  balloon  which  was  rising  at  the  rate  of 
15  ft.  per  second  reached  the  ground  in  8  sec.   How  high  was  the  balloon 
when  the  stone  was  dropped?  Ans.   904  ft. 

13.  In  Problem  12,  if  the  balloon  had  been  falling  at  the  rate  of  15  ft. 
per  second,  how  long  would  the  stone  have  taken  to  reach  the  ground  ? 

Ans.   7jQ  sec. 

14.  A  train  leaving  a  railroad  station  has  an  acceleration  of  0.5  +  0.02  2ft. 
per  second  per  second.   Find  how  far  it  will  move  in  20  sec.  Ans.  126.7  ft. 

15.  A  particle  sliding  on  a  certain  inclined  plane  is  subject  to  an  ac- 
celeration downward  of  4  ft.  per  second  per  second.    If  it  is  started  up- 
ward from  the  bottom  of  the  plane  with  a  velocity  of  6  ft.  per  second, 
find  the  distance  moved  after  t  sec.    How  far  will  it  go  before  sliding 
backward?  Ans.   4.5ft. 

16.  If  the  inclined  plane  in  Problem  15  is  20  ft.  long,  find  the  necessary 
initial  speed  in  order  that  the  particle  may  just  reach  the  top  of  the  plane. 

Ans.  4  VlO  ft.  per  second. 

17.  A  ball  thrown  upward  from  the  ground  reaches  a  height  of  80  ft. 
in  1  sec.   Find  how  high  the  ball  will  go. 

18.  A  projectile  with  an  initial  velocity  of  160  ft.  per  second  is  fired  at 
a  vertical  wall  480  ft.  from  the  point  of  projection. 

(a)  If  a  =  45°,  find  the  height  of  the  point  struck  on  the  wall. 

Ans.   192ft. 

(b)  Find  a.  so  that  the  projectile  will  strike  the  base  of  the  wall. 

Ans.   18°  or  72°. 

(c)  Find  a  so  that  the  projectile  will  strike  80  ft.  above  the  base. 

Ans.   29°  or  70°. 

(d)  Find  a  for  the  maximum  height  on  the  wall  and  this  height. 

Ans.   59°;  256  ft. 


19.  If  the  acceleration  of  a  particle  moving  with  a  variable  velocity  v 
is  —  kv2,  where  ft  is  a  constant,  and  if  v0  is  the  velocity  when  t  =  0,  show 

that  -  =  —  +  kt. 

V        Vo 

20.  The  resistance  of  the  air  to  an  automobile,  within  certain  limits 
of  speed,  is  proportional  to  the  speed.    Hence  if  F  is  the  net  force  gen- 
erated by  the  motor,  we  have  M  —  =  F  —  kv.    Express  the  velocity  in 

at 

terms  of  t,  knowing  that  v  =  0  when  t  =  0.  Ans.   v  —  —(1~e   M}. 

ADDITIONAL  PROBLEMS 

1.  The  temperature  of  a  liquid  in  a  room  of  temperature  20°  is  ob- 
served to  be  70°,  and  after  5  min.  to  be  60°.   Assuming  the  rate  of  cool- 
ing to  be  proportional  to  the  difference  of  the  temperatures  of  the  liquid 
and  the  room,  find  the  temperature  of  the  liquid  30  min.  after  the  first 
observation.  Ans.   33.1°. 

2.  Find  the  equation  of  the  curve  whose  polar  subtangent  is  n  times 
the  length  of  the  corresponding  radius  vector  and  which  passes  through 

the  point  (a,  0).  1 

Ans.   p  =  aen 

3.  Find  the  equation  of  the  curve  whose  polar  subnormal  is  n  times 
the  length  of  the  corresponding  radius  vector,  and  which  passes  through 
the  point  (a,  0).  Ans.   p  =  aen9. 

4.  A  particle  moves  in  the  xy-plsme  so  that  the  components  of  velocity 
parallel  to  the  cc-axis  and  the  y-axis  are  ky  and  kx,  respectively.  Prove  that 
the  path  is  an  equilateral  hyperbola. 

5.  A  particle  projected  from  the  top  of  a  tower  at  an  angle  of  45°  above 
the  horizontal  plane  strikes  the  ground  in  5  sec.  at  a  horizontal  distance 
from  the  foot  of  the  tower  equal  to  its  height.    Find  the  height  of  the 
tower  (g  =  32).  Ans.   200ft. 

6.  A  particle  starts  from  the  origin  of  coordinates  and  in  t  sec.  its 
^-component  of  velocity  is  t2  —  4  and  its  ^/-component  is  4  t. 

(a)  Find  the  position  of  the  particle  after  t  sec. 

Ans.   x  =  %  t3  —  4  t,  y  =  2  t2. 

(b)  Find  the  distance  traversed  along  the  path.      Ans.   s  =  -J  t3  +  4  t. 

(c)  Find  the  equation  of  the  path.      Ans.   72  x2  =  y3  -  48  y2  +  576  y. 

7.  Find  an  equation  of  a  curve  for  which  the  length  of  the  tangent 
(Art.  43)  is  constant  (=  c). 

SUGGESTION.  Choose  the  minus  sign  in  Problem  2  (a),  p.  85,  and  assume  y  =  c 

when  x  =  0.  /  /— -\  

Ans.   x  =  c  In  ( c  +  Vc  ~  y*\  -  Vc2  -  y2. 


y 

8.  Find  the  equation  of  the  curve  for  which  (Art.  96)  a2  ds  =  p3  d9, 
and  which  passes  through  the  point  fa,  0).  Ans.    o2  =  a2  sec  2  d. 


CHAPTER  XIV 
THE  DEFINITE  INTEGRAL 

141.  Differential  of  the  area  under  a  curve.    Consider  the  con- 
tinuous function  <p(x},  and  let 


be  the  equation  of  the  curve  AB.  Let  CD  be  a  fixed  and  MP  a 
variable  ordinate,  and  let  u  be  the  measure  of  the  area  CMPD. 
When  x  takes  on  a  small  increment  Ax,  u  takes  on  an  increment 
Au  (=  area  MNQP).  Completing  the  rectangles  MNRP  and  MNQS, 
we  see  that 

Area  MNRP  <  areaMNQP  <  area  MNQS, 
or         MP  •  Ax  <  Au  <  NQ  •  Ax ; 
and,  dividing  by  Ax, 


:  ^  <  w«.* 

Now  let  Ax  approach  zero  as  a  limit ;  then  since  MP  remains  fixed 
and  NQ  approaches  MP  as  a  limit  (since  y  is  a  continuous  function 
of  a;),  we  get  , 


dx 


or,  using  differentials, 


=  y  dx. 


Theorem.  The  differential  of  the  area  bounded  by  any  curve,  the 
x-axis,  a  fixed  ordinate,  and  a  variable  ordinate  is  equal  to  the  product  of 
the  variable  ordinate  and  the  differential  of  the  corresponding  abscissa. 

142.  The  definite  integral.  It  follows  from  the  theorem  in  the  last 
article  that  if  the  curve  AB  is  the  locus  of 


then  du  =  y  dx,  or 

(1)  du  =  4>(x)dx, 

*  In  this  figure  MP  is  less  than  NQ;  'if  MP  happens  to  be  greater  than  NQ,  simply 
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INTEGRAL  CALCULUS 


where  du  is  the  differential  of  the  area  between  the  curve,  the  cc-axiy, 
and  two  ordinates.   Integrating,  we  get 

d>(x}dx. 

Denote  I  $(x}dx  by /(a;)  +  C. 

(2)  .-.  u=f(x)  +  C. 

We  determine  C  by  observing  that  u  =  0 
when  x  =  a.  Substituting  these  values  in  (2),  we  get 

0=/(a)  +  C, 
and  hence  C  =  —  f(a). 

Then  (2)  becomes 

The  required  area  CEFD  is  the  value  of  u  in  (3)  when  x  =  6, 
Hence  we  have 

(A)  Area  CEFD  =  /(b)  -  /(a). 

Theorem.  The  difference  of  the  values  of  I  ydx  for  x  =  a  and  x=-l 

gives  the  area  bounded  by  the  curve  whose  ordinate  is  y,  the  x-axis,  and 
the  ordinates  corresponding  to  x  =  a  and  x—b. 

This  difference  is  represented  by  the  symbol* 


b 

ydx 


or     I    4>(x)dx, 


and  is  read  "the  integral  from  a  to  &  of  ydx"  The  operation  is 
called  integration  between  limits,  a  being  the  lower  and  6  the  upper 
limit.f 

Since  (4)  always  has  a  definite  value,  it  is  called  a  definite  integral 
For,  if 


then 


or 


c  =  /(a?) 


C]  -  [/(a) 
C<Kx)dx  =/(&)-  /(a), 

t/O 


vi       i      y  t« 
*Ja 

as  the  numerical  measure  of  the  area  bounded  by  the  curve  y  =  0(rc),* 
the  x-axis,  and  the  ordinates  of  the  curve  at  x  =  a  and  x  =  b.  This 
definition  presupposes  that  these  lines  bound  an  area;  that  is,  the  curve 
does  not  rise  or  fall  to  infinity  and  does  not  cross  the  x-axis,  and  both 
a  and  b  are  finite. 

143.  Calculation  of  a  definite  integral.  The  process  may  be  sum- 
marized as  follows  : 

FIRST  STEP.   Integrate  the  given  differential  expression. 

SECOND  STEP.  Substitute  in  this  indefinite  integral  first  the  upper 
limit  and  then  the  lower  limit  for  the  variable,  and  subtract  the  last 
result  from  the  first. 

It  is  not  necessary  to  bring  in  the  constant  of  integration,  since 
it  always  disappears  in  subtracting. 

/•4 

ILLUSTRATIVE  EXAMPLE  1.  Find  I    x2  dx. 

J\ 

Solution.  dz  =  =-~  =  21.   Ans. 


pir 

ILLUSTRATIVE  EXAMPLE  2.  Find  /    sin  x  dx. 

•Jo 

Solution,    f^sin  x  dx  -  F—  cos  x^=  F-  (-  1)J  -  [-  l]  =  2.   Ans. 


Ca     dx  TT 

ILLUSTRATIVE  EXAMPLE  3.  Prove  I    ~- 

JQ  a 


+  x2     4  a 

1  -TT 

-  -  =  -p- 

4  a 


Xa      J-y.  ri  r~la       1  1 

,       „  =  \~  arc  tan  *     =  -  arc  tan  1  -  -  arc  tan  0  = 
a2  +  x2     [_a  ajo      a  a 

f>0  Ay.  1 

ILLUSTRATIVE  EXAMPLE  4.  Prove  |     -—„  —  -  =  -  -r  In  5  =  -  0.134. 

j_  1  4  x*  —  y        1^ 

Solution.    Comparing  with  (19)  or  (19  a),  v  =  2  x,  a  =  3,  do  =  2  dx. 
To  decide  between  the  use  of  (19)  or  (19  a),  consider  the  limits.  The  values  of 
x  increase  from  —  1  to  0. 

Then  v  (=  2  x)  increases  from  —  2  to  0. 

Hence  v2  =  4.   But  a2  =  9.   Therefore  v2  <  a2,  and  (19  a)  must  be  used.   Thus 

dx       _        1    ,    3  +  2  afQ          „ 


Evaluating  in  (1)  gives  the  answer.   The  result  is  negative  because  the  curve  and 
the  bounding  ordinates  lie  below  the  x-axis. 

*  0(x)  is  continuous  and  single-valued  throughout  the  interval  [a,  6]. 


integrating  by  the  substitution  of  a  new  variable  it  is  sometimes 
rather  troublesome  to  translate  the  result  back  into  the  original 
variable.  When  integrating  between  limits,  however,  we  may  avoid 
the  process  of  restoring  the  original  variable  by  changing  the  limits 
to  correspond  with  the  new  variable.  This  process  will  now  be 
illustrated  by  an  example. 

r16  a£  dx 
Vo    1+xi 
Solution.   Assume  x  =  z4. 
Then  dx  =  4  z3  dz,  x2  =  z2,  x*  =  z.  Also,  to  change  the  limits  we  observe  that  when 

x  =  0,      z  =  0, 
and  when  x  =  16,    2  =  2. 


ILLUSTRATIVE  EXAMPLE.  Calculate 


.   r"  a*da  _rgg.4s»dg_  ,  f2/,,     ,  ...     1     U 

••Jo  1+ai~Jo  i+«»  "U  I    1+i+«ar 

/*2  /"2  /^2      /7~  fd.  »3  "12 

=  4  f     z2dz-4f     dz  +  4/     -^-  =  Pf-  -4z  +4arctanz 
Jo  ^o  Jo    1  +  22     L  3  Jo 


.   Ans. 

The  relation  between  the  old  and  the  new  variable  should  be  such  that  to  each 
value  of  one  within  the  limits  of  integration  there  is  always  one,  and  only  one,  finite 
value  of  the  other.  When  one  is  given  as  a  many-valued  function  of  the  other,  care 
must  be  taken  to  choose  the  right  values. 

PROBLEMS 

1.  Prove  that  fbf(x)dx  =  -  (af(x)dx. 

*J a  **  b 

Work  out  the  following  integrals. 

2.  f\a2x  -  x*)dx  -  ?•  9.  f*2l^  =  5.6094. 
JQ                                4  -A)  x  -f-  1 

10.  T1^  =  0.3167. 
Jo  e3x 


1  + 


11.  I   cos  0d^=  1. 


,        a  12.  /    V2  +  2  cos  6  dB  -  4. 

OX  •__  O  in  ^0 


13.  f2sin3  a;  cos3  a;  dx  —  TV 
-70 


THE  DEFINITE  INTEGRAL 
Find  the  value  of  each  of  the  following  definite  integrals. 

15.  /       ,    -      .  2Q.flxe-*>dx. 

Jo 

7T 

21.  (2cos26d6. 
Jo 

17.  /          y»"J  22.  f^sin2  |  cos  |  dd. 

Jo  Z         Z 
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23 


r 

.  J_ 


J  x2  dx 
13  +  2' 


V23-1 


a;2  +  l 


145.  Calculation  of  areas.  On  page  238  it  was  shown  that  the  area 
between  a  curve,  the  z-axis,  and  the  ordinates 
x  =  a  and  x  =  b  is  given  by  the  formula 


(B) 


Area 


Cb 
=  I    y  dx, 

Ja 


where  the  value  of  y  in  terms  of  x  is  substituted 
from  the  equation  of  the  given  curve. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  area  bounded  by 
the  parabola  y  =  x2,  the  x-axis,  an<|.  the  ordinates  x  =  2 
and  x  —  4. 

Solution.  Substituting  in  the  formula, 

Area  ABDC  =  TV  dx  =  \^f 
Jz  L  3  J2 

=  4£-f  =  -5/ =  18f.   Ans. 


A     B      X 


ILLUSTRATIVE  EXAMPLE  2.   Find  the  area  bounded  by  the  circle  x2  +  y2  =  25, 
the  x-axis,  and  the  ordinates  x  =  —  3,  a;  =  4. 


Solution.   Solving,  y  =  V 25  —  x2.  Hence 
Area  =  C  4  V25  -  a;2  dx 

J-3 


by  (22) 


=  ["I  V25  -  x2  +  ^  arc  sin  f~f 
L^  ^  "J-  s 

=  6  +  -2;r  arc  sin  f  +  6  -  -2#  arc  sin  (-  f  )  =  31.6.  Ans. 


The  answer  should  be  compared  with  the  area  of  the  semicircle,  which  is 
4(25  T)  =  39.3. 


(1)  y  =  ax2  +  2  bx  -h  c. 

The  required  area  APP"B  (=  u)  is,  by  (B), 

/>& 

(2)  u  =  ]      (ax2  +  2  bx  +  c~)dx  =  §  ah3  +  2  eft. 

J-h 

By  (1),  if  x  =  -  h,  y    =  AP  =  ah2  -  2  6ft  +  c ; 

if  x  =  0,      ?/  =  OP'  =  c; 

if  x  =  h,      y"  =  BP"  =  ah2  +  2bh  +  c. 
Therefore     %h(y  +  4yr  +  y"}  =  f  ah*  +  2  c/i  =  u. 


y' 


0          B     X 
Q.E.D. 


146.  Area  when  the  equations  of  the  curve  are  given  in  parametric 
form.*  Let  the  equations  of  the  curve  be  given  in  the  parametric  form 


We  then  have  y  =  <p(t},  and  dx  =  f'(£)dt.  Hence 
(1)  Area  =  f  y  dx  =  f  '<j>(f)f'(f)dt, 

Ja  Jti 


where 


t  =  ti  when  x  —  a,    and    t  =  fe  when  x  =  b. 


ILLUSTRATIVE  EXAMPLE.    Find  the  are|  of  the  ellipse  whose  parametric 
equations  (Art.  81)  are 

x  =  a  cos  0,     y  =  b  sin  0. 

Solution.    Here     y  —  b  sin  0, 
and  dx  =  —  a  sin  0  <Z0. 

When  x  =  0,     0  =  -|-  TT  ; 

and  when  x  =  a,     0  =  0. 

Substituting  these  in  (1),  above,  -we  get 


Area 


=  I    y  dx  =  —  I      ab  sin2  0  d0  = 


•jrab 
Hence  the  entire  area  equals  nab.  Ans. 


PROBLEMS 

1.  Find  by  integration  the  area  of  the  triangle  bounded  by  the  line 
y  =  2x,  the  z-axis,  and  the  ordinate  x  =  4.   Verify  your  result  by  finding 
the  area  as  half  the  product  of  the  base  and  altitude. 

2.  Find  by  integration  the  area  of  the  trapezoid  bounded  by  the  line 
x  +  y  =  10,  the  #-axis,  and  the  ordinates  x  =  1  and  x  =  8.    Verify  your 
result  by  finding  the  area  as  half  the  product  of  the  sum  of  the  parallel 
sides  and  the  altitude. 

*  For  a  rigorous  proof  of  this  substitution  the  student  is  referred  to  more  advanced 
treatises  on  the  calculus. 


Find  the  area  bounded  by  the  given  curve,  the  z-axis,  and  the  given 
ordinates. 

3.  y  =  #3  ;  x  =  0,  x  =  4.  Ans.   64. 

4.  y  =  9  -  x2  ;  x  =  0,  x  =  3.  '18. 

5.  T/  =  z3  +  3  x2  +  2  x  ;  x  =  -  3,  x  =  3.  54. 

6.  y  =  x2  +  x  +  1  ;  x  =  2,  x  —  3.  9f  . 

7.  xy  =  k2;  x  =  a,  x  =  b.  k2  In 

8.  y  =  2x  +  ^;  x  =  l,  x  =  4.  15f. 

00 

9.y=     /1Q      ;  x  =  0,  x  =  5.  20. 

Vx  +  4 


10.  a?/  =  x  Va2  —  x2  ;  a;  =  0,  a;  =  a.  -5  a2. 

11.  ?/2  +  4  z  =  0  ;  x  =  -  1,  a;  =  0.  14.  #  =  4  &  -  z2  ;  x  =  1,  3  =  3. 

12.  7/2  =  4  a;  +  16  ;  x  =  -  2,  a;  =  0.  15.  j/2  =  9  -  x  ;  x  =  0,  x  =  8. 

13.  y  =  x2  +  4  x  ;  x  =  -  4,  x  =  -  2.  16.  2  #2  =  z3  ;  z  =  0,  x  =  2. 

Find  the  area  bounded  by  the  given  curve,  the  y-axis,  and  the  given  lines. 

17.  y2  ==  4  a?  ;  #  =  0,  #  =  4.  Ans.   5£. 

18.  ?/  =  4-x2;  y=0,  j/  =  3.  4§. 

19.  x  =  9  #  -  7/3  ;  ?/  =  0,  y  =  3.  21.  #3  =  a2x  •  y  =  0,y  =  a. 

20.  xy  =  8  ;  y  =  l,y  =  4.  22.  ai/2  =  a3  ;  #  =  0,  y  =  a. 

Sketch  each  of  the  following  curves  and  find  the  area  of  one  arch. 

23.  y  =•  2  cos  x.  Ans.   4. 

g 

24.  y  =  2  sin  f  TTO;.  -• 

25.  T/  =  cos  2  z.  1. 

26.  y  =  sin  ^  x.  4. 
_27.  Find  the_area  bounded  by  the  coordinate  axes  and  the  parabola 

Vx  +  Vtf  =  Va. 

28.  Prove  that  the  area  of  any  segment  of  a  parabola  cut  off  by  a  chord 
perpendicular  to  the  axis  of  the  parabola  is  two  thirds  of  the  circumscrib- 
ing rectangle. 

29.  P  and  Q  are  any  two  points  on  an  equilateral  hyperbola  xy  =  k. 
Show  that  the  area  bounded  by  the  arc  PQ,  the  ordinates  of  P  and  Q, 
and  the  a;-axis  is  equal  to  the  area  bounded  by  PQ,  the  abscissas  of  P 

and  Q,  and  the  y-axis. 

/  —        —  —  i 

30.  Find  the  area  bounded  by  the  catenary  y~%a\ea  +  e  a),  the 

x-axis,  and  the  lines  x  —  a  and  x  =  —  a.  ^ng      J&  _  1\ 


31.  Find  the  area  included  between  the  two  parabolas  y2  —  2  px  and 
xz  —  2  py.  Ans.  f  p2. 

32.  Find  the  area  included  between  the  two  parabolas  y2  =  ax  and 
x2  =  by.          -  Ans.   %  ab. 

33.  Find  the  area  inclosed  by  the  loop  of  the  curve  whose  equation  is 
4  7/2  =  £2(4  —  x).  Ans.   -T2/. 

34.  Find    the    area    bounded    by    the    curve    whose    equation    is 
y2  =  x2(x2  ~  1)  and  by  the  line  x  =  2.  Ans.   2  Vs. 

35.  Find  the  area  inclosed  by  the  loop  of  the  curve  whose  equation  is 
3/2  =  x2(9  -  x).  Ans.   &^. 

36.  Find  the  area  bounded  by  the  curve  whose  equation  is  y2  =  x3  —  x2 
and  by  the  line  x  =  2.  Ans.   ff . 

37.  Find  the  area  inclosed  by  the  loop  of  the  curve  whose  equation  is 
yz  =  x(x-2)2.  Ans.   ffVJL 

38.  Find  the  area  inclosed  by  the  loop  of  the  curve  whose  equation  is 
4?/2  =  a;4(4-z).  Ans.   ?£&. 

39.  Find  the  area  bounded  by  the  hyperbola  x2  —  y2  =  a2  and  the  line 
x  =  2  a.  Ans.   a2[2\/3  -  In  (2  +  V§)]. 

40.  Find  the  area  bounded  by  the  hyperbola  x2  —  4  y2  =  4  and  the 
line  x  =  6. 

41.  Find  the  area  bounded  by  one  arch  of  the  cycloid  x  =  a(6  —  sin  6), 
y  ~  a(l  —  cos  0),  and  the  x-axis.  Ans.   3  Tra2. 

42.  Find  the  area  of  the  cardioid 

x  =  a(2  cos  t  —  cos  2  I), 

y  =  a(2  sin  t  —  sin  2  t).  Ans.   6  Tra2. 

43.  The  locus  in  the  figure  is  called  the  "companion  to  the  cycloid." 
Its  equations  are 

x  =  ae, 

y  =  a(\.  —  cos  6}. 

Find  the  area  of  one  arch. 

Ans.   2  Tra2. 

44.  Find  the  area  of  the  hypocycloid 

x  —  a  cos3  0, 
y  =  a  sin3  6, 

3  TTtt2  * 

6  being  the  parameter.        Ans.  — r — '-  that  is,  three  eighths  of  the  area 

of  the  circumscribing  circle. 

147.  Geometrical  representation  of  an  integral.  In  the  preceding 
articles  the  definite  integral  appeared  as  an  area.  This  does  not 
necessarily  mean  that  everv  definite  integral  is  an  area,  for  the 


and  y  are  considered  as  simply  the  coordinates  of  a  point,  then  the 
integral  in  (5),  Art.  145,  is  indeed  an  area.  But  suppose  the  ordinate 
represents  the  speed  of  a  moving  point,  and  the  corresponding  ab- 
scissa the  time  at  which  the  point  has  that  speed ;  then  the  graph 
is  the  speed  curve  of  the  motion,  and  the  area  under  it  and  between 
any  two  ordinates  will  represent  the  distance  passed  through  in  the 
corresponding  interval  of  time.  That  is,  the  number  which  denotes 
the  area  equals  the  number  which  denotes  the  distance  (or  value  of 
the  integral).  Similarly,  a  definite  integral  standing  for  volume,  sur- 
face, mass,  force,  etc.  may  be  represented  geometrically  by  an  area. 

148.  Approximate  integration.  Trapezoidal  rule.  We  now  prove  two 
rules  for  evaluating 


(1) 


f(x)dx, 


approximately.  These  rules  are  useful  when  the  integration  in  (1)  is 
difficult,  or  impossible  in  terms  of  elementary  functions. 

The  exact  numerical  value  of  (1)  is  the  measure  of  the  area  bounded 
by  the  curve 

"Vi 

(f>\  „.  —  f(r\  x^ 

\6)          y  —  /w> 

the  x-axis,  and  the  ordinates 
x  =  a,  x  =  b.  This  area  may  be 
evaluated  approximately  by  add- 
ing together  trapezoids,  as  follows. 
Divide  the  segment  b  —  a  on 
OX  into  n  equal  parts,  each  of 
length  Ax.  Let  the  successive 
abscissas  of  the  points  of  division 
be  x0  (=  a),  xi,  x2,  •  •  •,  xn  (=  &).  At  these  points  erect  the  correspond- 
ing ordinates  of  the  curve  (2).  Let  these  be 


yo  =  f(xo),    2/i=, 

Join  the  extremities  of  consecutive  ordinates  by  straight  lines 
(chords)  forming  trapezoids.  Then,  the  area  of  a  trapezoid  being 
one  half  the  product  of  the  sum  of  the  parallel  sides  multiplied  by 
the  altitude,  we  get 

i(?/o  +  2/i)  Ax  =  area  of  first  trapezoid, 
tKz/i  +  2/2)  Ax  =  area  of  second  trapezoid, 

k(yn-i  +  2/n)Ax  =  area  of  nth  trapezoid. 


(T)          Area  =  (f  y0  +  y\  +  y%  -\ (-  yn~  i  +  \  yn)&x. 

It  is  clear  that  the  greater  the  number  of  intervals  (that  is,  the 
smaller  Ax  is),  the  closer  will  the  sum  of  the  areas  of  the  trapezoids 
approach  the  area  under  the  curve. 

ILLUSTRATIVE  EXAMPLE  1 .  Calculate  f  x2  dx  by  the  trapezoidal  rule,  dividing 
x  —  1  to  x  =  12  into  eleven  intervals.  l 

Solution.  Here  =       ~-  =  1  =  Ax.    The  area  in  question  is  under  the 

71  11 

curve  y  =  cc2.    Substituting  the  abscissas  x  =  I,  2,  3,  •  •  •,  12  in  this  equation,  we 
get  the  ordinates  y  =  1,  4,  9,  •  •  •,  144.   Hence,  from  (T), 

Area  =  (£  +  4  +  9  +  16  +  25  +  36  +  49  +  64  +  81  +  100  +  121  +  £  •  144)  •  1  =  577^. 

By  integration  f1  x2  dx  —  \^\     =  575-f.  Hence,  in  this  example,  the  trape- 
Ji  L  3  Ji 


r    * 

zoidal  rule  is  in  error  by  less  than  one 

k 

third  of  1  per  cent. 

ILLUSTRATIVE  EXAMPLE'  2.     Find 

/I 

the  approximate  value  of 

/ 

r  2  /  

Jo 

/ 

by  (F),  taking  n  =  4. 

^\ 

s 

Solution.  Let                                               2' 

- 

^ 

x         y 

y  =  V4  +  x3.               0     2.ooo  =  t/o 

0  5     2.031  =  iii 

•KT                          A                  AP*          v»v         M  *  \sw  -A-            yi 

Now       Ax  =  0.5.       -,     9  9qfi  _  ,. 

•Hf     1                  4.     T_l            J?             1                  1          ^-^00—2/2 

Make  a  table  of  val-    -,  c     9  7-.  fi  _  „             ,  . 

J..O        ^.  1  .LO  —  (/3                   i 

ues   of   a;   and    y  as      2     3i464=y4 
shown.  Applying  (T), 

/  =  (1.000  +  2.031  +  2.236  +  2.716 

+  1.732)  x  0.5  =  4.858.  Ans. 

Q 

1                                    9                       i? 

If  we  take  n  =  10,  we  obtain  I  =  4.826, 

1                   *            X 

a  closer  approximation. 

PROBLEMS 

Compute  the  approximate  values  of  the  following  integrals  by  the 
trapezoidal  rule,  using  the  values  of  n  indicated.  Check  your  results  by 
performing  the  integrations. 


r10^r 
.  I     —  ;   n  =  7. 

J%       X 


-  x2  dx  ;  n  =  10. 


r8    /  - 
.  I    V64  -  x2  dx  ;  n  =  8. 

«/4 

.  f  Vl6  +  x2  dx;  n  =  6. 

JQ 


trapezoidal  rule,  using  the  values  of  n  indicated. 

5.  f4    .dx      ;  n  =  4.       Ans.   1.227.  10.  P  V20  +  X1  dx;  n-  5. 
Jo  V  4  +  x3  •'-2 

rz    , r2        

6.  /    Vl  +  x*dx;  n  =  4.  3.283.           11.  /    a;2Vl6  -  a;4  dx;  n  =  4. 
>/o  Jo 

7.  f   Vl25  —  a;2  rfa; ;  ?i  =  5.        44.17. 
-'o 

8.  f5Vl26-z3cfo;;  n  =  4.         34.78. 

t/1 

%  dx      .  n  __  g^  9.47. 


3, 

V4  + 


;  w  =  4. 


149.  Simpson's  rule  (parabolic  rule).  Instead  of  connecting  the 
extremities  of  successive  ordinates  by  chords  and  forming  trapezoids, 
we  can  get  a  still  closer  approxi- 
mation to  the  area  by  joining 
them  with  arcs  of  parabolas  and 
summing  up  the  areas  under  these 
arcs.  A  parabola  with  a  vertical 
axis  may  be  passed  through  any 
three  points  on  a  curve,  and  a 
series  of  such  arcs  will  fit  the  curve 
more  closely  than  the  broken  line 
of  chords.  In  fact,  the  equation 
of  such  a  parabola  is  of  the  form 
(1)  in  Illustrative  Example  3,  Art.  145,  and  the  values  of  the  con- 
stants a,  &,  c  may  be  determined  so  that  this  parabola  shall  pass 
through  three  given  points.  In  the  present  investigation,  however, 
this  is  not  necessary. 

We  now  divide  the  interval  from  x  =  a  =  OMo  to  x  —  b  =  OMn 
into  an  even  number  (=ri)  of  parts,  each  equal  to  Ax.  Through 
each  successive  set  of  three  points  PQ,  PI,  P%  ;  P%,  PS,  P±  ;  etc.,  are 
drawn  arcs  of  parabolas  with  vertical  axes.  The  ordinates  of  these 
points  are  yo,  y\,  yz,  -  •  -,  yn,  as  indicated  in  the  figure.  The  area 
M0PoP2  -  -  •  PnMn  is  thus  replaced  by  a  set  of  "double  parabolic 
strips"  such  as  MoPoPiP2M2,  whose  upper  boundary  is  in  every 
case  a  parabolic  arc  (1)  of  Illustrative  Example  3,  Art.  145.  The 
area  of  each  of  these  double  strips  is  found  by  using  the  formula 


Hence 


of  this  example. 

For  the  first  one,  h  —  Ax,  y  =  yo,  y'  =  y\,  y"  =  2/2. 


Area  of  first  parabolic  strip  M^P^P^PzU^  =  —  (yo  +  4  yi  +  j/2). 

Q 

Similarly,   Second  (double)  strip  =  ~  (y2  +  4  yz  +  y£, 

o 

Third  (double)  strip  =        (y±  +  4  y5  +  yQ), 


Last  (double)  strip  =  ~  (yn_2  +  4  #n_i  +  yB). 

Adding,  we  get  Simpson's  rule  (n  being  even), 

Ax 
(S)    Area  =  —(y0  +  4y1  +  2y8  +  4ya  +  8y4+-  ••  +  %)• 

As  in  the  case  of  the  trapezoidal  rule,  the  greater  the  number  of 
parts  into  which  M0Mn  is  divided,  the  closer  will  the  result  be  to  the 
area  under  the  curve. 

rlO 

ILLUSTRATIVE  EXAMPLE  1.  Calculate  /  xs  dx  by  Simpson's  rule,  taking  ten 
intervals.  ^° 

Solution.    Here  —  ~  =       ~     =1  =  Ax.    The  area  in  question  is  under  the 

iv  J.U 

curve  y  =  x3.   Substituting  the  abscissas  x  =  0,  1,  2,  •  •  •,  10  in  y  =  x3,  we  get  the 
ordinates  y  —  0,  1,  8,  27,  •  •  •,  1000.   Hence,  from  (S), 

Area  =  J(0  +  4  +  16  +  108  +  128  +  500  +  432  +  1372  +  1024  +  2916  +  1000)  =  2500. 

rlO  rx4~]10 

By  integration,  I      x3  dx  =  -j-      =  2500,  so  that  in  this  example  Simpson's  rule 

gives  an  exact  result. 


ILLUSTRATIVE  EXAMPLE  2.  Find  the  approximate  value  of 

••2 

r  —  i 

by  (S),  taking  n  =  4. 


J  =  f2  V4  +  x3  dx 
Jo 


Solution.  The  table  of  values  is  given  in  Illustrative  Example  2  of  the  preced- 
ing article.  Hence 

J  =  (2.000  +  8.124  +  4.472  +  10.864  +  3.464)  X  —  =  4.821. 

o 

Compare  this  result  with  that  given  by  (T)  when  n  =  10,  namely  4.826. 

In  this  case  formula  (S)  gives  a  better  approximation  than  (T)  when  n  =  4. 

PROBLEMS 

Compute  the  approximate  values  of  the  following  integrals  by  Simp- 
son's rule,  using  the  values  of  n  indicated.  Check  your  results  by  perform- 
ing the  integrations. 


2.  jf  zV25  -  x2  dx;  n  =  4. 


Compute  the  approximate  values  of  the  following  integrals  by  Simp- 
son's rule,  using  the  values  of  n  indicated. 


dx 


:;   n  =  4. 


/«2      . 

6.  /    VI  +  x3  dx ;  n  —  4. 
Jo 

7.  f  Vl26  -  x3  da; ;  n  =  4. 
.A 

a  <*s   .      fi 

a ,  n-b. 


Ans.  1.236. 
3.239. 
35.68. 
9.49. 


f>5   3/ /*5   3/— 

.  I    V6  +  x2  dx ;  n  =  4.  11.  I    Vrc3  —  x  dx ;  n  =  4. 

•/i  •'i 

/*  O  /y»3     ft  rv* 

i.  I    —  ;  n  = 

^2    VI  +  X3 


/» 


Calculate  the  approximate  values  of  the  following  integrals  by  both 
the  trapezoidal  and  Simpson's  rules.  If  the  indefinite  integral  can  be 
found,  calculate  also  the  exact  value  of  the  integral. 


13.  f  Vl6  ~x2dx;  w  =  4. 

«/2 

14.  I  a;  Vl6  —  x2  dx ;  n  —  4. 

i/2 


_ 

IS.      e    *  dx-,  n  =  4. 


'•X 

-i 


2          10 


V2  +  si 


sn 


16. 
17. 


dx 


64- 

8     xdx 


=  4. 


20.  f2  V2  -  cos2  0  dd ;  n  =  6. 
»/o 

21. 


J.  r^V4-3sin27T0d0;  n  =  8. 
»/o 


150.  Interchange  of  limits.  Since 


and 
we  have 


Theorem.  Interchanging  the  limits  is  equivalent  to  changing  the  sign 
of  the  definite  integral. 


b  f* 

4>(x)dx  =  —  I 

Jb 


integral.  Since 


(a<  Xi  <  6) 


Cb 
and  I    <j>(x)dx  =  f(b)  - 

Jxi 

we  get,  by  addition, 

r^(x)dx  +  f  <f>(x}dx  =/(&)  -/(a). 

t/a  i/»i 


But 

therefore,  by  comparing  the  last  two  expressions,  we  obtain 
(C)  C<j>(x)dx=  fXi<j>(x)dx+  f  f(x)dx. 

Ja  *J<*  J*i 

Interpreting  this  theorem  geometrically,  as  in  Art.  142,  we  see 
that  the  integral  on  the  left-hand  side 
represents  the  whole  area  CEFD,  the 
first  integral  on  the  right-hand  side  the 
area  CMPD,  and  the  second  integral  on 
the  right-hand  side  the  area  MEFP.  The 
truth  of  the  theorem  is  therefore  obvious. 

Evidently  the  definite  integral  may  be 
decomposed  into  any  number  of  separate  definite  integrals  in  this  way. 

152.  The  definite  integral  a  function  of  its  limits 


From 


f 

Ja. 


<f>(x)dx  =  /(&)  -  /(a) 


we  see  that  the  definite  integral  is  a  function  of  its  limits.    Thus 


r 

I 

•J  Of 


'       • 

has  precisely  the  same  value  as 


rb 

I    cf>(x)dx. 

**  O- 


Theorem.    A  definite  integral  is  a  function  of  its  limits. 

153.  Improper  integrals.  Infinite  limits.  So  far  the  limits  of  the 
integral  have  been  assumed  as  finite.  Even  in  elementary  work, 
however,  it  is  sometimes  desirable  to  remove  this  restriction  and  to 
consider  integrals  with  infinite  limits.  This  is  possible  in  certain 
cases  by  making  use  of  the  following  definitions. 


/> 

I 

Ja 


THE  DEFINITE  INTEGRAL 
When  the  upper  limit  is  infinite, 

^>6 

(x*)dx  =   lim    I    (f>(x)dx, 

b^+<x:Ja 

and  when  the  lower  limit  is  infinite, 

Xb  s*b 

4>(x}dx  =   lim    I    <j>(x)dx, 
ao  a,  -»  —  oo  J  a 

provided  the  limits  exist. 

r*  -}-  oo  r[y 

ILLUSTRATIVE  EXAMPLE  1.  Find          — 

c/i  X2 

Solution.  ^=    lim     f&^  =    lim      ~±b=    lim     ~_ 

x2      6-,+ooJi    a;2      &_  + 


251 


ILLUSTRATIVE  EXAMPLE  2.  Find  f 

Jo 

8a3cfo 


Solution.  I 
J 


—  lim 


x2  +  4  a2 
&  8a3dz 


=  lim     4  a2  arc  tan 


=  lim     • 

b^  +  ooL 


L]=, 

xj> 
2ajo 


An* 


4  a2  arc  tan 


2a 


f=2™2' 


Let  us  interpret  this  result  geometri- 
cally. The  graph  of  our  function  is  the 
witch,  the  locus  of 

8  a3 


x2  +  4  a2 
1  &  8  a3  dx 


Area  OPQb  =  f    °  a  f"  =  4  a2  arc  tan 

JQ  X*  +  4  Or 


2a 


Then  as  the  ordinate  bQ  moves  indefinitely  to  the  right,  the  area  OPQb  ap- 
proaches a  finite  limit  2  Tra2. 


/•«+  00    fly- 

ILLUSTRATIVE  EXAMPLE  3.  Find  I        — 

Ji       x 


Solution. 


=   lim  =   lim   (mb). 

X         &-»+co«/l       X         6->+oo 


The  limit  of  In  b  as  b  increases  without  limit  does  not  exist  ;  hence  the  integral 
has  in  this  case  no  meaning. 

154.  Improper  integrals.  When  y  =  cf>(x)  is  discontinuous.  Let  us 
now  consider  cases  where  the  function  to  be  integrated  is  discontinuous 
for  isolated  values  of  the  variable  lying  within  the  limits  of  integration. 

Consider  first  the  case  where  the  function  to  be  integrated  is  con- 
tinuous for  all  values  of  x  between  the  limits  a  and  6  except  x  =  a. 

If  a  <  b  and  e  is  positive,  we  use  the  definition 


/•b 


/»& 


Likewise,  when  <£(«)  is  continuous  except  at  x  =  b,  we  define 

rb  r*b-e 

(2)  I    <l>(x}dx  =  lim  I       $(x)dx, 

Ja  e-*oJa 

provided  the  limits  exist. 

ILLUSTRATIVE  EXAMPLE  1.  Find  Ca      dx  — 

Jo  Va2  -  x2 

Solution.  Here  becomes  infinite  for  x  =  a.  Therefore,  by  (2) 

Va2  —  x2  ^  " 

=  lim    arc  sin  - 


Ca      dx        __  ,._  fg-e      (fa 

/     «/  o  lim  /  =  lim 

i/o  Va2  —  a;2      e-»o«/o       Va2  —  cc2      e-»o  ao 

=  lim    arc  sin  (1  --  -H  =  arc  sin  1  =  —  •  Ans. 
«-»oL  \        o/J  2 


ILLUSTRATIVE  EXAMPLE  2.  Find  f1  —  . 


Solution.  Here  —  becomes  infinite  for  x  =  Q.  Therefore,  by  (1), 


)      X  e-»oe      X2         e-0\e 

In  this  case  there  is  no  limit,  and  therefore  the  integral  does  not  exist. 

If  c  lies  between  a  and  6,  and  <j>(x)  is  continuous  except  atx~c, 
then,  e  and  e'  being  positive  numbers,  the  integral  between  a  and  6 
is  defined  by 

(3)         |  0(aO<fe:  =  lim  T    0(a:)<fo  +  Km 

^  *-oJa 

provided  each  separate  limit  exists. 


ILLUSTRATIVE  EXAMPLE  3 


.  Find  T 
•/O 


3a     2xdx 
2-a2)f' 


Solution.  Here  the  function  to  be  integrated  becomes  discontinuous  for  x  =  a 
that  is  for  a  value  of  a;  between  the  limits  of  integration  0  and  3  a.  Hence  the  above 
definition  (3)  must  be  employed.  Thus 


xdx     =lim  C 
_02)f     e-,oJo 


o-  e)^  -a»  +  3  at  ]  +  lim 


=  lim 

e-O 

-Km 

=  3  a^  +  6  a^  =  9  of.  Ans. 
To  interpret  this  geometrically,  let  us 
plot  the  graph,  that  is,  the  locus,  of 


[3(3-2  _ 

oL 


e')2  - 


(x2  -  a2)? 
and  note  that  x  =  a  is  an  asymptote. 

Area  OPE        a~e  -2xdx 


=  C 


Similarly, 


Area  E'QRG  =  P" 

•/a     €' 


2  x  dx 


-  3     (a  +  e') 


'a  +  e'(x2  _G2)§ 

2 

approaches  6  a5  as  a  limit  as  QE'  moves  to  the  left  toward  the  asymptote,  that  is, 
as  e'  approaches  zero.  Adding  these  results,  we  get  9  a5. 

ILLUSTRATIVE  EXAMPLE  4.  Find  f2a.        .  • 

Jo    (x  -  a)2 

Solution.   This  function  also  becomes  infinite  between  the  limits  of  integration. 
Hence,  by  (3),  8 

JQ     (X  —  tt)        e-»0<-'0       (&      Q)       e'-*oJa+f'\X      &) 
T      F          1     ~]o-«     i-       f          1    12a 

=  hm —        +  hm — 

e-»OL     X  —  a_\Q        6'-»o|_     X  —  aja+e' 


e'-»0\      a 

In  this  case  the  limits  do  not  exist  and  the  inte- 
gral has  no  meaning. 

If  we  plot  the  graph  of  this  function  the  condi- 
tion of  things  appears  very  much  the  same  as  in  the 
last  example.   We  see,  however,  that  the  limits  do  not  exist,  and  therein  lies  the 
difference. 

That  it  is  important  to  note  whether  or  not  the  given  function  becomes  infinite 
within  the  limits  of  integration  will  appear  at  once  if  we  apply  our  integration 
formula  without  any  investigation.  Thus 


rza     dx      _  f         1    "|2a  _  _  2 
JQ     (x  —  a)2      L     x  ~  aJo  a' 

result  which  is  absurd  in  view  of  the  above  discussion. 


PROBLEMS 

Work  out  each  of  the  following  integrals. 
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CHAPTER  XV 


INTEGRATION  A  PROCESS  OF  SUMMATION 

155.  Introduction.  Thus  far  we  have  defined  integration  as  the 
inverse  of  differentiation.   In  a  great  many  of  the  applications  of  the  .. 
integral  calculus,  however,  it  is  preferable  to  define  integration  as 
a  process  of  summation.   In  fact,  the  integral  calculus  was  invented 
in  the  attempt  to  calculate  the  area  bounded  by  curves,  by  supposing 
the  given  area  to  be  divided  into  an  "infinite  number  of  infinitesimal 
parts  called  elements,  the  sum  of  all  these  elements  being  the  area 
required."  Historically,  the  integral  sign  is  merely  the  long  S,  used 
by  early  writers  to  indicate  "sum." 

This  new  definition,  as  amplified  in  the  next  article,  is  of  fun- 
damental importance,  and  it  is  essential  that  the  student  should 
thoroughly  understand  what  is  meant  in  order  to  be  able  to  apply 
the  integral  calculus  to  practical  problems. 

156.  The  Fundamental  Theorem  of  integral  calculus.   If  (/>(#)  is  the 
derivative  of  /(a;),  then  it  has  been  shown  in  Art.  142  that  the  value 
of  the  definite  integral 


(1) 


gives  the  area  bounded  by  the  curve 
y  =  <p(x),  the  cc-axis,  and  the  ordinates 
erected  at  x  =  a  and  x  —  1). 

Now  let  us  make  the  following 
construction  in  connection  with  this 
area.  Divide  the  interval  from  x  =  a  to  x  —  b  into  any  number 
n  of  equal  subintervals,  erect  ordinates  at  these  points  of  divi- 
sion, and  complete  rectangles  by  drawing  horizontal  lines  through 
the  extremities  of  the  ordinates,  as  in  the  figure.  It  is  clear  that 
the  sum  of  the  areas  of  these  n  rectangles  (the  shaded  area)  is  an 
approximate  value  for  the  area  in  question.  It  is  further  evident 
that  the  limit  of  the  sum  of  the  areas  of  these  rectangles  when 
their  number  n  is  indefinitely  increased  will  equal  the  area  under 
the  curve. 
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Let  us  now  carry  through  the  following  more  general  construction. 
Divide  the  interval  into  n  subintervals,  not  necessarily  equal,  and 
erect  ordinates  at  the  points  of  division.  Choose  a  point  within  each 
subdivision  in  any  manner,  erect  ordi- 
nates at  these  points,  and  through  their 
extremities  draw  horizontal  lines  to  form 
rectangles,  as  in  the  figure.  Then,  as 
before,  the  sum.  of  the  areas  of  these 
n  rectangles  (the  shaded  area)  equals 
,  approximately  the  area  under  the  curve; 
and  the  limit  of  this  sum  as  n  increases 
without  limit,  and  each  subinterval  ap- 
proaches zero  as  a  limit,  is  precisely  the  area  under  the  curve.  These 
considerations  show  that  the  definite  integral  (1)  may  be  regarded 
as  the  limit  of  a  sum.  Let  us  now  formulate  this  result. 

(a)  Denote  the  lengths  of  the  successive  subintervals  by 

Azi,    Ax2, 


by 


(b)  Denote  the  abscissas  of  the  points  chosen  in  the  subintervals 


Xi,      X2, 


Then  the  ordinates  of  the  curve  at 
these  points  are 

cj>(x2), 


(c)  The  areas  of  the  successive  rec- 
tangles are  obviously 


\ 


(d)  The  area  under  the  curve  is  therefore  equal  to 


rb 

But  from  (1)  the  area  under  the  curve  =  /    4>(x}dx. 
Therefore  our  discussion  gives  " 

rb 

(A)     I    <j>(x)dx  =  lim  [<t>(xi)Axi  +  fM^  +•••  +  <j>( 

Ja  n~*  °° 

This  equation  has  been  derived  by  making  use  of  the  notion  of  area. 
Intuition  has  aided  us  in  establishing  the  result.  Let  us  now  regard 
(A)  simply  as  a  theorem  in  analysis,  which  may  then  be  stated  as 


FUNDAMENTAL  THEOREM  OF  THE  INTEGRAL  CALCULUS 

Let  0(x)  be  continuous  for  the  interval  x  =  a  to  x  =  b.  Let  this  in- 
terval be  divided  into  n  subintervals  whose  lengths  are  Axi,  Aa^,  •  •  •, 
Axn,  and  points  be  chosen,  one  in  each  subinterval,  their  abscissas  being 
Xi,  X2,  •  •  •,  xn  respectively.  Consider  the  sum 


(2)    <£(zi)Aa;i  +  4>(%2)Ax2  -\  -----  h 

1=1 

Then  the  limiting  value  of  this  sum  when  n  increases  without  limit, 
and  each  subinterval  approaches  zero  as  a  limit,  equals  the  value  of  the 
definite  integral 


f 

•Ja 

Equation  (4)  may  be  abbreviated  as  follows. 

rb 

(3)  /    $(x)dx  =  lim 

Ja.  n-*n 


The  importance  of  this  theorem  results  from  the  fact  that  we  are 
able  to  calculate  by  integration  a  magnitude  which  is  the  limit  of  a  sum 
of  the  form  (2). 

It  may  be  remarked  that  each  term  in  the  sum  (2)  is  a  differen- 
tial expression,  since  the  lengths  Azi,  A#2,  •  •  •,  Axn  approach  zero  as 
a  limit.  Each  term  is  also  called  an  element  of  the  magnitude  to  be 
calculated. 

The  following  rule  will  be  of  service  in  applying  this  theorem  to 
practical  problems. 

FUNDAMENTAL  THEOREM.  RULE 

FIRST  STEP.  Divide  the  required  magnitude  into  similar  parts  such 
that  it  is  clear  that  the  desired  result  will  be  found  by  taking  the  limit  of 
a  sum  of  such  parts. 

SECOND  STEP.  Find  expressions  for  the  magnitudes  of  these  parts 
such  that  their  sum  will  be  of  the  form  (2). 

THIRD  STEP.  Having  chosen  the  proper  limits  x  —  a  and  x  =  b,  we 
apply  the  Fundamental  Theorem 

«  fb 

lim  2^tf)(Xi)Axi  =  I    <j>(x)dx 

n"*°°i  =  l  Jo. 

and  integrate. 


107.  Analytical  proor  01  ine  .fundamental  ineorem.  AS  in  tne  last  ar- 
ticle, divide  the  interval  from  x  =  a  to  x  =  b  into  any  number  n  of  sub- 
intervals,  not  necessarily  equal,  and  denote 
the  abscissas  of  these  points  of  division  by 
bi,  62,  •  •  •,  &n-ii  and  the  lengths  of  the 
subintervals  by  Azi,  Az2,  •  •  •,  Axn.  Now, 
however,  we  let  x\,  x'z,  •  •  •,  x'n  denote  ab- 
scissas, one  in  each  interval,  determined  by 
the  Theorem  of  Mean  Value  (Art.  116),  erect 
ordinates  at  these  points,  and  through  their 
extremities  draw  horizontal  lines  to  form 
rectangles,  as  in  the  figure.  Note  that  here 
4>(x)  takes  the  place  of  f'(x).  Applying  (J9),  Art.  116  to  the  first  interval 
(a  =  a,  6  =  61,  and  x'\  lies  between  a  and  6X),  we  have 


or,  since 


Also,  /(&2)  —  /(&i)  =  $(z'2)Az2,  for  the  second  interval, 
/(&s)  -/(&2)  =  <£(z'3)Az3,  for  the  third  interval, 


y 

-?*= 

=•*; 

^ 

\ 

4$ 

^ 

\ 

^A 

i              x, 

0 

c 

$l 

all' 

>.\l 
X 

I3         * 

,,i\6    3* 
a& 

—  a  =  A»i, 


/(&)  —  /(&n-i)  =  0(x'n)Axn,  for  the  nth  interval. 
Adding  these,  we  get 

(1)        /(&)  - /(«)  =  ^(x'OAa?!  +  0(z'2)Az2  +  -  -  •  +  0(a;'n)A%. 
But      0(x'i)  •  Acci  =  area  of  the  first  rectangle, 

<f>(xf2)  •  A»2  =  area  of  the  second  rectangle,  etc. 

Hence  the  sum  on  the  right-hand  side  of  (1)  equals  the  sum  of  the 
areas  of  the  rectangles.  But  from  (1),  Art.  156,  the  left-hand  side  of  (1) 
equals  the  area  between  the  curve  y  =  (f>(x),  the  a;-axis,  and  the  ordinates 
at  x  =  a  and  x  =  6.  Then  the  sum 


(2) 


equals  this  area.  And  while  the  corresponding  sum 


(3) 


<£(£») 


(where  Xi  is  any  abscissa  of 
the  subinterval 


(formed  as  in  last  article)  does  not  also  give  the  area,  nevertheless  we 
may  show  that  the  two  sums  (2)  and  (3)  approach  equality  when  n  in- 
creases without  limit  and  each  subinterval  approaches  zero  as  a  limit. 
For  the  difference  <£  (»'»•)  -  0(&i)  does  not  exceed  in  numerical  value  the 
difference  of  the  greatest  and  smallest  ordinates  in  Ax*.  And,  furthermore, 
it  is  always  possible*  to  make  all  these  differences  less  in  numerical 

*  That  such  is  the  case  is  shown  in  advanced  works  on  the  calculus. 


ing  the  process  of  subdivision  far  enough,  that  is,  by  choosing  n  sufficiently 
large.  Hence  for  such  a  choice  of  n  the  difference  of  the  sums  (2)  and  (3) 
is  less  in  numerical  value  than  e(6  —  o),  that  is,  less  than  any  assignable 
positive  quantity,  however  small.  Accordingly,  as  n  increases  without 
limit,  the  sums  (2)  and  (3)  approach  equality,  and  since  (2)  is  always 
equal  to  the  area,  the  fundamental  result  follows  that 


rb  n 

I    4>(x)dx  =  lim  V 

Jo.  n-*<x>  ^-i 


in  which  the]  interval  [a,  &]  is  subdivided  in  any  manner  whatever  and  Xi 
is  any  abscissa  in  the  corresponding  subinterval. 

158.  Areas  of  plane  curves;  rectangular  coordinates.  As  already 
explained,  the  area  between  a  curve,  the  ce-axis,  and  the  ordinates  at 
x  =  a  and  x  =  b  is  given  by  the  formula 


Area 


r 
=  I 

J  a 


the  value  of  y  in  terms  of  x  being  substi- 
tuted from  the  equation  of  the  curve. 

Equation  (J?)  is  readily  memorized  by 
observing  that  the  element  of  the  area  is 
a  rectangle  (as  CR)  of  base  dx  and  altitude  y.  The  required  area 
ABQP  is  the  limit  of  the  sum  of  all  such  rectangles  (strips)  between 
the  ordinates  AP  and  BQ. 

Let  us  now  apply  the  Fundamental 
Theorem  (Art.  156)  to  the  calculation  of 
the  area  bounded  by  the  curve  x  =  <f>(y) 
(AB  in  figure),  the  y-axis,  and  the  hori- 
zontal lines  y  =  c  and  y  —  d. 

FIEST  STEP.  Construct  the  n  rectan- 
gles as  in  the  figure.  The  required  area 
is  clearly  the  limit  of  the  sum  of  the 
areas  of  these  rectangles  as  their  number 
increases  without  limit  and  the  altitude  of  each  one  approaches 
zero  as  a  limit. 

SECOND  STEP.  Denote  the  altitudes  by  Ayi,  A?/2,  etc.  Take  a 
point  in  each  interval  at  the  upper  extremity  and  denote  their 
ordinates  by  yi,  y2,  etc.  Then  the  bases  are  <K2/i),  $(2/2),  etc.,  and 
the  sum  of  the  areas  of  the  rectangles  is 
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THIRD  STEP.  Applying  the  Fundamental  Theorem  gives 


lim 


r* 

=  I 

Jc 


Hence  the  area  between  a  curve,  the  ^y-axis,  and  the  horizontal 
lines  y  =  c  and  y  =  d  is  given  by  the  formula 


Area  = 


the  value  of  x  in  terms  of  y  being  substi- 
tuted from  the  equation  of  the  curve. 
Formula  (C)  is  remembered  as  indicating 
the  limit  of  the  sum  of  all  horizontal  strips 
(rectangles)  within  the  required  area,  x  and  dy  being,  respectively, 
the  base  and  altitude  of  any  strip.  The  element  of  the  area  is  one 
of  these  rectangles. 

Meaning  of  the  negative  sign  before  an  area.  In  formula  (B),  a  is 
less  than  6.  Since  we  now  interpret  the  right-hand  member  as  the 
limit  of  the  sum  of  n  terms  resulting  from  #,-  Axi  by  letting  i  =  1,  2,  3, 
•  •  •,  n,  then,  if  y  is  negative,  each  term  of  this  sum  will  be  negative, 
and  (B)  will  give  the  area  with  a  negative  sign  prefixed.  This  means 
that  the  area  lies  below  the  x-axis. 

ILLUSTRATIVE  EXAMPLE  1.    Find  the  area  of 
one  arch  of  the  sine  curve  y  =  sin  x. 


find 


Solution.  Placing  y  =  0  and  solving  for  x,  we 


x  =  0,  TT,  2  TT,  etc. 
Substituting  in  (B), 


Also, 


Area  OAB  —  f  ydx=  fain  x  dx  =  2. 
Ja  Jo 

Area  BCD  =  f  ydx=  C   "sin  x  dx  =  —  2. 

*Ja  JTT 


ILLUSTRATIVE  EXAMPLE  2.  Find  the  area  bounded 
by  the  semicubical  parabola  ay2  =  x3,  the  y-axis,  and 
the  lines  y  =  a  and  y~2a. 

Solution.  By  (C)  above,  and  the  figure,  the  ele- 
ment of  area  =  x  dy  =  azy%  dy,  substituting  the  value 
of  x  from  the  equation  of  the  curve  MN.  Hence 


20, 


dy 


A.TezBMNC 


-  CZa, 
~Ja    c 


la 


ILLUSTRATIVE  jiiXAMFLE  a.    jrma  tne  area  oounaea  oy  tne  paraooia  y  —  &  x 
and  the  straight  line  x  —  y  =  4. 

Solution.    The  curves  intersect  at  A(2,  —  2),  5(8,  4).    Divide  the  area  into 
horizontal  strips  by  a  system  of  equidistant  lines  parallel  to  OX  drawn  from  the 
parabola  AOB  to  the  line  AB.    Let 
their  common  distance  apart  be  dy. 
Consider  the  strip  in  the  figure  whose 
upper  side  has  the  extremities  (xi,  y~), 
(x2,  y}.   From  these  points  drop  per- 
pendiculars on  the  lower  side.   Then 
a  rectangle  is  formed  and  its  area  is 
given  by 

(1)      dA  =  (x2  —  Xi}dy.  (xz  >  #1) 

This  is  the  element  of  area.  For  the 
required  area  is  obviously  the  limit  of 
the  sum  of  all  such  rectangles.  That 
is,  by  the  Fundamental  Theorem, 


fd 
(2)  Area  =   /     (xz  — 

Jc 


X 


in  which  xz  and  Xi  are  functions  of  y  determined  from  the  equations  of  the  bounding 
curves.  Thus,  in  this  example,  from  x  —  y  =  4  we  find  x  =  x2  =  4  +  y  ;  from 
y2  =  2  x  we  find  x  =  xi  =  J  y2.  Then  we  have,  by  (1), 


(3) 


dA  =  (4  +  y  -  %  y*}dy. 


This  formula  will  apply  to  the  rectangle  formed  from  any  strip.    The  limits  are 
c  =  -  2  (at  A),  d  =  4  (at  B).  Hence 


Area 


r 

=  / 

J- 


(4  +  y  —  J  y2)dy  =  18.  Arcs. 


£(8,4) 


In  this  example  the  area  can  be  divided  also  into  strips  by  a  system  of  equidis- 
tant lines  parallel  to  OY.  Let  Aa;  be  their  common  distance  apart.  The  upper 
end  of  each  line  will  lie  on  the  parabola 
OB.  But  the  lower  end  will  lie  on  the 
parabola  OA  when  drawn  to  the  left  of 
A,  but  on  the  line  AB  when  drawn  to 
the  right  of  A.  If  (x,  y2)  is  the  upper 
extremity,  and  (x,  yi)  the  lower,  the 
rectangle  whose  area  is 

(4)  dA  =  (yz  -  yi)dx  (y2  >  2/1) 
is  the  element  of  area.  But  in  this  ex- 
ample it  is  not  possible  to  find  by  (4)  a 
single  formula  to  represent  the  area  of 
every  one  of  the  rectangles.  For  while 
yz  =  ^2  x,  we  have  yi  =  —  "\/2  x  or 
yl  =  x  —  4,  according  as  the  lower  ver- 

tex of  dA  is  on  the  parabola  or  on  AB.  Thus  from  (4),  we  have  two  forms  of  dA, 
and  two  integrations  are  necessary. 
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formula  for  the  element  of  area  is  necessary.  Formula  (4)  is  used  when  these 
strips  are  constructed  by  drawing  lines  parallel  to  the  y-axis. 

In  the  Fundamental  Theorem  some  or  all  of  the  elements  <£(&»•)  Arc,- 
may  be  negative.  Hence  the  limit  of  their  sum  (the  definite  integral) 
may  be  zero  or  negative.  For  example,  if  </>(ce)  =  sin  x,  a  =  0,  6  =  2  IT, 
the  definite  integral  (3),  Art.  156,  is  zero.  The  interpretation  of  this 
result  using  areas  appears  from  Illustrative  Example  1  above. 

PROBLEMS 

1.  Find  the  area  bounded  by  the  hyperbola  xy  —  a2,  the  o;-axis,  and 
the  ordinates  x  =  a  and  x  =  2  a.  Ans.   a2  In  2. 

2.  Find  the  area  bounded  by  the  curve  y  =  In  x,  the  cc-axis,  and  the 
line  x  =  10.  Ans.   14.026. 

3.  Find  the  area  bounded  by  the  curve  y  =  xex,  the  z-axis,  and  the 
line  x  =  4.  Ans.   164.8. 

4.  Find  the  area  bounded  by  the  parabola  Vz  +  V#  =  Va,  and  the 
co5rdinate  axes.  Ans.  |  a2. 

5.  Find  the  entire  area  of  the  hypocycloid  x*  +  y3  =  a3.    Ans.  f  -wa2. 

Find  the  areas  bounded  by  the  following  curves.  In  each  case  draw  the 
figure,  showing  the  element  of  area. 

6.  y2  =  6  x,  x2  =  6  y.    Ans.  12.  10.  y2  =  2  x,  x2  +  yz  =  4x. 

7.  y2  =  4 x, x2  —  6 y.  8.  11.  y  =  Qx  —  x2,  y  —  x. 

8.  y2  =  4  x,  2  x  —  y  =  4.  9.  12.  y  —  x*  —  3  x,  y  —  x. 

9.  ?/  =  4-a;2,  y  =  4-4x.  10§.  13.  y2  ~ 4 x, x  =  12  +  2  y  -  y2. 

14.  Find  the  area  bounded  by  the  parabola  y  =  6  +  4x  —  x2  and  the 
chord  joining  (-  2,  —  6)  and  (4,  6).  Ans.  36. 

15.  Find  the  area  bounded  by  the  semicubical  parabola  y3  =  x2  and 
the  chord  joining  (—  1,  1)  and  (8,  4).  Ans.  2.7. 

16.  Find  an  expression  for  the  area  bounded  by  the  equilateral  hyper- 
bola x2  —  y2  =  a2,  the  z-axis,  and  a  line  drawn  from  the  origin  to  any 
point  (x,  #)  on  the  curve.  ^wg    of  jn  /x  +  y\ 

2       \    a    )' 

17.  Find  the  area  bounded  by  the  curve  y  =  x(l  ±  V»)  and  the  line 
x  =  4.  Ans.  J-fa. 

18.  Find  the  area  bounded  by  the  curve  x2y  =  x2  —  1  and  the  lines 
y  =  1,  x  =  1,  and  x  =  4.  Aws.   f . 

19.  Find  the  area  bounded  by  the  curve  y  =  x3  —  9  x2  +  24  x  —  7,  the 
y-axis,  and  the  line  y  —  29.  Ans.   108. 
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A  square  is  formed  by  the  coordinate  axes  and  parallel  lines  through 
the  point  (1,  1).  Calculate  the  ratio  of  the  larger  to  the  smaller  of  the  two 
areas  into  which  it  is  divided  by  each  of  the  following  curves. 


20.  y  =  x2. 

21.  y  =  x3. 

22.  T/  =  x4. 

23.  y3  =  x2 

24.  Vx  + 

25.  x*  + 


Ans.  2. 
3. 
4. 

5. 
32 


26. 


27.  y  =  xex 


28.  2/  =  tan- 


Ans. 


7T-2 


37T 


STT 


29. 


+  «    =  1. 


For  each  of  the  following  curves  calculate  the  area  in  the  first  quad- 
rant lying  under  the  arc  which  extends  from  the  #-axis  to  the  first  inter- 
cept on  the  x-axis. 


30.  x  +  y  +  y2  -  2.  Ans.   1$. 

31.  y  =  x3  -  8  x2  +  15  x.  15|. 

32.  y  =  ex  sin  x.  12.07. 
33. 2/2  =  (4  -  x)3. 


34.  y  =  e2  cos  2  x. 

_2 

35.  i/  =  4  e  2  cos  1 7 

36.  y  =  sin  (x  +  1). 


159.  Areas  of  plane  curves;  polar  coordinates.  Let  it  be  required 
to  find  the  area  bounded  by  a  curve  and  two  of  its  radii  vectores. 

Assume  the  equation  of  the  curve 
to  be  p=/(0), 

and  let  OP\  and  OD  be  the  two  radii. 
Denote  by  a  and  /3  the  angles  which  the 
radii  make  with  the  polar  axis.  Apply 
the  Fundamental  Theorem,  Art.  156. 

FIRST  STEP.    The  required  area  is  Qc 
clearly  the  limit  of  the  sum  of  circular 
sectors  constructed  as  in  the  figure. 

SECOND  STEP.  Let  the  central  angles  of  the  successive  sectors  be 
A#i,  A#2,  etc.,  and  their  radii  pi,  p2,  etc.  Then  the  sum  of  the  areas 
of  the  sectors  is 


pi 


22  A02 


Pn 


2        = 


1=1 


For  the  area  of  a  circular  sector  =  •§•  radius  X  arc.  Hence  the  area  of 
the  first  sector  =  £  pi  •  pi  A0i  =  £  pi2  A0i,  etc. 

THIRD  STEP.    A-nr»lvincr  thp  TTnnda.mfinta.l 
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Hence  the  area  swept  over  by  the  radius  vector  of  the  curve  in  mov- 
ing from  the  position  OP\  to  the  position  OD  is  given  by  the  formula 

(D)  Area  =  |  f  p2  d8, 

•'a 

the  value  of  p  in  terms  of  6  being  substituted  from  the  equation  of 
the  curve. 

The  element  of  area  for  (D)  is  a  circular  sector  with  radius  p  and 
central  angle  d6.   Hence  its  area  is  £  p2  dd. 


ILLUSTRATIVE  EXAMPLE.  Find  the  entire  area  of  the  lemniscate  p2  =  a2  cos  2  6. 

T 
B 


Solution.  Since  the  figure  is  symmetrical 
with  respect  to  both  OX  and  OY,  the  whole 
area  =  4  times  the  area  of  OAB. 

Since  p  =  0  when  6  =  j»  we  see  that  if  6 

varies  from  0  to  v»  the  radius  vector  OP  sweeps 
4 

over  the  area  OAB.  Hence,  substituting  in  (Z>), 


Entire  area  =  4  x  area  OAB  = 


=  4  •  |   f3p2dd  =  2a2f 

*  Jo.  JQ 


cos2ed6  =  a2  ; 


that  is,  the  area  of  both  loops  equals  the  area  of  a  square  constructed  on  OA  as 
one  side. 

PROBLEMS 

1.  Find  the  area  bounded  by  the  circle  p  =  a  cos  0  and  the  lines 
6  =  0  and  6  =  60°.  Ans.   0.37  a2. 

2.  Find  the  entire  area  of  the  curve  p  =  a  sin  2  0.       Aws.   |  Tra2. 
Calculate  the  area  inclosed  by  each  of  the  following  curves. 


3.  p2  =  4  sin  2  0.     Ans.  4. 

4.  p  =  a  cos  30.  g:  Tra2. 

5.  p  =  a(l  —  cos  0).  f  ?ra2. 

6.  p  =  2  -  cos  0. 

W  -00 

7.  p  =  sm2  -• 

8.  p  =  i  +  cos  2  0.  f  TT. 

9.  p  =  2  +  sin  3  0.  f  TT. 


10.  p  =  3  +  cos  3  0. 

11.  p  ~  a  cos  0  +  6  sin  0. 

12.  p  =  2  cos2 1- 

JU 

13.  p  =  a  sin  n6. 

14.  p  =  cos  3  0  —  cos  0. 

15.  p  =  cos  3  0  -  2  cos  0. 


sins.    •§•  u  . 

20.  Show  that  the  area  bounded  by  any  two  radii  vectors  of  the  hyper- 
bolic spiral  pO  =  a  is  proportional  to  the  difference  between  the  lengths 
of  these  radii. 

21.  Find  the  area  of  the  ellipse  p2  =        .      fb\  -  —  .       Ans.   -rrab. 

a2  sm2  6  +  b2  cos2  6 

22.  Find  the  entire  area  of  the  curve  p  =  a  (sin  2  9  -+•  cos  2  6). 

Ans.    no,2. 

23.  Find  the  area  below  OX  within  the  curve  p  =  a  sin3  -• 

3 


24.  Find  the  area  bounded  by  p2  =  a2  sin  4  6.  Ans.   a2. 

Find  the  area  bounded  by  the  following  curves  and  the  given  lines. 

25.  p  =  tan0;    6  =  0,  d  -  %  TT. 

26.  p  =  e*9;  9  =  \  ir,  Q  =  £  TT. 

27.  p  =  sec  6  +  tan  0  ;    8=0,  6=  %ir. 

28.  p  =  a  sin  d  +  &  cos  6  ;   B  =  0,  6  =  %  TT. 

Calculate  the  area  which  the  curves  in  each  of  the  following  pairs  have 
in  common. 

29.  p  =  3  cos  d,  p  =  1  +  cos  6.  Ans.   £  TT. 

30.  p  =  1  +  cos  6,  p  =  1.  f  TT  -  2. 

31.  p  =  1  —  cos  0,  p  =  sin  0.  1.  TT  —  1. 

32.  p2  =  2  cos  2  9,  p  =  1.  i  Tf  +  2  -  V3. 

33.  p2  =  cos  2  6,  p2  =  sin  26.  1  -  A  V2. 

34.  p  =  V6  cos  6,  p2  =  9  cos  20.  A(TT  +  9  _  3  V§  ). 

35.  p  =  V2  sin  6,  p2  =  cos  2  0.  iK?r  +  3  -  3V3). 

36.  p  =  VI  cos  0,  p2  =  V3  sin  2  0. 

37.  3  p  =  V3  cos  6,  p  =  cos  2  0. 

38.  3  p  =  V6  sin  2  6,  p2  =  cos  2  0. 

39.  Find  the  area  of  the  inside  loop  of  the  trisectrix  p  =  a(l  —  2  cos  B}. 
For  figure,  see  limacon,  Chapter  XXVI.  Ans.   \  a2(2  TT  -  3>/3). 


16U.  volumes  01  solids  or  revolution.  JLet  v  denote  tne  volume  01 
the  solid  generated  by  revolving  the  plane  surface  ABCD  about  the 
a>axis,  the  equation  of  the  plane 
curve  DC  being 

#=/(*)• 

FIRST  STEP.  Divide  the  seg- 
ment AB  into  n  parts  of  lengths 
Azi,  Az2,  •  •  •,  A#n,  and  pass  a 
plane  perpendicular  to  the  z-axis 
through  'each  point  of  division. 
These  planes  will  divide  the  solid 
into  n  circular  plates.  If  rectangles 
are  constructed  with  bases  Axi, 
Ax2,  •  •  •,  Axn  within  the  area 
ABCD,  then  each  rectangle  gen- 
erates a  cylinder  of  revolution 
when  area  ABCD  is  revolved.  Thus  a  cylinder  is  formed  correspond- 
ing to  each  of  the  circular  plates.  (In  the  figure  n  =  4  and  two  cyl- 
inders are  shown.)  The  limit  of  the  sum  of  these  n  cylinders  (n  — » oo ) 
is  the  required  volume. 

SECOND  STEP.  Let  the  ordinates  of  the  curve  DC  at  the  points 
of  division  on  the  o;-axis  be  y\,  y%,  •  •  •,  yn.  Then  the  volume  of  the 
cylinder  generated  by  the  rectangle  AEFD  will  be  iryi2  Azi,  and  the 
sum  of  the  volumes  of  all  such  cylinders  is 

n 

-rryi2  Asi  +  7J1/22  Ax2  -\ h  7ryn2  Axn  =  ^  iryi2  As,-. 

i=\ 

THIRD  STEP.  Applying  the  Fundamental  Theorem  (using  limits 
OA  =  a  and  OB  =  fe), 


n  ~b 

lim  T,  iryi2  Ax*  =  J    iry2  dx. 

n^>«>i-i  Ja 


Hence  the  volume  generated  by  revolving  about  the  cc-axis  the 
area  bounded  by  the  curve,  the  x-axis,  and  the  ordinates  x  =  a  and 
x  =  6  is  given  by  the  formula 


where  the  value  of  y  in  terms  of  x  must  be  substituted  from  the 
equation  of  the  given  curve. 

This  formula  is  easily  remembered  if  we  consider  a  thin  slice  or 
disk  of  the  solid  between  two  planes  perpendicular  to  the  axis  of 
revolution  and  regard  this  circular  plate  as,  approximately,  a  cylin- 


-J 

Jc 


where  the  value  of  x  in  terms  of  y  must  be  substituted  from  the 
equation  of  the  given  curve. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  volume  generated  by  revolving  the  ellipse 

x2      v2 

—  +  a-  —  l  about  the  a;-axis. 

a2      o2 

Solution.  Since  y2  =  —  (a2  -  x2),  and  the 

required  volume  is  twice  the  volume  gen- 
erated by  OAB,  we  get,  substituting  in  (£), 

Vx          ra   „  ,  rab2 


ro-  ra  h2 

-ir  \    y2dx  =  ir       —,  (a2  -  x2)dx 
JQ  JQ   a 


2  Tab2 
3 

4  Trab2 


To  check  this  result,  let  b  =  a.  Then  Vx  = 


4  ira3 


the  volume  of  a  sphere,  which 


is  only  a  special  case  of  the  ellipsoid.  When  the  ellipse  is  revolved  about  its  major 
axis,  the  solid  generated  is  called  a  prolate  spheroid ;  when  about  its  minor  axis,  an 
oblate  spheroid. 

ILLUSTRATIVE  EXAMPLE  2.   The  area  bounded  by  the  semicubical  parabola 
(1)  ay2  =  x3, 

the  y-axis,  and  the  line  AB  (y  =  a)  is  revolved  about  AE. 
Find  the  volume  of  the  solid  of  revolution  generated. 

Solution.  In  the  figure,  OPAB  is  the  area  revolved. 
Divide  the  segment  AB  into  n  equal  parts  each  of 
length  As.  In  the  figure,  NM  is  one  of  these  parts.  The 
rectangle  NMPQ  when  revolved  about  'AB  generates  a 
cylinder  of  revolution,  whose  volume  is  an  element  of 
the  required  volume.  Hence 

Element  of  volume  =  irr2h  =  ir(a  —  y)2Ax, 
since  r  =  PM  =  RM  -  RP  =  a  -  y 

and  h  =  NM  =  Ax. 

Then,  by  the  Fundamental  Theorem, 


A(a,a) 


0       T  R 


(2) 


fa.  ra 

Volume  of  solid  =  V .=  IT  I     (a  —  y)2  dx  =  TT  I    (a2  —  2  ay  +  y2)dx, 
Jo  JQ 


for  the  limits  are  x  =  0  and  x  =  AB  =  a.  Substituting  for  y  its  value  given  by  (1) 
the  answer  is  V  =  0.45  Tra3.  Ans. 

This  should  be  compared  with  the  volume  of  the  cone  of  revolution  with 
altitude  AB  (=  a)  and  base  of  radius  OB  (=  o).   Volume  of  cone  =  ^  Tra3. 


if  the  equations  of  the  curve  CD  in  the  figure  on  page  265  are  given 
in  parametric  form         x=f(t)r     y  =  $(£), 

then  in  (£)  substitute  y  =  </>(£),  dx=f'(f)dt,  and  change  the  limits 
to  t\  and  tz,  if 

t  =  k  when  x  =  a,    t  =  t2  when  x  —  b. 


_    p 
^        p? 
/  \ 


Volume  of  a  hollow  solid  of  revolution.  When  a  plane  area  is  re- 
volved about  an  axis  not  crossing  the  area,  a  hollow  solid  of  revolu- 
tion is  formed.  Consider  the  solid  ob- 
tained by  revolving  about  the  z-axis  the 
area  ACBDA  of  the  figure.  Pass  through 
the  solid  a  system  of  equidistant  planes 
perpendicular  to  the  axis  of  revolution 
OX.  Let  Ax  be  their  common  distance 
apart.  Then  the  solid  is  divided  into 
hollow  circular  plates  each  of  thickness 
Ax.  If  one  of  the  planes  dividing  the  solid  passes  through  M,  the 
hollow  circular  plate  with  one  base  in  this  plane  is  approximately  a 
hollow  circular  cylinder  whose  inner  and  outer  radii  are  respec- 
tively MPi  (=2/1)  and  MP2  (=2/2).  Its  altitude  is  Ax.  Hence  its 
volume  is  ir(y22  —  y\2}Ax.  Let  there  be  n  hollow  cylinders,  where 
6  —  a,  =  n  -  Ax.  The  limit  of  the  sum  of  these  n  hollow  cylinders 
when  n  — >  <*>  is  the  volume  of  the  hollow  solid  of  revolution.  Hence 


(3) 


V 


=  7T  f  W  - 
•Ja 


0/2  >  V 


The  element  of  volume  in  (3)  is  a  hollow  circular  cylinder  with 
inner  radius  y\,  outer  radius  2/2,  and  altitude  Ax.  The  radii  y\  and 
2/2  are  functions  of  x  (=  OM]  found  from  the  equations  of  the  curves 
(or  the  equation  of  the  curve)  bounding  the  area  revolved. 

ILLUSTRATIVE  EXAMPLE  3.  Find  the  volume  of  the  ring  solid  (anchor  ring  or 
torus)  obtained  by  revolving  a  circle  of  radius  a  about  an  external  axis  in  its  plane 
b  units  from  its  center  (b  >  a). 

Solution.  Let  the  equation  of  the  circle  be 


and  let  the  x-axis  be  the  axis  of  revolution. 
Solving  for  y,  we  have 

y*  ='b  + 
.-.  dV  =  Tr(y22 

By  (3), 
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A  solid  of  revolution  may  be  divided  into  cylindrical  shells  by 
passing  through  it  a  system  of  circular  cylinders  whose  common  axis 
is  the  axis  of  revolution.  If  the  area 
ACBD  of  the  figure  be  revolved  about  D> 

the  y-axis,  it  may  be  shown  that 


rb 

=  27r       (y>2  —  yi)x  dx, 

Ja 


(4) 


where  OM  =  x,    MPi  =  y\,    MP2  —  2/2. 

The  element  dV  is  now  a  cylindrical  shell 

of  radius  r,  altitude  y2  —  y\,  and  thickness  Ax.    Illustrative  Ex- 

ample 3  may  be  solved  by  (4). 


PROBLEMS 

1.  Find  the  volume  of  the  sphere  generated  by  revolving  the  circle 
x2  +  y2  =  r2  about  a  diameter.  Ans.   f  Trr3. 

2.  Find  by  integration  the  volume  of  the  truncated  cone  generated  by 
revolving  the  area  bounded  by  y  =  6  —  x,  y  —  0,  x  =  0,  z  =  4  about  OX. 
Verify  geometrically. 

3.  Find  the  volume  of  the  paraboloid  of  revolution  whose  surface  is 
generated  by  revolving  about  its  axis  the  arc  of  the  parabola  y2  —  2  px 
between  the  origin  and  the  point  (x\,  y\}. 

Ans.    irpxi2  =  \  7ryi2Xi ;  that  is,  one  half  of  the  volume 
of  the  circumscribing  cylinder. 

4.  Find  the  volume  of  the  figure  generated  by  revolving  the  arc  in 
Problem  3  about  O  Y. 

Ans.   £  Trx\2y\ ;    that  is,  one  fifth  of  the  cylinder  of 
altitude  y\  and  radius  of  base  x\. 

Find  the  volume  generated  by  revolving  about  OX  the  areas  bounded 
by  the  following  loci. 


5.  y  =  x3,  y  =  0,  x  =  2. 

6.  ay2  =  x3,  y  =  0,  x  =  a. 

7.  The  parabola  Vs;  +  VT/  =  Va,  x  =  0,  y  =  0. 

3  2  3 

8.  The  hypocycloid  x3  +  ys  =  a3. 

9.  One  arch  of  y  —  sin  x. 


Ans. 


TT. 

vra3. 
Tra3. 

V  7T03 


Ik5.  y  x*  +  Ib  y'  =  144. 

13.  y  =  xex,  y  =  0,  x  —  1. 

14.  The  witch  (a;2  +  4  a2)?/  =  8  a3,  ?/  =  0. 


lrr 

15.  (- 


r\a=i 
b)     x- 

16.  y2(2  a  —  x}  =  x3,  y  =  0,  x  =  a. 


Ans.  4»  TT. 

i  7r(e2  -  1). 
4  T2a3. 


0.2115  Tra3. 


18.  y2  =  (2  -  x)3,  y  =  0,  a;  =  0,  x  =  1. 

19.  i/2(4  +  x2)  =  1,  j/  =  0,  a:  =  0,  x  =  oo. 

20.  (x  —  I)?/  =  2,  #  =  0,  a?  =  2,  ic  =  5. 

Find  the  volume  generated  by  revolving  about  0  Y  the  areas  bounded 
by  the  following  loci. 

21.  y  =  x3,  y  =  0,  x  =  2.  Ans.   -^  TT. 

22.  2y2  =  xs,y  =  0,x-2.  ^  TT. 

23.  i/  =  e*,  y  =  0,  cc  =  0.  2  TT. 

24.  9  x2  +  16  7/2  =  144.  64  TT. 

25. 

26.  y2  =  9  -  a?,  x  =  0. 

27.  re2  =  16  -  y,  y  =  0. 

28.  7/2  =  ax,  y  =  0,  cc  =  a. 

29.  The  equation  of  the  curve  OA  in  the  figure  is  y2  —  x3.    Find  the 
volume  generated  when  the  area  .     y 

(a)  OAB  is  revolved  about  OX.       Ans.   64  TT.  c 

(b)  OAB  is  revolved  about  AB.  -%%-  ; 

(c)  OAB  is  revolved  about  CA.  -^  TT 

(d)  OAB  is  revolved  about  OY.  &^-  IT 

(e)  OAC  is  revolved  about  O7.  ^f-  TT 

(f)  OAC  is  revolved  about  CA. 

(g)  OAC  is  revolved  about  AB. 

(h)  OAC  is  revolved  about  OX.  192  TT.       ~~6 

30.  Find  the  volume  of  the  oblate  spheroid  generated  by  revolving 
the  area  bounded  by  the  ellipse  &2£2  +  a2y2  =  a2b2  about  the  #-axis. 

Ans.   f  Tra2b. 

31.  A  segment  of  one  base  of  thickness  h  is  cut  from  a  sphere  of  radius  r. 

7T/J2(3  r h} 

Show  by  integration  that  its  volume  is ^-r '- 


(0,8) 


(4,8) 


(4,0), 
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Calculate  the  volume  generated  by  revolving  about  each  of  the  follow- 
ing lines  the  area  which  it  cuts  from  the  corresponding  curve. 

32.  y  =  3  ;  y  =  4  x  —  x2.  Ans.   |f  TT. 

33.  x  =  4  ;  y2  -  x3.  ^§f£  IT. 

34.  y  =  -  4  ;  y  =  4  +  6  x  -  2  x2.  H"  if- 

35.  i/  =  x  ;  y  =  x2.  eV  T  >/2. 

36.  i/  =  SB  ;  I/  =  4  cc  -  x2.  f  £  TT  V2. 

37.  0  =  x  +  7  ;  #  =  9  -  x2.  ft  TT  V2. 

38.  x  +  y  =  I  ;  Vz  +  V#  =  1.  TV  TT  VJ2. 

39.  a?  -I-  y  =  7  ;  xy  =  6. 

40.  Find  the  volume  generated  by  revolving  one  arch  of  the  cycloid 


x  =  r  arc  vers  ^  —  V2  r#  —  yz 
r 

about  OZ,  its  base. 

HINT.   Substitute  dx  =       V  dV         and  limits  y  =  0,y  =  2r,in  (E),  Art.  160. 


/    x  z\ 

41.  Find  the  volume  generated  by  revolving  the  catenary  y  =  -  \ea  +  e  a) 
about  the  z-axis  from  x  —  0  to  x  =  b. 

Ans.  «!(.¥_.-¥)  +22* 

o  ^ 

42.  Find  the  volume  of  the  solid  generated  by  revolving  the  cissoid 

a;3 

y'2  —  -  -  about  its  asymptote  x  —  2  a.  Ans.   2  7r2a3. 

2  a  —  x 

fl^J  *)J 

43.  Given  the  slope  of  the  tangent  to  the  tractrix  -~-=  --  ,     -       ->  find 

dx         ~\/a2  —  y2 

the  volume  of  the  solid  generated  by  revolving  it  about  OX.  Ans.   f  Tra3. 

44.  Show  that  the  volume  of  a  conical  cap  of  height  a  cut  from  the 
solid  generated  by  revolving  the  rectangular  hyperbola  x2  —  y2  ~  a2  about 
OX  equals  the  volume  of  a  sphere  of  radius  a. 

45.  Using  the  parametric  equations  of  the  hypocycloid 

x  =  a  cos3  6, 
y  =  a  sin3  6, 

find  the  volume  of  the  solid  generated  by  revolving  it  about  OX. 

Ans.   T3o%  Tra3. 

46.  Find  the  volume  generated  by  revolving  one  arch  of  the  cycloid 

x  =  a(Q  —  sin  B}, 
y  —  a(l  —  cos  6} 


ti.  j.1  iiiu.    UIJLC    volume    geueieii/eu.    11     uie    0,1120,    uuuziueu    uy     une    curve 

?/  =  sec  \  TTX,  the  x-axis,  and  the  lines  #  =  ±  \  is  revolved  about  the  #-axis. 

Ans.   4. 

48.  The  area  under  the  curve  y  —  e*  sin  x  from  x  =  0  to  x  =  ir  is  re- 
volved about  the  or-axis.   Find  the  volume  generated. 

49.  Given  the  curve  x  =  t2,  y  =  4  t  —  f3.    Find  (a)  the  area  of  the  loop 
and  (b)  the  volume  generated  by  the  area  inside  the  loop  when  revolved 
about  the  z-axis.  Ans.    (a)  -2-ff ;    (b)  67.02. 

50.  Revolve  the  area  bounded  by  the  two  parabolas  y2  =  4  x  and 
2/2  =  5  —  x  about  each  axis  and  calculate  the  respective  volumes. 

Ans.    OX:  10  TT;   07:  ^  TT. 

51.  Revolve  about  the  polar  axis  the  part  of  the  cardioid  p  =  4  +  4  cos  6 

between  the  lines  6  =  0  and  6  =  ^  and  compute  the  volume. 

Ans.  160  TT, 

161.  Length  of  a  curve.  By  the  length  of  a  straight  line  we  com- 
monly mean  the  number  of  times  we  can  superpose  upon  it  another 
straight  line  employed  as  a  unit  of  length, 
as  when  the  carpenter  measures  the  length 
of  a  board  by  making  end-to-end  applica- 
tions of  his  foot  rule. 

Since  it  is  impossible  to  make  a  straight 
line  coincide  with  an  arc*  of  a  curve,  we 
cannot  measure  curves  in  the  same  manner  as  we  measure  straight 
lines.  We  proceed,  then,  as  follows. 

Divide  the  curve  (as  AB}  into  any  number  of  parts  in  any  manner 
whatever  (as  at  C,  D,  E]  and  connect  the  adjacent  points  of  division, 
forming  chords  (as  AC,  CD,  DE,  EB}. 

The  length  of  the  curve  is  defined  as  the  limit  of  the  sum  of  the  chords 
as  the  number  of  points  of  division  increases  without  limit  in  such  a  way 
that  at  the  same  time  each  chord  separately  approaches  zero  as  a  limit. 

Since  this  limit  will  also  be  the  measure  of  the  length  of  some 
straight  line,  the  finding  of  the  length  of  a  curve  is  also  called  "the 
rectification  of  the  curve." 

The  student  has  already  made  use  of  this  definition  for  the  length 
of  a  curve  in  his  geometry.  Thus  the  circumference  of  a  circle  is 
defined  as  the  limit  of  the  perimeter  of  the  inscribed  (or  circum- 
scribed) regular  polygon  when  the  number  of  sides  increases  without 
limit. 


J.1N 
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The  method  of  the  next  article  for  finding  the  length  of  a  plane 
curve  is  based  on  the  above  definition,  and  the  student  should  note 
very  carefully  how  it  is  applied. 

162.  Lengths  of  plane  curves;  rectangular  coordinates.  We  shall  now 
proceed  to  express,  in  analytical  form,  the  definition  of  the  last  article, 
making  use  of  the  Fundamental  Theorem. 

Given  the  curve 

and  the  points  P'(a,  c),  Q(b,  d)  on  it;  to  find 
the  length  of  the  arc  P'Q, 

FIRST  STEP.   Take  any  number  n  of  points 
on  the  curve  between  P'  and  Q  and  draw  the 
chords  joining  the  adjacent  points,  as  in  the 
figure.    The  required  length  of  arc  P'Q  is  evidently  the  limit  of  the 
sum  of  the  lengths  of  such  chords. 

SECOND  STEP.  Consider  any  one  of  these  chords,  P'P"  for  ex- 
ample, and  let  the  coordinates  of  P'  and  P"  be 

P'(x',y'}    and    P"(x'  +  Az',  yr  '    A-n  ^ 

Then,  as  in  Art.  95, 
P'P"  = 


or 


P'P 


=  f] 


[Dividing  inside  the  radical  by  (Ace')2  and  multiplying  outside  by  Aa:'.] 

But  from  the  Theorem  of  Mean  Value  (Art.  116)  (if  A?/7  is  denoted 
by  /(&)  -/(a)  and  Az'  by  6  -  a),  we  get 

|^  =  /(xi),  (x*  <  xi  <  xf  +  Ax') 

xi  being  the  abscissa  of  a  point  PI  on  the  curve  between  P'  and  P"  at 
which  the  tangent  is  parallel  to  the  chord. 

Substituting,  P'P"  =  [1  -f /' (x^YAx'  =  length  of  first  chord. 
Similarly,     P"p'"  =  [1  +  f(x2)2f&x"  =  length  of  second  chord, 

pc«)Q  =  [i  +/'(ajn)2]*Aa;W  =  length  of  nth  chord. 
The  length  of  the  inscribed  broken  line  joining  P'  and  Q  (sum  of 
the  chords)  is  then  the  sum  of  these  expressions,  namely, 

i)*f&x'  -f 


THIRD  STEP.  Applying  the  Fundamental  Theorem, 


lim 

7t-»00    -.- 


^  =  f 

Ja 


Hence,  denoting  the  length  of  arc  P'Q  by  s,  we  have  the 
formula  for  the  length  of  the  arc 


S= 
•Ja, 

(G)  s 


where  y1  =  ~  must  be  found  in  terms  of  x  from  the  equation  of  the 

given  curve. 

Sometimes  it  is  more  convenient  to  use  y  as  the  independent  vari- 
able. To  derive  a  formula  to  cover  this  case,  we  know  from  Art.  39 
that 

-j-  ~  -7- ;  hence  dx  =  x'  dy. 
dx     dx 

dy 

Substituting  these  values  in  (G),  and  noting  that  the  correspond- 
ing y  limits  are  c  and  d,  we  get  the  formula  for  the  length  of  the  arc, 

(H)  5 

dx 

where  x'  =  3-  must  be  found  in  terms  of  y  from  the  equation  of  the 
dy 

given  curve. 

Formula  (G)  may  be  derived  in  another  way.  In  Art.  95, 
formula  (D), 

(D 


gives  the  differential  of  the  arc  of  a  curve.  If  we  proceed  from  (1) 
as  in  Art.  142,  we  obtain  (G).  Also,  (H)  follows  from  (E)  in  Art.  95. 
Finally,  if  the  curve  is  defined  by  parametric  equations 

(2)  x 

it  is  convenient  to  use 


(3)  s 

no    fiwrn    f9.\     /7/v  — 
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ILLUSTRATIVE  EXAMPLE  1.  Find  the  length  of  the  circumference  of  the  circle 
+  y2  =  r2.  Y 

Solution.    Differentiating,  -£  =  —  -. 
dx          y 

Substituting  in  (G), 

^1** 

y2 


[Substituting  y2  =  r2  —  x2  from  the  equation  of  the] 
[circle  in  order  to  get  everything  in  terms  of  x.\ 

.-.arcBA  =  r  f  -rJl 
Jo    Vr2  - 


=  ?f-    (See  Illustrative  Example  1,  Art.  154.) 

Lt 


Hence  the  total  length  equals  2  irr.   Ans. 

ILLUSTRATIVE  EXAMPLE  2.   Find  the  length  of  arc  of  one  arch  of  the  cycloid 

x  =  a(6  —  sin  0),    y  =  a(l  —  cos  6). 
See  Illustrative  Example  2,  Art.  81. 
Solution.  dx  =  a(l  —  cos  6)dd,    dy  —  a  sin  Q  dd. 

Then  dx-2  +  dy2  =  2  a2(l  —  cos  6)d82  =  4  a2  sin2 f  6d62.       By  (5),  Art.  2 

Using  (3),  s  =  /  ~  2  a  sin  ^  ddd  —  8  a.  Ans. 


The  limits  are  the  values  of  0  at  0  and  D  (see  figure,  Illustrative  Example  2, 
Art.  81),  that  is,  6  =  0  and  9  =  2  TT. 

ILLUSTRATIVE  EXAMPLE  3.  Find  the  length  of  the  arc  of  the  curve  25  y2  =  x5 
from  x  =  0  to  x  =  2. 

Solution.    Differentiating,  ?/'  =  |  xl   Hence,  by  (G), 


(4) 


=  f 

"' 


The  integral  in  (4)  was  evaluated  approximately  in  Illustrative  Example  2, 
Art.  148,  by  the  trapezoidal  rule,  and  also  in  Illustrative  Example  2,  Art.  149,  by 
Simpson's  rule.  Taking  the  latter  value,  s  =  |(4.821)  =  2.41  linear  units.  Ans. 

163.  Lengths  of  plane  curves ;  polar  coordinates.   From  (/),  Art.  96, 
by  proceeding  as  in  Art.  142,  we  get  the  formula 
for  the  length  of  the  arc, 


where  p  and  —  in  terms  of  Q  must  be  substi- 
du 

tuted  from  the  equation  of  the  given  curve. 


~A 


In  case  it  is  more  convenient  to  use  p  as  the  independent  variable, 


Substituting  this  in 
gives 


Hence  if  pi  and  p2  are  the  corresponding  limits  of  the  independent 
variable  p,  we  get  the  formula  for  the  length  of  the  arc, 

CO  8 

jn 

where  -=-  in  terms  of  p  must  be  substituted  from  the  equation  of  the 
given  curve. 

ILLUSTRATIVE  EXAMPLE.   Find  the  perimeter  of  the  cardioid  p  =  a(l  +  cos  0). 

Solution.   Here  -£.  =  —  a  sin  6.  _ ^p 

atf 

If  we  let  0  vary  from  0  to  ir,  the  point  P  will  gen- 
erate one  half  of  the  curve.   Substituting  in  (/), 

I  =  f  1>2(1  +  cos  0)2  +  a2  sin2  0$  dd 
z     </o 

=  a  f  w(2  +  2  cos  0)4  dd  =  2  a  f 
•/O  «o 

.».  s  =  8  a.  Ans. 


cos -i 
o        ^ 


4  a. 


PROBLEMS 

1.  Find  the  length  of  the  curve  whose  equation  is  y3  =  x2  between  the 
points  (0,  0)  and  (8,  4).  Ans.   9.07. 

2.  Find  the  length  of  the  arc  of  the  semicubical  parabola  ay2  =  x3  from 
the  origin  to  the  ordinate  x=  5  a.  ,,._335a 

~27~" 


Ans. 


3.  Find  the  length  of  the  curve  whose  equation  is  y  =  —  4-  —  from 

6      2  x 
the  point  where  x  =  1  to  the  point  where  x  ~  3.  Ans.  -M-. 

3 

4.  Find  the  length  of  the  arc  of  the  parabola  y2  =  2  px  from  the  vertex 
to  one  extremity  of  the  latus  rectum.  *        p V2  4.  P  i    (-\    >  ^/n\ 

5.  Find  the  length  of  arc  of  the  curve  y2  =  xs  from  the  point  where 
x  =  0  to  the  point  where  x  =  -|.  Ans.   |-|. 

6.  Find  the  length  of  arc  of  the  parabola  6  y  =  x2  from  the  origin  to 
the  point  (4,  |).  Ans.  4.98. 

7.  Approximate  by  Simpson's  rule  the  length  of  arc  of  the  curve 
3  y  =  x3  from  the  origin  to  the  point  (1,  ^).  Ans.   1.09. 


10.  Find  the  length  of  the  arch  of  the  parabola  y  —  4  x  —  x2  which 
lies  above  the  #-axis.  Ans.   9.29. 

11.  Find  the  entire  length  of  the  hypocycloid  x*  +  y%  =  a?.   Ans.   6  a. 

n     -       —  - 

12.  Rectify  the  catenary  y  =  -  (ea  +  e  °)  from  x  =  0  to  the  point  (x,  y}. 

u 

A         a     2        _£ 
S'   2  (&a  ~  e  a)  • 

13.  Find  the  length  of  one  complete  arch  of  the  cycloid 

x  =  r  arc  vers  -  —  V2  ry  —  y2.  Ans.   8  r. 

T 

HINT.  Use  (fl),  Art  162.   Here  ^  =   /0  V         ' 

dy      V2ry-y* 

14.  Rectify  the  curve  9  ay2  —  x(x  —  3  a)2  from  x  =  0  to  x  =  3  a. 

Ans.   2  aV§. 

15.  Find  the  length  in  one  quadrant  of  the  curve  (-)  +  (r)  =  1. 

\a/       \o/ 

Ans.   a2  2 


a  +  6 

16.  Find  the  length  between  x  =  a  and  x  =  &  of  the  curve  ey  =  g^      •  • 

G    —  1 
p26  _  f 

Ans'   loS^7^  +  « 

17.  The  equations  of  the  involute  of  a  circle  are 

(x  —  a(cos  6  +  6  sin  6), 
\y  =  a(sin  6  —  0  cos  0). 

Find  the  length  of  the  arc  from  0  =  0  to  6  =  61.  Ans.   \  ad 

18.  Find  the  length  of  arc  of  curve  (x  ~  e[  sln  ?  from  Q  =  0  to  e  =  -• 

\y  =  eecosd  2 


Ans. 
Find  the  length  of  arc  of  each  of  the  following  curves. 

19.  y  =  In  (1  —  y2)  from  x  —  0  to  x  —  J. 

rr2       1 

20.  #  =  -j-  -  £  In  a;  from  x  =  ltox  =  2. 

21.  ?/  =  In  esc  x  from  a;  =  ^  to  x  =  ~ 

0  £i 

22.  3  x2  =  yz  from  y  =  1  to  y  -  20. 

23.  One  arch  of  the  curve  y  =  sin  #. 


Ans.      Va2  +  1. 
a 


HINT.  Use  (J). 

a 

26.  Find  the  length  of  the  curve  p  =  a  sec2  - 
from  0  =  0  to  e  =  |- 

Ans.    [V2  +  In  ( V2  +  l)]a. 

27.  Find  the  length  of  arc  of  the  parabola 

from  6  -  0  to  0  =  |- 

Aws.    V2+ln(V2  +  l). 

28.  Find  the  length  of  the  hyperbolic  spiral 
p0  =  a  from  (pi,  0i)  to  (p2,  #2). 

Ans.    V^+7^  -  V^+~p72  -  o  In  pl(,°  +  ^°'  +  P2^. 

p2(a+  Va2  +  p!2) 

0      3  — ~ 

29.  Show  that  the  entire  length  of  the  curve  p  =  a  sin3  -  is 


1  +  cos  0 


O  4 

that  OA,  AB,  BC  (see  figure)  are  in  arithmetical  progression. 


Show 


30.  Find  the  length  of  arc  of  the  cissoid  p  =  2  a  tan  6  sin  0  from  0  =  0 


*>«=?• 


31.  Approximate  the  perimeter  of  one  leaf  of  the  curve  p  =  sin  2  0. 

164.  Areas  of  surfaces  of  revolution.   A  surface  of  revolution  is 
generated  by  revolving  the  arc  CD 
of  the  curve 


about  the  axis  of  X. 

It  is  desired  to  measure  the  area 
of  this  surface  by  making  use  of  the 
Fundamental  Theorem. 

FIRST  STEP.  As  before,  divide 
the  interval  AB  into  subintervals 
Axi,  Ax2,  etc.,  and  erect  ordinates 
at  the  points  of  division.  Draw 
the  chords  CE,  EF,  etc.  of  the 
curve.  When  the  curve  is  revolved,  each  chord  generates  the  lateral 
surface  of  a  frustum  of  a  cone  of  revolution.  The  area  of  the  required 


surface  of  revolution  is  denned  as  the  limit  01  the  sum  ot  the  lateral 
areas  of  these  frustums. 

SECOND  STEP.  For  the  sake  of  clearness  let  us  draw  the  first 
frustum  on  a  larger  scale.  Let  M  be  the  middle  point  of  the  chord 
CE.  Then 

(1)       Lateral  area  =  2  irNM  •  CE.* 

In  order  to  apply  the  Fundamental  Theorem 
it  is  necessary  to  express  this  product  as  a 
function  of  the  abscissa  of  some  point  in  the 
interval  Axi.  As  in  Art.  162,  we  get,  using  the 
Theorem  of  Mean  Value,  the  length  of  the  chord 

where  xi  is  the  abscissa  of  the  point  P\(x\,  y\) 

on  the  arc  CE  where  the  tangent  is  parallel  to 

the  chord  CE.  Let  the  horizontal  line  through 

M  intersect  QPi  (the  ordinate  of  PI)  at  R,  and  denote  RPi  by 

Then 


h — Acci — T 


(3)  NM  =  yi-  €1. 
Substituting  (2)  and  (3)  in  (1),  we  get 

2  ir(yi  —  €i)[l  +/x(^i)2]^  Acci  =  lateral  area  of  first  frustum. 

Similarly, 

2  7r(#2  —  e2)[l  +  f  (x2)2'pAx2  =  lateral  area  of  second  frustum, 

2  ir(yn  —  en)[l  +  f'(xn')2'fiAxn  =  lateral  area  of  last  frustum. 
Hence 

n  t 

%  2  ir(yi  —  e;)[l  +/' (z;)2?"  Az;  =  sum  of  lateral  areas  of  frustums. 
This  may  be  written 

(4)  2  2  Try i[l  +  f  (x^Axi  -  2  TT  V  €f  [ 


*  The  lateral  area  of  the  frustum  of  a  cone  of  revolution  is  equal  to  the  circumference  of 
the  middle  section  multiplied  by  the  slant  height. 

t  The  student  will  observe  that  as  Arci  approaches  zero  as  a  limit,  ei  also  approaches  the 
limit  zero. 


THIRD  STEP.    Applying  tne  .Fundamental  ineorem  to  tne  first 
sum  (using  the  limits  OA  =  a  and  OB  =  &),  we  get 


lim  V  2  iryll  +f'(x         Az<  =         7n/[l  +f  (x}       dx. 

n~*°°i=l  **<* 

The  limit  of  the  second  sum  of  (4)  when  ra—  »<x>  is  zero.*  Hence  the 
area  of  the  surface  of  revolution  generated  by  revolving  the  arc  CD 
about  OX  is  given  by  the  formula 


where  Sx  denotes  the  required  area.    Or  we  may  write  the  formula 
in  the  form 

C 
CO  S  =  2  TT  I  y  ds. 

J  a 

Similarly,  when  OY  is  the  axis  of  revolution  we  use  the  formula 
Cfl<0  Sy  =  2  TT  C  x  ds. 

*J  c 

In  (L)  and  (M)  ds  will  have  one  of  the  three  forms  (C),  (Z>),  (£), 
of  Art.  95,  namely, 


depending  upon  the  choice  of  the  independent  variable.  The  last 
form  must  be  used  when  the  given  curve  is  defined  by  parametric 
equations.  In  using  (!•)  or  (M),  calculate  ds  first. 

The  formula  (L)  is  easily  remembered  if  we  consider  a  narrow 
band  of  the  surface  included  between  two  planes  perpendicular  to  the 
axis  of  revolution,  and  regard  it  approximately  as  the  convex  surface 
of  a  frustum  of  a  cone  of  revolution  of  slant  height  ds,  with  a  middle 
section  whose  circumference  equals  2  iry,  and  hence  of  area  2  Try  ds. 

ILLUSTRATIVE  EXAMPLE  1.   The  arc  of  the  cubical  parabola 

(5)  a2y  =  xs 

between  x  =  0  and  x  =  a  is  revolved  about  OX.  Find  the  area  of  the  surface  of 
revolution  generated. 

*  This  is  easily  seen  as  follows.  Denote  the  second  sum  by  Sn-  If  *  equals  the  largest  of 
the  positive  numbers  |  d  |,  |  €2  I,  •  •  •,  I  6n  I,  then 


1=1 

The  sum  on  the  right  is,  by  Art.  162,  equal  to  the  sum  of  the  chords  CE,  EF,  etc.   Let 
this  sum  be  ln.  Then  Sn  =  eln.  Since  lim  e  =  0,  Sn  is  an  infinitesimal,  and  therefore  lim  Sn  =  0. 
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Solution.   From  (5),  y' =        -    Hence 
a2 

ds  =  (l  +  ?/2)2  dx  =  i  (a4  +  9  a4)*  da;. 
a2 

Then  the  element  of  area  =  2  Tryds  =  ^  (a4  +  9  z4) a  z3  do;. 

Of 

Therefore,  by  (£), 

s* = 


=  ~  (10  VlO  -  l)o2  =  3.6  a2. 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  area  of  the  ellipsoid  of  revolution  gener- 
ated by  revolving  the  ellipse  whose  parametric  equations  are  (see  (3),  Art.  81) 
x  ~  a  cos  0,  y  =  b  sin  0  about  OX. 

Solution.    We  have 

dx  =  —  a  sin  0  d<j>,    dy  =  b  cos 

and  ds  =  (dx2  +  dyz}*  =  (a2  sin2  0  +  b2  cos2 

Hence  the  element  of  area  =  2  iry  ds  =  2  7rb(a2  sin2  0  +  b2  cos2  0)2  sin  0  d0. 

(6)  .'.  %  Sx  =  2  irb  f^(a2  sin2  0  +  b2  cos2  0)i  sin  0  d0. 

•/o 

To  integrate,  let  u  =  cos  0.   Then  du  =  —  sin  0  d0.   Also, 

a2  sin2  0  +  b2  cos2  0  =  a2(l  —  cos2  0)  +  b2  cos2  0  =  a2  —  (a2  —  b2)u2. 

Hence,  using  the  new  limits  u  =  l,  u  =  0,  and  interchanging  the  u  limits  (Art. 
150),  the  result  is 

4  Sx  =  Z  Trb  P[ct2  -  (a2  -  b2)u2]*  du.  (a  >  b) 

Jo 

Working  this  out  by  (22),  we  get  


Sx  =  2  Trb2  +  •   7ra   arc  sin  e,  where  e  =  eccentricity  =  — — 


Ans. 


ILLUSTRATIVE  EXAMPLE  3.  Find  the  area  of  the  surface  of  revolution  generated 
by  revolving  the  hypocycloid  x~z  +  y  "3  =  a3  about  the  cc-axis. 


=  (a*  - 


Solution.  Here       = 
da; 


ds  =  1 1  +  ~  }  dx  = 

£3" 


Substituting  in  (L),  noting  that  the  arc  BA 
generates  only  one  half  of  the  surface,  we  get 


=  2 


PV  ~ 
Jo 


This  is  an  improper  integral,  since  the  func- 

.   •  j.          T^r»    -ivi4-y-»rr*»<-»4-^M-l      in     ^-1  1      /^/^»-i^-i-*-»  1  1  /-»-ri          ^V\r»rt*-i»%-i  ^ 


uy  ievuivuig  uue  circus  \K~  -\-  y    =  r-  auuuu  a.  diameter.  /ins.    4  irr*. 

2.  Find  by  integration  the  area  of  the  surface  of  the  cone  generated 
by  revolving  about  OX  the  line  joining  the  origin  to  the  point  (a,  6). 

Ans.    irb Va2  +  62. 

3.  Find  by  integration  the  area  of  the  surface  of  the  cone  generated 
by  revolving  the  line  y  =  2  x  from  x  =  0  to  x  =  2  (a)  about  OX ;  (b)  about 
07.   Verify  your  results  geometrically. 

4.  Find  by  integration  the  lateral  area  of  the  frustum  of  a  cone  gen- 
erated by  revolving  about  OX  the  line  2  y  =  x  —  4  from  x  =  0  to  x  =  5. 
Verify  your  result  geometrically. 

5.  Find  the  area  of  the  surface  generated  by  revolving  about  0  Y  the 
arc  of  the  parabola  y  =  x2  from  y  =  0  to  y  =  2.  Ans.   -^  TT. 

6.  Find  the  area  of  the  surface  generated  by  revolving  about  OX  the 
arc  of  the  parabola  y  —  x2  from  (0,  0)  to  (2,  4). 

7.  Find  the  area  of  the  surface  generated  by  revolving  about  OX  the 
arc  of  the  parabola  y2  =  4  —  x  which  lies  in  the  first  quadrant.  Ans.  36.18. 

8.  Find  the  area  of  the  surface  generated  by  revolving  about  OX  the 
arc  of  the  parabola  y2  =  2  px  from  x  =  0  to  x  —  4  p.  Ans.  -^  irp2. 

9.  Find  the  area  of  the  surface  generated  by  revolving  about  0  Y  the 
arc  of  y  -  x3  from  (0,  0)  to  (2,  8). 

Find  the  area  of  the  surface  generated  by  revolving  each  of  the  follow- 
ing curves  about  OX. 

10.  9  y  =  x3,  from  x  =  0  to  x  =  2.  Ans.   f  f  TT. 

11.  y2  =  9  x,  from  x  =  0  to  x  =  4.  49  TT. 

12.  y2  =  24  -  4  x,  from  x  =  3  to  x  =  6.  -^  TT. 

10/3  2  *  n  4.  A  (820-  811n3)7r 

13.  6  y  =  x2,  from  a;  =  0  to  x  =  4.  - — '- — 

4  £ 

14.  y  =  e-*,  from  a;  =  0  to  x  =  oo.  ?r[V2  +  In  (l  +  V2~)]. 

15.  The  loop  of  9  ay2  =  z(3  a  -  a)2.  3  Tra2. 

16.  6  a*xy  =  x4  +  3  a4,  from  a;  =  a  to  a?  =  2  a.  f$  ?ra2. 

17.  One  loop  of  8  a2y2  =  a2x2  -x*.  ^  Tra2. 

18.  y2  +  4  x  =  2  log  y,  from  #  =  1  to  #  =  2.  -^  TT. 

19.  The  cycloid  I  *  =  °^  ~  sin  ^'  Ans.  -•£  Tra2. 

\y  =  a(l  —  cos  5).  •* 

on    mu  J-    -j   f  07  =  a(2  COS  0  —  COS  2  0),  ,,,„         „ 

20.  The  cardioid  ;_    .     .       .          ''  -4^  ro2. 

}  y  =  o(2  sin  6  —  sin  2  0).  5 


Find  the  area  of  the  surface  generated  by  revolving  each  of  the  fol- 
lowing curves  about  OY. 

25.  x  =  y3,  from  y  =  0  to  y  =  3.  Ans.   ¥V  vr[(730)*  -  1]. 

26.  y  =  a;3,  from  y  =  0  to  y  =  3. 

27.  6  azxy  =  a;4  +  3  a4,  from  x  =  a  to  x  =  3  a.  (20  +  In  3)7ra2. 

28.  4  y  =  x2  —  2  In  .r,  from  x  =  1  to  x  =  4.  24  TT. 

29.  2  y  =  a; Va;2  —  1  +  log  (x  —  Vz2  —  1 ),  from  x  =  2  to  x  =  5. 

Aws.    78  TT. 

30.  •y2  =  z3,  from  a;  =  0  to  x  =  8.  713. 

31.  4 1/  =  x2,  from  j/  =  0  to  y  =  4.           33.  4  x2  +  y2  -  64. 

32.  x2  +  4  ?/2  =  16.  34.  9  a;  =  #3,  from  y  =  Qtoy=3. 

Find  the  area  of  the  surface  generated  by  revolving  each  of  the  fol- 
lowing curves.  About  OX  Ab    tOY 

35.  The  ellipse  —  +  ^  =  1.  2  ?ra2  H In-  -  -. 

cr      o*  e       i  —  e 

HINT,  e  =  eccentricity  of  ellipse 
_  Va2  -  b2 
a 

/    x  X\ 

36.  The  catenary  y  =  %\&+  e~°)> 

2 

from  x  =  0  to  a;  =  a.  -T-(e2+4— e~2).     2  ira2(l  —  e"1). 

(Figure,  p.  532) 
o7.  a^~ro  ==D3?2/>irom.a?:— 1  toa?-— :«.     TS"""*  ""\4 — r~ln.o). 

2V27T,,        ^ 


00 
38. 


5 


/q  \  2 

39.  3  a;2  +  4  ?/2  =  3  a2.  /-H — p=Wa2.          (4  +  31n3)-^=-« 

\2      V3/  2 

40.  The  slope  of  the  tractrix  at  any  point  of  the  curve  in  the  first 

quadrant  is  given  by  -^  =  — 7=-^ — -•    Show  that  the  surface  generated 
da/      ~ 


by  revolving  about  OX  the  arc  joining  the  points  (xi,  y\)  and  (x2,  yz)  on 
the  tractrix  is  2  irc(yi  —  2/2)  •    (Figure,  p.  537) 

41.  The  area  in  the  first  quadrant  bounded  by  the  curves  whose  equa- 
tions are  y  =  x3  and  y  —  4  x  is  revolved  about  OX.  Find  the  total  surface 
of  the  solid  generated,  Ans.  410.3. 


surface  of  the  solid  generated. 


Ans.    141.5. 


43.  Find  the  surface  generated  by  revolving  about  OX  the  arc  of  the 


curve  whose  equation  is  y  —  —  + 

fa 


from  x  =  1  to  x  =  3. 


Ans. 


208  TT 


44.  Find  the  entire  surface  of  the  solid  generated  by  revolving  about 
OX  the  area  bounded  by  the  two  parabolas  y2  =  4  x  and  y2  —  x  +  3. 

Ans.    |  7r(l7Vl7  +  32\/2  -  17)  =  51.53. 

45.  Find  the  area  of  the  surface  generated  by  revolving  about  OX  one 
arch  of  the  curve  y  —  sin  cc.  Ans.   14.42. 

165.  Solids  with  known  parallel  cross  sections.  In  Art.  160  we  dis- 
cussed the  volume  of  a  solid  of  revolution,  such  as  is  shown  in  the 
accompanying  figure.  All  cross  sec- 
tions in  planes  perpendicular  to  the 
x-axis  are  circles.  If  OM  =  x,  MC  =  y, 
then 

(1)  Area  cross  section 

ACBD  =  iry2  =  ir[<£(aO]3, 

if  y  —  <f>(x)  is  the  equation  of  the 
generating  curve  OCG.  Hence  the  area 
of  the  cross  section  in  any  plane  perpen- 
dicular to  OX  is  a  function  of  its  perpendicular  distance  (=  x)  from 
the  point  0. 

We  shall  now  discuss  the  calculation  of  volumes  of  solids  that  are 
not  solids  of  revolution  when  it  is  possible  to  express  the  area  of  any 
plane  section  of  the  solid  which  is 
perpendicular  to  a  fixed  line  (as  OX) 
as  a  function  of  its  distance  from  a 
fixed  point  (as  0). 

Divide  the  solid  into  n  slices  by 
equidistant  sections  perpendicular  to 
OX,  each  of  thickness  AJC. 

Let  FDE  be  one  face  of  such  a 
slice,  and  let  ON  =  x.  Then,  by  hypothesis, 


(2) 


Area  FDE  = 


The  volume  of  this  slice  is  equal,  approximately,  to 
(3)          Area  FDE  x  Az  =  A(x)Ax  (base  x  altitude). 


dent  that  the  required  volume  is  the  limit  of  this  sum ;  hence,  by  the 
Fundamental  Theorem, 


lim  V 

n->  oo  £? 

and  we  have  the  formula 
(N) 


~ 

=  I  A(x)dx, 

J 


V  = 


were  A(x)  is  defined  in  (2). 

The  element  of  volume  is  a  prism  (in  some  cases  a  cylinder) 
whose  altitude  is  dx  and  whose  base  has  the  area  A(x).    That  is, 

dV  =  A(x)dx. 

ILLUSTRATIVE  EXAMPLE  1.  The  base  of 
a  solid  is  a  circle  of  radius  r.  All  sections 
perpendicular  to  a  fixed  diameter  of  the 
base  are  squares.  Find  the  volume  of  the 
solid. 

Solution.  Take  the  circle  x2  +  y2  =  rz 
in  the  XT-plane  as  base,  and  OX"  as  the 
fixed  diameter.  Then  the  section  PQRS 
perpendicular  to  OX  is  a  square  of  area 
4  y2,  if  PQ  =  2  y.  (In  the  figure,  the  por- 
tion of  the  solid  on  the  right  of  the  section 
PQRS  is  omitted.) 

Hence  A(cc)  =  4  y2  =  4(r2  -  a;2),  and, 
by  (N), 

Volume  =  4  f  (r2  -  x~}dx  =  *g  r3.  Ans. 

J—T 

ILLUSTRATIVE  EXAMPLE  2.  Find  the 
volume  of  a  right  conoid  with  circular 
base,  the  radius  of  the  base  being  r  and  the  altitude  a. 

Solution.    Placing  the  conoid  as  shown  in  the  figure,  consider  a  section  PQR 
perpendicular  to  OX.  This  section  is  an  isosceles  triangle  ;  and,  since 

EM  =  V2  rx  -  x2 

(found  by  solving  x2  +  y2  =  2  rx,  the  equation  of  the 
circle  ORAQ,  for  y}  and 


£^B    * 


the  area  of  the  section  is 


—  x2  =  A(x). 


Substituting  in  (N), 

g  rx  - 


-    Ans. 
This  is  one  half  the  volume  of  the  cylinder  of  the  same  base  and  altitude. 


JUAA«U-UEJ  o. 


me  volume  01  tne  eiiipsoia 


by  a  single  integration. 

Solution.    Consider  a  section  of  the  ellipsoid  perpendicular  to  OX,  as  ABCD, 
with  semiaxes  b'  and  c'.    The  equation  of  the  ellipse  HEJG  in  the  XOY-plane  is 


Solving  this  for  y  (—  V)  in  terms  of 
x  (=  OM)  gives 


Similarly,  from  the  equation  of  the 
ellipse  EFGI  in  the  XOZ-plane  we  get 

c'  =  -  Va2  -  a;2. 
a 


He?nce  the  area  of  the  ellipse  (section)  ABCD  is 

Trb'c'  =  ^~-  (a2  -  x2)  =  A 
ct 


Substituting  in  (AT), 

V  =  ^  C+  a  (a2  -  x2)dx  =  1 
a.2  J-a  3 


irabc.  Ans. 


PROBLEMS 

1.  A  solid  has  a  circular  base  of  radius  r.    The  line  AS  is  a  diameter 
of  the  base.   Find  the  volume  of  the  solid  if  every  plane  section  perpen- 
dicular to  AB  is 

(a)  an  equilateral  triangle ;  Ans.   f  r3  V§. 

(b)  an  isosceles  right  triangle  with  its  hypotenuse  in  the  plane  of  the 
base;  Ans.   fr3. 

(c)  an  isosceles  right  triangle  with  one  leg  in  the  plane  of  the  base ; 

Ans.   f  r3. 

(d)  an  isosceles  triangle  with  its  altitude  equal  to  20  in. ;      Ans.   10  irr2. 

(e)  an  isosceles  triangle  with  its  altitude  equal  to  its  base.    Aws.   f  r3. 

2.  A  solid  has  a  base  in  the  form  of  an  ellipse  with  major  axis  20  in. 
long  and  minor  axis  10  in.  long.    Find  the  volume  of  the  solid  if  every 
section  perpendicular  to  the  major  axis  is 

(a)  a  square ;  Ans.    1,333  cu.  in. 

(b)  an  equilateral  triangle ;  577.3  cu.  in. 

(c)  an  isosceles  triangle  with  altitude  10  in.  785.4  cu.  in. 


8  in,  from  the  vertex  of  the  parabola.    Find  the  volume  of  the  solid  if 
every  section  perpendicular  to  the  axis  of  the  base  is 

(a)  a  square ;  Ans.   1024  cu.  in. 

(b)  an  equilateral  triangle;  443.4 cu. in. 

(c)  an  isosceles  triangle  with  altitude  10  in.  426.7  cu.  in. 

4.  A  football  is  16  in.  long,  and  a  plane  section  containing  a  seam  is  an 
ellipse,  the  shorter  diameter  of  which  is  8  in.   Find  the  volume  (a)  if  the 
leather  is  so  stiff  that  every  cross  section  is  a  square;    (b)  if  the  cross 
section  is  a  circle.  Ans.    (a)  341^  cu.  in. ;   (b)  535.9  cu.  in. 

5.  A  wedge  is  cut  from  a  cylinder  of  radius  5  in.  by  two  planes,  one 
perpendicular  to  the  axis  of  the  cylinder  and  the  other  passing  through  a 
diameter  of  the  section  made  by  the  first  plane  and  inclined  to  this  plane 
at  an  angle  of  45°.   Find  the  volume  of  the  wedge.  Ans.   -^f2-  cu.  in. 

6.  Two  cylinders  of  equal  radius  r  have  their  axes  meeting  at  right 
angles.   Find  the  volume  of  the  common  part.  Ans.   ^-  r3. 

7.  A  circle  of  radius  a  moves  with  its  center  on  the  circumference  of 
an  equal  circle,  and  keeps  parallel  to  a  given  plane  which  is  perpendicular 
to  the  plane  of  the  given  circle.    Find  the  volume  of  the  solid  it  will 
generate.  Ans.   f  a3  (3  TT  4-  8). 

8.  A  variable  equilateral  triangle  moves  with  its  plane  perpendicular 
to  the  x-axis  and  the  ends  of  its  base  on  the  points  on  the  curves  y2  =  16  ax 
and  y2  =  4  ax,  respectively,  above  the  #-axis.  Find  the  volume  generated 
by  the  triangle  as  it  moves  from  the  origin  to  the  points  whose  abscissa 
is  a.  Ans.   |V3  a3. 

9.  A  rectangle  moves  from  a  fixed  point,  one  side  being  always  equal 
to  the  distance  from  this  point,  and  the  other  equal  to  the  square  of  this 
distance.    What  is  the  volume  generated  while  the  rectangle  moves  a 

distance  of  2  ft.  ?  Ans.  4  cu.  ft. 

x2     ii2 

10.  On  the  double  ordinates  of  the  ellipse  —  +fz=l,  isosceles  tri- 

a1      o2 

angles  of  vertical  angle  90°  are  described  in  planes  perpendicular  to  that 
of  the  ellipse.  Find  the  volume  of  the  solid  generated  by  supposing  such 
a  variable  triangle  moving  from  one  extremity  to  the  other  of  the  major 
axis  of  the  ellipse.  Ans.  f  ab2. 

Calculate  the  volumes  bounded  by  the  following  quadric  surfaces  and 
the  given  planes. 

11.  2  =  z2  +  4  y2 ;  »  =  1.  Ans.    i  TT. 

12.  4  x2  +  9  s2  +  y  ~  0 ;   y  +  1  =  0.  ^  IT. 

13.  x2  +  4  y2  =  1  +  z2 ;  z  +  1  =  0 ;  z  -  1  =  0.  §  TT. 

14.  25  2/2  +  9  22  =  1  +  x2 ;  x  -  0  ;   x  =  2.  if  TT. 


15.  xl  +  4  y*  +  9  z*  =  1.  Arcs,  f  TT. 

16.  z2  =  x2  +  9  ?/2  ;   z  +  1  =  0.  i  TT. 

17.  Given  the  parabola  z  =  4  —  x2  in  the  XZ-plane  and  the  circle 
x2  -f-  y2  =  4  in  the  XT-plane.    From  each  point  on  the  parabola  lying 
above  the  circle  two  lines  are  drawn  parallel  to  the  YZ-plane  to  meet  the 
circle.    Calculate  the  volume  of  the  wedge-shaped  solid  thus  formed. 

Ans.  6  TT. 

18.  Find  the  volume  of  the  solid  bounded  by  the  hyperboloid  of  one 

sheet  ^  =  ~  —  TS  +  1  and  the  planes  x  =  0,  x  =  a.  Ans.   f  irabc. 

c2      a2      &2 

19.  A  solid  is  bounded  by  one  nappe  of  the  hyperboloid  of  two  sheets 

/y  2  /y«  2  /i  1 2 

_  =  ___  _  £_  _  i  an(j  the  plane  x  =  2  a.   Find  the  volume.     Aws.   f  Tra&e. 
<r      a2      oz 

20.  Find  the  volume  of  the  solid  bounded  by  the  surface 


ADDITIONAL  PROBLEMS 

1.  Find  the  area  of  the  loop  of  the  curve 

y2  =  (x  +  4)(z2  -  x  +  2  y  -  4).  Arcs.  -2T5/. 

2.  A  point  moves  along  a  parabola  in  such  a  way  that  the  radius 
joining  it  to  the  focus  generates  area  at  a  constant  rate.  If  the  point  moves 
from  the  vertex  to  one  end  of  the  latus  rectum  in  1  sec.,  what  will  be  its 
position  at  the  end  of  the  next  8  sec.  ? 

Ans.   Distance  from  focus  =  f  latus  rectum. 

3.  Find  the  perimeter  of  the  figure  bounded  by  the  line  y  =  1  and  the 
curve  ±y  =  e2x+  e~2*.  Ans.    V3  +  In  (2  +  VI)  =  3.05. 

4.  The  arc  OP  of  the  curve  xy  —  x  —  y  joins  the  origin  to  the  point 
P(x\,  y\),  and  bounds  with  the  £-axis  and  the  line  x  =  x\  an  area  A.   The 
same  arc  bounds  with  the  #-axis  and  the  line  y  —  y\  an  area  B.   Prove  that 
the  volumes  obtained  by  revolving  A  about  the  ic-axis  and  B  about  the 
y-axis  are  equal. 

5.  The  area  bounded  by  the  curve  16  y2  =  (x  +  4)3  and  its  tangent 
at  the  point  (12,  16)  is  revolved  about  the  x-axis.    Find  the  volume 
inclosed.  Ans.   ^-f--  ir. 

6.  The  base  of  a  solid  is  the  area  bounded  by  the  parabola  y2  —  2  px 
and  its  latus  rectum.   Every  section  of  the  solid  made  by  a  plane  at  right 
angles  to  the  latus  rectum  is  a  rectangle  whose  altitude  is  equal  to  the 
distance  of  the  section  from  the  axis  of  the  parabola.   Find  the  volume  of 
the  solid.  Arts.    \  p3. 


curve  in  sucn  a  way  tnat  all  plane  sections  perpendicular  to  the  z-axis  are 
ellipses  whose  foci  are  on  the  given  ellipse.  The  major  and  minor  axes  of 
each  section  are  proportional  to  those  of  the  given  ellipse.  Find  the 
volume  of  the  solid.  Ans.  &%&  TT. 

8.  Let  (x,  y)  be  a  point  on  the  curve  of  Art.  159,  0  being  the  origin 
and  OA  the  x-axis.    Show  that  (D)  may  be  written 


(1) 


Area  =  J J  (x  dy  —  y  dx), 


by  using  the  transformation  (5),  p.  4.    The  limits  are  determined  by  the 
coordinates  of  the  extremities  of  the  curve. 

9.  Derive  the  formula  of  the  preceding  problem  directly  from  a  fig- 
ure, making  use  of  (B)  and  (C),  Art.  158. 

The  formula  (1)  of  Problem  8  is  useful  for  parametric  equations.   Find 
the  following  areas  by  (1). 

10.  The  area  between  the  involute  of  a  circle 

x  =  r  cos  6  +  rd  sin  6,     y  =  r  sin  0  —  r6  cos  6 

and  the  z-axis  produced  to  the  left,  in  the  figure  of  Chapter  XXVI, 
p.  537. 

11.  The  entire  area  of  the  hypocycloid 
of  three  cusps 

x  =  2  r  cos  d  +  r  cos  2  6, 
y  =  2  r  sin  &  —  r  sin  2  0. 
(See  figure.)  Ans.   2  irr2. 

12.  A  straight  uniform  wire  attracts  a 
particle  P  according  to  the  law  of  gravita- 
tion. The  particle  is  in  the  line  of  the  wire 
but  not  in  the  wire.    Prove  that  the  wire 
attracts  the  particle  as  if  the  mass  of  the 
wire  were  concentrated  at  a  point  of  the 
wire  whose  distance  from  P  is  the  mean 

proportional  of  the  distances  from  P  to  the  ends  of  the  wire. 

13.  Find  the  area  of  the  loop  of  the  folium  of  Descartes, 

#3  _j_  yZ  —  3  dxy. 

3  at 


HINT.  Let  y  —  tx ;  then    x  = 


-H3 


3  at2 


and    dx  =  • 


•          1+<3'         —          (1+i3)2 

The  limits  for  t  are  0  and  <x> . 


3adi. 


CHAPTER  XVI 

FORMAL  INTEGRATION  BY  VARIOUS  DEVICES 

166.  Introduction.   Formal  integration  depends  ultimately  upon 
the  use  of  a  table  of  integrals.    If,  in  a  given  case,  no  formula  is 
found  in  the  table  resembling  the  given  integral,  it  is  often  possible 
to  transform  the  latter  so  as  to  make  it  depend  upon  formulas  in  the 
tables.  The  devices  which  may  be  used  are 

(a)  integration  by  parts  (Art.  136), 

(b)  application  of  the  theory  of  rational  fractions, 

(c)  use  of  a  suitable  substitution. 

We  proceed  to  discuss  (b)  and  (c). 

167.  Integration  of  rational  fractions.  A  rational  fraction  is  a  frac- 
tion the  numerator  and  denominator  of  which  are  integral  rational 
functions,  that  is,  the  variable  is  not  affected  with  negative  or  frac- 
tional exponents.  If  the  degree  of  the  numerator  is  equal  to  or  greater 
than  that  of  the  denominator,  the  fraction  may  be  reduced  to  a 
mixed  quantity  by  dividing  the  numerator  by  the  denominator.  For 
example, 


The  last  term  is  a  fraction  reduced  to  its  lowest  terms,  having 
the  degree  of  the  numerator  less  than  that  of  the  denominator.  It 
readily  appears  that  the  other  terms  are  at  once  integrable,  and  hence 
we  need  consider  only  the  fraction. 

In  order  to  integrate  a  differential  expression  involving  such  a 
fraction,  it  is  often  necessary  to  resolve  it  into  simpler  partial  frac- 
tions, that  is,  to  replace  it  by  the  algebraic  sum  of  fractions  of  forms 
such  that  we  can  complete  the  integration.  That  this  is  always  pos- 
sible when  the  denominator  can  be  broken  up  into  its  real  prime 
factors  is  shown  in  algebra.* 

Case  I.  When  the  factors  of  the  denominators  are  all  of  the  first 
degree  and  none  are  repeated. 

*See  Chapter  XX  in  Hawkes's  "Advanced  Algebra"  (Ginn  and  Company,  Boston). 
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spends  a  partial  traction  01  tne  torrn 

A 
x  —  a' 

where  A  is  a  constant.    The  given  fraction  can  be  expressed  as  a 
sum  of  fractions  of  this  form.   The  examples  show  the  method. 

ILLUSTRATIVE  EXAMPLE.  Find  f  ;  x  „      *  • 

J  x3  +  x2  —  2  x 

Solution.  The  factors  of  the  denominator  being  x,  x  —  1,  x  +  2,  we  assume  * 

m  2a;  +  3         __A        B  C 

()  x(x  -  1) (x  +  2)       x      x-1      x  +  2J 

where  A,  B,  C  are  constants  to  be  determined. 
Clearing  (1)  of  fractions,  we  get 

(2)  2  x  +  3  =  A(x  -  l)(z  +  2)  +  B(x  +  2)x  +  C(x  -  l)x, 
2x  +  3  =  (A+B  +  C)x2  +  (A  +  2B-C)x-2A. 

Since  this  equation  is  an  identity,  we  equate  the  coefficients  of  the  like  powers 
of  x  in  the  two  members  according  to  the  method  of  Undetermined  Coefficients, 
and  obtain  three  simultaneous  equations 

f    A  +  B  +  C  =  0, 

(3)  i  A  +  2  B  -  C  =  2, 

(  -2A-B. 

Solving  equations  (3),  we  get 

Substituting  these  values  in  (1), 

23+3  3.5  1 

—  —  ^ r 


x(x  -  l)(z  +  2)          2  x      3  (a  -  1)      6(cc  +  2) 

/"        2x  +  B        rf_3  /*^,5  r_dx__  _  I   r   dx 

"J  »(*-!)  (a?  +  2)  2J    a?      3Js-l      6Jx  +  2 

=  -  f  In  a  +  f  In  (x  -  1)  -  i  In  (x  +  2)  +  In  c 

=  ln         "^-    Ans. 


x2(x+2)6. 

A  shorter  method  of  finding  the  values  of  A,  B,  and  C  from  (2)  is  the  following  : 
Let  factor  x  =  0  ;  then  3  =  -  2  A,  or  A  =  -  f  . 

Let    factor  x  —  1  =  0,  ora;  =  l;  then  5  =  3  B,  or         B  =  f  . 
Let    factor  x  +  2  =  0,  or  x  —  -  2  ;  then  -  1  =  6  C,  or  C  =  -  £. 

In  every  example  in  rational  fractions  the  number  of  constants  to 
be  determined  is  equal  to  the  degree  of  the  denominator. 

*  In  the  process  of  decomposing  the  fractional  part  of  the  given  differential  neither 
the  integral  sign  nor  dx  enters. 


degree  and  some  are  repeated. 

To  every  ft-fold  linear  factor,  such  as  (x  —  a}n,  there  will  corre- 
spond the  sum  of  n  partial  fractions, 

A        ,          B  L 

-  ^ 


(x  -  a)n      (x  -  a)"-1  x  -  a 

in  which  A,  B,  •  •  •,  L  are  constants.    These  partial  fractions  are 
readily  integrated.   For  example, 

/,        .....  .    •  —  A.  I  (x     a)     ax  ==   .,        .  ,         %  „  7  "t"  *-/« 
(x-a}n        J  ^  (I  -  n}(x  -  a)n~l 

/3;3     I    1 
(    "—  1)3^' 

Solution.  Since  x  —  1  occurs  three  times  as  a  factor,  we  assume 

x*  +  l    ^A  B  C  D 

-     3          -     2 


x(x  -  I)3      x      (x  -  I)3      (x  -  I)2     x  -  1 
Clearing  of  fractions, 

x3  +  1  =  A(x  -  I)3  +  Bx  +  Cx(x  -  1)  +  Dz(a;  -  I)2. 

x3  +  1  =  (A  +  D)x3  +  (-3A  +  C~2  D)x2  +  (3  A  +  B  -  C  +  D)x  -  A. 

Equating  the  coefficients  of  like  powers  of  x,  we  get  the  simultaneous  equations 

A  +  D  =  1, 
-3A  +  C-2D-0, 


Solving,  A  =  -  1,  B  =  2,  C  =  1,  D  =  2,  and 

x3  +  1     =     1  .        2  1  2 

x(x-l)3         x      (x-1)3      (x-1)2     x-1 


=  -  In  x  -  .        .,3  -  --r  +  2  In  (x  -  1)  +  C 
(x  —  I)2      x  —  1 


^.   _ 

+  In  ^  —  *J-  +  C.  Ans. 


PROBLEMS 
Work  out  the  following  integrals. 


i    f  (4  x  —  2)dx  _  ,    x2  —  2  a;  ,  -r 
J  x*  -  x2  -  2  x  ~      (x  +  I)2     - 

2.  r(      2  - 

J 


—  X 


(4  x  +  3)dx          1  ,    _  a;2  _,-_  r 

8o;2  +  3a;      2      (2a;  T  °* 
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lln(2x  +  l)( 
2  x 


4   f(4  &  +  2  x2  +  l}dx  =  x         ln 
V  4  x3  —  a; 


=  ln 


-  iw 

J  (x  —  l)(a;  +  I)2  3 


/22  dz 
«-l»  = 


21 


f  +  to  1  =  2.7877. 

2          3 


-  =1    __  =  _ 

UViz3  +  3z2  +  2o;  10          U> 

n    r3      (3  —  x)dx          i«81_nni9K 
11.  /      -  ,    .  —    ,  0     =  in  —  =  0.01^5. 
J2  x3  4-  4  a;2  +  3  a;          80 

12   f1        (3  a;2  +  7  a;)da;        _  ,    4  _ 
12'Jo  (a;  +  l)(o;  +  2)(x  +  3)  ~  ln  3  ~ 

=1  ?   6   _0> 

re  2      3 

14-  P  ?!  =  5  In  3  -  4  =  1.4930. 


o     _ 

o  (2  x  +  l)(x  + 

Work  out  each  of  the  following  integrals. 

IK   f    8da:  22   r(5  x2  +  14  a;  +  10)ds 

Ja;3-4cc'  J 


r(5  s2  -  9)c?a;  23  r( 

J     a;3-9x  V 

f 
J 


+  2)  (a  +  I)2 
*  +  10  y 


(3 


x 


*'J  (2z  +  3)(4z2-l)'  £"V      (cc  -  2)3 

XJ      £3-£     '  27V  (^/2  - 


-  a;  -  5)da  r(2  ft  +  3  t3  -  20  f  - 

' 


f(x2  -  a;  -  5)da  r 

J       o^  +  So;2      '  J 


To  every  nonrepeated  quadratic  factor,  such  as  x2  +  px  +  q,  there 
corresponds  a  partial  fraction  of  the  form 

Ax  +  B 
x2  +  px  4-  9 

The  method  of  integration  of  this  term  is  explained  on  page  209 
(Illustrative  Example  2). 

If  p  is  not  zero,  we  complete  the  square  in  the  denominator, 


Let  x  +  i  P  —  u-   Then  x  =  u  —  \  p,  dx  =  du.   Substituting  these 
values,  the  new  integral  in  terms  of  the  variable  u  is  readily  integrated. 

ILLUSTRATIVE  EXAMPLE  1.  Find  C  ,      ,  — 

J  x3  +  4  a; 


Solution.    Assume  «        =£*  +  £±jr^. 

x(x2  +4)       x       x2  +  4 

Clearing  of  fractions,  4  =  A(x2  +  4)  +  x(Bx  +  C)  =  (A  +  B)x2  +  Cx  +  4  A. 
Equating  the  coefficients  of  like  powers  of  x,  we  get 

A+B  =  0,     C  =  0,    4  A  =  4. 
This  gives  A  =  1,B  =  -l,C  =  0,  so  that        4         --1          x 


..  _  ,       .- 

+4)      jc     a;2  +  4 
•  r     ^  da;      _  f  ^  _  f  xdx 
'  'J  x(x2  +  4)  "~ J   x      J  x2  +  4 

=  In  x  -  J  In  (z2  +  4)  +  In  c  =  In     .  CX       •    Arcs. 
2  Vx2  +  4 

ILLUSTRATIVE  EXAMPLE  2.  Prove 


Solution.   Factoring,  x3  +  8  =  (x  +  2)  (a;2  —  2  x  +  4). 
1      _     Aa;  +  g  C 

1  =  (Ace  +  B)(x  +  2)  +  C(x2  -  2  a?  +  4), 
1  =  (A  +  C)x2  +  (2  A  +  B  -  2  C)«  +  2  B  +  4  C. 
Then  A  =  -  -A,  B  =  J ,  C  =  -A-. 


Now  x2  -  2  x  +  4  =  (x  -  I)2  +  3  =  M2  4-  3,  if  x  -  1  =  M. 
Then  x  =  u  +  l,dx  =  du,  and 

f  .  47a;,    .  dx  =  f-^T^  du^VB  arc  tan  ~=  - 1  In  (w2  +  3) . 
J  x2  —  2x  +  4          J  u2  +  3  V§     2 


J.J^VJ.TWi..Lj     ^-ttJUV^  U  JLJ  U  O 


Case  IV.   When  the  denominator  contains  factors  of  the  second  degree 
some  of  which  are  repeated. 

To  every  n-fold  quadratic  factor,  such  as  (x2  +  px  +  q)n,  there 
will  correspond  the  sum  of  n  partial  fractions, 

Ax+B         .  Cx  +  D  Lx  +  M 

(x2  -f  px  +  q)n      (x2  +  px  4-  q)n~l  x2  -f  px  +  q' 

To  carry  out  the  integration,  the  "reduction  formula" 

,,.,  r      du 1         T         M 

1  j          J  (u2  -f  a2)"  ~  2(%  -  l)a2L(w2  +  a2)""1 


proved  in  the  next  chapter,  is  necessary.   If  n  >  2,  repeated  applica- 

tions of  (5)  are  necessary.   If  p  is  not  zero,  we  complete  the  square, 

x2  +  px  +  q  =  (x  +  J  p)2  +  \  (4  q  -  p2)  =  u2  -f-  a2,  etc.,  as  before. 

ILLUSTKATIVE  EXAMPLE.  Prove 


Solution.  Since  x2  +  1  occurs  twice  as  a  factor,  we  assume 

2x3+a  +  3_Aa;  +  J3       Cx  +  £) 
(z2  +  1)2         (z2  +  l)2      z2  +  l  ' 
Clearing  of  fractions, 

2  x3  +  x  +  3  =  Ax  +  B  +  (Cx  +  D)(x2  +  1). 
Equating  the  coefficients  of  like  powers  of  x  and  solving,  we  get 


The  first  of  these  two  integrals  is  worked  out  by  the  power  formula  (4),  the 
second  by  (5)  above,  with  u  —  x,  a  =  1,  n  =  2.   Thus  we  obtain 


Reducing,  we  have  the  answer. 

Conclusion.  Since  a  rational  function  may  always  be  reduced  to 
the  quotient  of  two  integral  rational  functions,  that  is,  to  a  rational 
fraction,  it  follows  from  the  above  discussion  that  any  rational 
function  whose  denominator  can  be  broken  up  into  real  quadratic 
and  linear  factors  may  be  expressed  as  the  algebraic  sum  of  integral 
rational  functions  and  partial  fractions.  The  terms  of  this  sum  have 


ineorem.  l/ie  integral  oj  every  rational,  junction  whose  denominator 
can  be  broken  up  into  real  quadratic  and  linear  factors  may  be  found, 
and  is  expressible  in  terms  of  algebraic,  logarithmic,  and  inverse  trigono- 
metric functions,  that  is,  in  terms  of  the  elementary  functions. 

PROBLEMS 
Work  out  the  following  integrals. 


*(x 

_     , 
* 


5  =  In  +       rc  tan 

9o;  x2  6  3 


y  ~r  o 

+ 


7.  f--  =  ~  -  -  arc  tan  2  +  C. 

J  Z 


arc  ten  * 


.  f(4  **  +2 
J         o;a;2 


9) 


=  In  -         +         —  +        arc  tan  -.  +  C. 


.  -  . 

2)2  a;2  +  2      2  x2  +  4        4  V2 


18. 


2  +  x  2 

4  x3da;      1  , 


1 


=  In  ^~  -  2  arc  tan  x  +  C' 


16-  r2f  =  2  In  (2  +  2)  ~  arc  tan  (z  +  1)  +  C. 

J  (2  +  2)(z2  +  2  z  +  2) 


"•  j  U  +  L  + 

18.  /•<(S»'+4)<fa  =  3  In  4  =  4.1589. 

Ji      o^  +  4  x 

5  x  da;  ,    8      TT  _ 


(t  +  2)  "  F+47+6  +  & 


f1 
'  Jo 

>  /*  (2  x» 
Jo    (»  + 


9       4 


=  ]n  =  2> 

4 

=  5  +  ?  -  in  2 

4      2 


=  ln       +     ln       =  1.522. 
o       ^       lo 


=     ln  2  +     + 


Work  out  each  of  the  following  integrals. 


/ffi  T-2  _i_  q  ~  _i_  4.Wr  f 

lb  x   +  dz  +  4;a:ct  29   /. 


(z2  +  4)2 

/•i  S 

30. 


2y  +  l)(4 

,   r(3  x3  +  3  x  +  l)dx  01    f1     (2  x3  - 

XJ          a^  +  Sx2         '  Jo  (x2  +  l)(x  +  l)2' 

LJ         x4  +  3  x2  32'Ji  x3  +  2x24-5x* 

(5  x2  +  12  x  +  Q)dx  „„    r3  (2  a:3  +  18)ds 


168.  Integration  by  substitution  of  a  new  variable ;  rationalization. 

In  the  last  article  it  was  shown  that  all  rational  functions  whose 
denominators  can  be  broken  up  into  real  quadratic  and  linear  factors 
may  be  integrated.  Of  algebraic  functions  which  are  not  rational,  that 
is,  such  as  contain  radicals,  only  a  small  number,  relatively  speaking, 
can  be  integrated  in  terms  of  elementary  functions.  By  substituting 
a  new  variable,  however,  these  functions  can  in  some  cases  be  trans- 
formed into  equivalent  functions  that  are  either  in  the  list  of  standard 
forms  (Art.  128)  or  else  rational.  The  method  of  integrating  a  func- 
tion that  is  not  rational  by  substituting  for  the  old  variable  such 
a  function  of  a  new  variable  that  the  result  is  a  rational  function  is 
sometimes  called  integration  by  rationalization.  This  is  a  very  im- 
portant artifice  in  integration,  and  we  shall  now  take  up  some  of  the 
more  important  cases  coming  under  this  head. 


Differentials  containing  fractional  powers  of  x  only.  Such  an  expres- 
sion can  be  transformed  into  a  rational  form  by  means  of  the  substitution 

x  =  zn, 
where  n  is  the  least  common  denominator  of  the  fractional  exponents  ofx, 

For  x,  dx,  and  each  radical  can  then  be  expressed  rationally  in 
terms  of  z. 

ILLUSTRATIVE  EXAMPLE  1.  Prove  f  x   dx  =  f  x%  -  -  In  (l  +  x%]  +  C. 

J  1  +  a;*     3          3 
Solution.  Here  n  =  4.  Hence  let  x  =  z*. 

Then  x%  =  z2,    x%  =  z3,    dx  =  4  z3  dz. 

Then 


Substituting  back  z  —  x*,  we  have  the  answer. 

The  general  form  of  the  irrational  expression  here  treated  is  then 

R\x")dx, 

i 
where  R  denotes  a  rational  function  of  xn. 

Differentials  containing  fractional  powers  of  a  +  bx  only.  Such  an 
expression  can  be  transformed  into  a  rational  form  by  means  of  the 
substitution  a-{-bx  =  zn, 

where  n  is  the  least  common  denominator  of  the  fractional  exponents  of 
the  expression  a  +  bx. 

For  x,  dx,  and  each  radical  can  then  be  expressed  rationally  in 
terms  of  z. 


.   Findf- 

J  < 


dx 


ILLUSTRATIVE  EXAMPLE  2 

'  (1  +  cc)f  +  (1  +  x) 
Solution.  Assume        1  +  x  =  zz. 

Then  dx  =  2  z  dz,    (1  +  a?)*  =  z3,     and     (1  -f  a)*  =  z. 

dx  CZzdz  _2  C    dz 


=  2  arc  tan  z  +  C  =  2  arc  tan  (1  +  cc)2  +  C 
when  we  substitute  back  the  value  of  z  in  terms  of  x. 

The  general  integral  treated  here  has  then  the  form 
R[X,  (a  +  b 


PROBLEMS 
Work  out  the  following  integrals. 


r 
J 


(a;  - 


2 


vx 

=  \  In 

;     4 


1  —  a;* 

2  2 


!  -  ^  arc  tan  Jf  +  C. 
1        6  ^3 


x2  dx          6  x2  +  6  x  4- 1 


C. 


12(4  a; 


dx 


_   1 


J-X*  3 

/o*  /7o*  0 1  v  /7  ^-  7io*  i 
«£     Ct*V  L*\Lk      Ut          |^      \J*h )          r  y"-t 
s  =  — ,          +  <-" 
/"^,      I      Zi,v.>  2 


_ 

+  2  In    7  -  =  +  4  arc  tan  z   +  C. 


o  +  y  d»  =  55  (4  »  -  8  o)  (o  +  »)'  +  C. 


9 


Va;  +  1  -  1 


.  C 

J  1 

f 
V 


+  Vz 


a)f  _  3(3.  +  a)*  +  3  In 


4-V2arctan^J^+C'. 


12. 


r 
.  |    ~ 

-'o    fa; 


13.  f*     dx  ^  =  4  -  2  In  3. 
Jo  1 


TT 


=  2  arc  tan  2  —  - 


+  Va; 


-  §  V2. 


C. 


Vi   V2  +  4?/      2 


r1 x  _  ^;__ 
Jo  a;  +  l~2      I" 


15. 


18. 


=  3—9  arc  tan  -• 


-  2    * 
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Work  out  each  of  the  following  integrals. 

19     _  dx         .  dt 


f  _  dx_       ..  23  f 
Jz  +  2Vz4-5  'J 

20.  f  -  da%_    •  24 

J  • 


rfr  +  gjg.  g5   /• 

J  xV:c  -  3  V 


(a; 


(a?  +  5)  Vz  +  4 
22. 


l-2a? 

27.  Find  the  area  bounded  by  the  curve  y  —  x  +  Vx  +  1,  the  z-axis, 
and  the  ordinates  x  =  3  and  x  =  8.  Aws.   40£. 

28.  Find  the  volume  generated  by  revolving  about  the  x*-axis  the  area 
of  the  preceding  problem. 

29.  Find  the  volume  generated  by  revolving  about  the  re-axis  the  area 
in  the  first  quadrant  bounded  by  the  coordinate  axes  and  each  of  the 
following  curves. 

(a)  y  —  2  —  Vie.  (c)  y  =  a  —  Vox. 

(b)  y  =  2  -  \/x.  (d)  y  =  4  -  x$. 

30.  Find  the  area  bounded  by  the  curves  y  =  2  x  4-  V2  x  +  1  and 
y  =  x  —  V2  x  +  1  and  the  ordinates  x  =  4  and  x  =  12. 

31.  Find  the  area  bounded  by  the  curve 


and  the  ordinates  x  =  3  and  x  =  8.  Arcs.   4  V2  +  In 


L  4-  V2J 

169.  Binomial  differentials.  A  differential  of  the  form 

(1)  xm(a  +  lxnY  dx, 

where  a  and  b  are  any  constants  and  the  exponents  m,  n,  p  are  rational 
numbers,  is  called  a  binomial  differential. 

Let  x  =  za  ;    then    dx  =  az*"1  <te, 

and  zm(a  -f-  &zn)p  cfo  =  azma+"-l(a  4-  fcz"*)33  dz. 

If  an  integer  a  be  chosen  such  that  ma  and  wa  are  also  integers,* 
we  see  that  the  given  differential  is  equivalent  to  another  of  the  same 
form  where  m  and  n  have  been  replaced  by  integers.  Also, 

(2)  xm(a  +  bxn)p  dx  =  xm+np(ax~n  +  by  dx 


the  exponent  n  of  x  has  been  replaced  by  —  n.  Therefore,  no  matter 
what  the  algebraic  sign  of  n  may  be,  in  one  of  the  two  differentials 
the  exponent  of  x  inside  the  parentheses  will  surely  be  positive. 

When  p  is  a  positive  integer  the  binomial  may  be  expanded  and 
the  differential  integrated  termwise.  In  what  follows  p  is  regarded 

¥ 

as  a  fraction  ;  hence  we  replace  it  by  ->  where  r  and  s  are  integers.* 

s 

We  may  then  make  the  following  statement. 
Every  binomial  differential  may  be  reduced  to  the  form 

r 

xm(a-\-bxn)'edx, 
where  m,  n,  r,  s  are  integers  and  n  is  positive. 

In  the  next  section  we  prove  that  (1)  can  be  rationalized  under  the 
following  conditions. 

CASE  I.   When  m        =  an  integer  or  zero,  by  assuming 
tii 

a  -\-  bxn  =  z". 

/yyt    „!       "1  n* 

CASE  II.   When  —  —  —  \-  -  =  an  integer  or  zero,  by  assuming 

iv  S 

a  +  bxn  —  z°xn. 

//v«3  dy  /*  3 

-  -  =  /  Xs  (a  +  bx2)~?dx 
(a  +  bx*)%     J 

_  1  2a  +  bx2      r 

-    l"q  /  -       I       k. 

&   Vet  +  bx2 

Solution,  m  —  3,  n  =  2,  r  =  —  3,  s  =  2  ;  and  here  m        =  2,  an  integer.  Hence 
this  comes  under  Case  I,  and  we  assume  n 

=  z2;  whence  x  =  t^^f,  dx  =  t    zdz       ,  and  (a  +  te8)*  =  «>. 


r 

'  "^ 


x3dx 


(a 

-i)  +  C 


1  2  a  +  bxz      r 


ILLUSTRATIVE  EXAMPLE  2.    f  -  ^  -  =  (2x8  -1)(1  +«8)*  +  c< 
^  x4  vl  +  a;2  o  x 

1*  1  77?   "J~  "1          T 

Solution.  m  =  -4,  ?i  =  2,  -  =  -  i  ;    and  here  —  ±—  +  -  =  -  2,  an  integer. 
s         2  n         s 

*  The  case  where  p  is  an  integer  is  not  excluded,  but  appears  as  a  special  case,  namely, 
r  =  p,  s  =  1. 


also 


(z2- 
dx 


__      _-  — 

(Z2  -  I)2 


j     and     dx  — 


zdz 

2-1)1 


+x2 


=  -f(z 


d  XA 


PROBLEMS 

Work  out  the  following  integrals. 

2(3  *3~  2X1 


/»    x 

•    I          /•  • 

*/  VI 


45 
da;     _  2(x3  -  2)Vl  +  x3 


«•/ 

8-/; 


x5dx       _  2(2  q 


(a  + 


3  62Va  + 


,   c 


dz (1  + 


dx 


+  C. 


_      (1  + 


x2(l 


M-l 


(fa; 


10. 


2  x2(l 

=  In  (gp 


•+C. 


mucgra.KS. 


ILjVVl  -  x3dx.           12.  J     x  dx  =  •  I3.fx*(a3-xrfdx 

14.  | —  15.  Cx(l  +  xrfdx. 

J         ("\   _1_  T3^ij  «/ 

^j.  -r  x  ; 
170.  Conditions  of  rationalization  of  the  binomial  differential 

r 

(4)  xm(a  +  bxn)~*dx. 

CASE  I.  Assume  a  +  bxn  =  z8. 

1  r 

Then  (a  +  &£n)«  =  2,     and     (a  +  bxn)~s  =  tf ; 


also  a*  -  o"          ,     ^_ 

aiso  x_  ,    and    a;   - 


hence  dx^-^-z9--  dz. 

on        \    b 

Substituting  in  (4),  we  get 

w 


o 
The  second  member  of  this  expression  is  rational  when 


n 
is  an  integer  or  zero. 

CASE  II.  Assume  a  +  bxn  =  zsxn. 

Then         xn  =  ~^-,    and    a  +  tew  =  ^xn  =  -5£_ 
^  —  o  2s  —  6 

r          r  _r 

Hence  (a  +  6^  =  ^(2"-  6)  V; 

1  _1  OT  _m 

also  a;  =  an(zs  —  6)  »,    xm  =  an  (zs  —  &)   *  ; 

o     i  _!_i 

and  dx  =  -  -  a^-^z3  -  b}  n     dz. 

n 

Substituting  in  (.4),  we  get 


„  ,  _m        ,  r  . 

bxn)sdx  =  ~-a  n     s(zs  -  6)  ^  »     « 


I       *1 

The  second  member  of  this  expression  is  rational  when  ^^ — |-  - 
is  an  integer  or  zero.  n         s 

Hence  the  binomial  differential 

r 

xm(a  +  bxn)8dx 

can  be  rationalized  in  the  cases  given  in  the  preceding  article.1 
171.  Transformation  of  trigonometric  differentials. 

Theorem.  A  trigonometric  differential  involving  sin  u  and  cos  u 
rationally  only  can  be  transformed  by  means  of  the  substitution 

(1)  tan  |  =  2, 

or,  what  is  the  same  thing,  by  the  substitutions 

(2)  sin  u  =  .,   ,  z  „»     cos  u  =     ~  !«*     ^  =  TT^ 


into  another  differential  expression  which  is  rational  in  z. 

Proof.  From  the  formula  for  the  tangent  of  half  an  angle  in  (5), 
Art.  2,  after  squaring  both  members,  we  have 


2         l 
Substituting  tan  ^u  =  z,  and  solving  for  cos  u, 

,0v  1  -  z2 

(3)  cos  u  =  > 


one  of  the  formulas  (2).    The  right  triangle  in  the  figure  shows  the 
relation  (3)  and  gives  also  sin  u  as  in  (2).   Finally,  from  (1), 

u  =  2  arc  tan  z, 
and  hence  du  =  -,   ,    2' 

Thus  the  relations  (2)  are  proved. 

It  is  evident  that  if  a  trigonometric  differential  involves  tan  u, 
ctn  u,  sec  u,  esc  u  rationally  only,  it  will  be  included  in  the  above 
theorem,  since  these  four  functions  can  be  expressed  rationally  in 
terms  of  sin  u,  or  cos  u,  or  both.  It  follows,  therefore,  that  any  rational 
trigonometric  differential  can  be  integrated,  provided  the  transformed 
differential  in  terms  of  z  can  be  separated  into  partial  fractions  (see 


^         r         dx             1       4.      /5tana;  +  4\  _,_,-. 
ILLUSTRATIVE  EXAMPLE.  Prove  J  5  ,  4  gin  2  x  =  3  arc    n  I § /  + 

Solution.   Let  2  x  =  u.  Then  y  =  |  u,  dx  -  \  du.  Substituting  these  values,  and 
then  using  (2),  we  have 

r2dz 
1+g2     _  C    ___ _d^ 
e    ...       8  Z           ^ 


Substituting  back  z  =  tan  %u  =  tan  x  gives  the  above  result. 


PROBLEMS 

Work  out  the  following  integrals. 


.       ^    . 
J  1  4-  sin  0  +  cos  0          \  27 


+C. 


tan+ 


o  TJ.  4-v,2j_/^ 

2.  |  _  -  __  -  =  5  In  tan  5-7  tan2  -  +  C. 
J  sin  x  +  tan  x      2  242 


3.  r. 

J  o 


..  , 

o  +  4  cos  03  M 


arc  tan  U  tan    :   +  C. 


tan 


5.  f  -  da  -  =    1     arc  tanf4=  tan        +  C' 
J  3  +  cos  a      V2  \V2 


(tan^-31 


8.  f-A ^— -=  =  \  arc  tan  (tan  |)  +  A  In 

J  4  sec  a; +5      5  \       2/      15      \tan±  + 

\ 

'Jo  4  —  3  cos  6      V?  11. 


7T 


2  +  sin  x      3  V3 


--  *        d«  1 


—     —      -  12  f  «         =ln3. 

V0   12  +  13  cos  052  'Jo  3  +  5  sin  a      4 


13  f <*£ 16  r        dt 

'J  1  +  sin  x  —  cos  x  v  13  cos  t  —  5 

"•/ 


dx 


cot  0  +  csc  6  'J  2  cos  x  +  1 

<&* 


15   C         a<P  lo 

'J  13  —  5  cos  cf>  °'J  2  +  sin  a 

19  f        rfa;  01    f        tfl  Q«   C1T___dQ__ 

Vl  +  2sina;'  v  5  sec  <  -  4  V0  3  +  2  cos 


2Q   r    sin  0  dd    i         22.  f  24.  f! 

'  J  5  +  4  sin  0  '  Jo     5  +  3  cos  re  -A) 


2  +  cos 


172.  Miscellaneous  substitutions.  So  far  the  substitutions  con- 
sidered have  rationalized  the  given  differential  expression.  In  a 
great  number  of  cases,  however,  integrations  may  be  effected  by 
means  of  substitutions  which  do  not  rationalize  the  given  differential, 
but  no  general  rule  can  be  given,  and  the  experience  gained  in  work- 
ing out  a  large  number  of  problems  must  be  our  guide. 

A  very  useful  substitution  is 


x  =  - 
z 


called  the  reciprocal  substitution.   Let  us  use  this  substitution  in  the 
next  example.  _ 

/•\/Q2  _  2^2 
-  -  -  dx. 
x4 


1  dz 

Solution.  Making  the  substitution  x  —  -  >  dx  =  --  -,  we  get 

z  z* 


+  c. 


PROBLEMS 

Work  out  the  following  integrals. 


=  In  ( 

\ 


+  x  +  x2  \2  +  x  +  2  Vl  +  x  +  x2 


Let  x  = 


f 
J 


==          = 

—  x  +  2      V2       \Vx2  -  x  +  2  +  x  +  V2 


Let        2—  Z  +  2  =  0  -  x. 

3.  f  —       dx  =  2  arc  tan  (x  +  Vs2  +  2  x  -  l)+  C. 

•/xVx«  +  2»-l  Let 


*•/ 


dx                  1    ,    /  V2  +  2  x  -  V  2  -  x\  ,   ~ 
=  =  — 7=  In  I  — . ...          ,    —  )  -r  <-/. 

+  x  -  x2      V2      \V2  +  2  x  +  V2  -  x/ 


E 
5. 


6.  f 

J 

7.  f 

V 


Let  V2  +  x  -  x2  =  (x  +  1)2. 
dx  [2  /2(3-x)  ,    _ 

:rf^  =  -V3arctan\3ir^)  +  c- 

Let  V5  x  -  6  -  x2  =  (x  -  2)2. 
=  —  arc  sin  (    J"  ^ )  +  C.  Letx  =  -' 


x2-2x-l 
~dx 


=  =  ln(l 


+  2  x  +  Vl  +  4  x  +  5 


x  + 


dx  1          .   /2  —  x\  ,   ~ 

—  =  —  -  arc  sm(  —  •==•  +  C. 

-f  4  x  -  4          2  VzV2/ 


dx 


x2  Vl  +  2  x  +  3  x2 


x2  V27  x2  +  6  x  -  I 


Let  x  =  -- 
z 

Let  x  =  -• 
z 


Let  x  -  -« 

' 


»•/ 

•J 

1S.T1 

Jo 
13. 


x* 

dX  ,  7T 

=  arc  tan  e  —  —« 

06^+  e-x  4 


14. 


=  TT. 
=  V3  -  |  In  (2  + 


Let  x  =  -- 
z 

Let  x  =  -• 

z 


Let  x  —  a  sin20. 
Let  i  +  1  =  2. 


Work  out  each  of  the  following  integrals, 

*dx  Let  Vx2  -  2  x  +  3  =  2  -  x. 

-2x  + 3 

4  xu: 


'J  (x2  -  2  x  +  3)* 


V5  x  -  6  - 

2  a;  da; 


Let  Vx2  -  2  x  +  3  =  z  -  x. 
Let  V5  x  -  6  -  x2  =  (x  -  2)2. 


is./ 


Let  V5  x  -  6  -  x2  =  (x  -  2)2. 


CHAPTER  XVII 
REDUCTION  FORMULAS.    USE  OF  TABLE  OF  INTEGRALS 

173.  Introduction.   In  this  chapter  formal  integration  is  completed. 
The  aim  is  eventually  to  lay  down  directions  for  using  a  table  of  in- 
tegrals.  Methods  of  deriving  certain  general  formulas,  called  reduc- 
tion formulas,  given  in  all  tables  are  developed,  since  these  methods 
are  typical  in  problems  of  this  sort. 

174.  Reduction  formulas  for  binomial  differentials.   When  the  bi- 
nomial differential  cannot  be  integrated  readily  by  any  of  the  methods 
shown  so  far,  it  is  customary  to  employ  reduction  formulas  deduced 
by  the  method  of  integration  by  parts.  By  means  of  these  reduction 
formulas  the  given  differential  is  expressed  as  the  sum  of  two  terms, 
one  of  them  not  affected  by  the  sign  of  integration,  and  the  other 
an  integral  of  the  same  form  as  the  original  expression,  but  one 
which  is  easier  to  integrate.    The  following  are  the  four  principal 
reduction  formulas. 


/ 


+  1 


(m  — 


l/*"-"(a 


np+m+l 


/ 
s 

-  (np+n  +  m  +  l)b  r     +       +          ^ 
(m+l)a        J 

/ 
x 


l  C  m(Q      bxn 
J 


np  +  n  +  m+ 
n(p+l)a 
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Formula  (A)  diminishes  m  by  n.     (A)  fails  when  np  +  m  + 1  =  0. 
Formula  (5)  diminishes  pbyl.      (B)  fails  when  np  +  m  + 1  =  0. 
Formula  (C)  increases  m  by  n.        (C)  fails  when  m  + 1  =  0. 
Formula  (I>)  increases  pbyl.         (D)  fails  when  p  + 1  =  0. 
1.  To  derive  formula  (A).  The  formula  for  integration  by  parts  is 

(1)  fu  dv  =  uv-  fv  du.  (A),  Art.  136 

We  may  apply  this  formula  in  the  integration  of 


by  placing  u  =  xm~n+l  *    and    dv  =  (a  +  bxn)pxn~1 
then          du  =  (m  —  n  +  l)xw~n£fce    and    v  —     ~^f 


Substituting  in  (1), 

/ 
*>(a+ 


But 


Cxm~n(a  +  6xn)p+1dx  =  fxw 
=  a  ]x 
4-  &  I  xm(a+bxn)pdx. 


Substituting  this  in  (2),  we  get 


—  n-\-l 


C 
J 


-j   < 

f' 

Transposing  the  last  term  to  the  first  member,  combining,  and 
solving  for  I  xm(a  +  bxn)pdx,  we  obtain  (A). 

*  In  order  to  integrate  dv  by  the  power  formula  it  is  necessary  that  x  outside  the 
parenthesis  shall  have  the  exponent  n  —  1.  Subtracting  n  —  1  from  m  leaves  m  —  n  + 1  for 
the  exponent  of  x  in  u. 


made  to  depend  upon  the  integration  of  another  differential  of  the 
same  form  in  which  m  is  replaced  by  ra  —  n.  By  repeated  applications 
of  formula  (.A),  m  may  be  diminished  by  any  multiple  of  n. 

When  np  +  m  +  1  =  0,  formula  (4)  evidently  fails  (the  denomi- 
nator vanishing).   But  in  that  case 


hence  we  can  apply  the  method  of  Art.  169,  and  the  formula  is*  not 
needed. 

II.  To  derive  formula  (J5).  Separating  the  factors,  we  may  write 
(3)        jxm(a  +  bxn}v  dx—  \  xm(a  +  bxn)p~1(a  +  bxn)dx 

=  a  I  xm(a 
+  b  lxm+n(a  +  bx^ 

Now  let  us  apply  formula  (A)  to  the  last  term  of  (3)  by  substi- 
tuting in  the  formula  m-\-n  for  m,  and  p  —  1  for  p.  This  gives 


/ 
xm+n(a 


Substituting  this  in  (3),  and  combining  like  terms,  we  get  (B). 
Each  application  of  formula  (5)  diminishes  p  by  unity.  Formula 
(B)  fails  for  the  same  case  as  (4). 

III.  To  derive  formula  (C).   Solving  formula  (A)  for 

xm~n(a  +  bxn)pdx, 

and  substituting  m  +  n  for  m,  we  get  (C). 

Therefore  each  time  we  apply  (C),  m  is  replaced  by  m  +  n.  When 
m  +  1  =  0,  formula  (C)  fails,  but  then  the  differential  expression  can 
be  rationalized  by  the  method  of  Art.  169,  and  the  formula  is  not 
needed. 

IV.  To  derive  formula  (£>).   Solving  formula  (#)  for 


and  substituting  p  +  1  for  p,  we  get  (Z>). 


when  p  -f-  1  =  0,  but  then  p  =  —  1  and  the  expression  is  rational. 

Formula  (5)  of  Case  IV,  Art.  167,  is  a  special  case  of  (D),  when 
m  —  0,  p  =  —  n,  n  —  2,  a  =  a2,  b  =  1. 

//v»3  (\^f  1  i 

•  IJtl-  =  -  5  (*2  +  2)(1  -  »8)»+  C. 
vl  —  a;2         a 

Solution.  Here  m  =  3,  w  =  2,  p  =  —  J,  a  =  1,  6  =  —  1. 

We  apply  reduction  formula  (A)  in  this  case  because  the  integration  of  the  dif- 
ferential would  then  depend  on.  the  integration  of  Po;(l  —  x2)~?dx,  which  comes 
under  the  power  formula.  Hence,  substituting  in  04),  we  obtain 


/ 


a*arcsin- 


HINT.  Apply  (A)  twice. 

ILLUSTRATIVE  EXAMPLE  3.  f  (a2  +  x2)?dx  =  |  Va2  +  x2 

+  Y  In  0  +  Va2+z2)  +  C. 

HINT.  Here  m  =  0,  n  =•  2,  p  =  J,  a  =  a'2,  b  =  1.   Apply  (B)  once. 

dx  (x2-}  1 


ILLUSTRATIVE  EXAMPLE  4 


.    f 
J 


X3~VXZ  —  1 

HINT.  Apply  (C)  once. 

PROBLEMS 
Work  out  each  of  the  following  integrals. 

/sy*2    /7-v                                   T            I — —~—--  •"    '               /*y2  «n« 

*V        U»»t/  W^/_o  _Oi        Lv „*__     •*/ 


arc  sec  * 


w    —          n  Oiv  •        wt'     i       x^ 

=  —     V  a2  —  cc2  +  —  arc  sin  -  +  C. 


^T^      3 

//y.5    /7/v.  1  / 

f  gx    =  -  TP  (3  a^  +  4  x2  +  8)  Vl  -  x2  + 
vl  -  x2         15 

4. 


C. 


6  f        dx         =  -  ^g2  ~ 

/wo  ni(*  ">*  2  „[„  O/^2 

*v    ct*o         Ju    nr  <"  w 


1    ,    a  -  Va2  -  x2 


(a2  +  x2r      ^a2  +  x* 


+  C. 


f 

•' 


__  x(3  a2  -  2  x2) 


2  +  a2)  *  cfe  =  A  a;  (2  a;2  -f  5  a2)  Va?2  +  a2  +  I  a4  In 
10.  V  Vx2  +  a2  da;  =  £3  (2  x2  +  a2)Vz2  +  a2-  i  a4  In  0  + 


+  C. 
+  C. 


n1 
11 


12. 


f      ^ 
.  I     , 

J 


a)V2  ax  -  x2  ,   3  a2 
- 


,  ,  .   „ 

h  —z-  arc  cos    1  --  )  +  C. 
2  a 


,  -   - 

V2  ax  -  x2  2 

HINT.     C      x2dx     .  _  rxi(2  0  _  ^-i^.   Apply  U)  twice. 
J  V  2  ax  —  x2     J 


4  y 


=  =  -  |  (#2  +  5  y  +  30)V4?/-t/2  -1-  20  arc  cos  (  1  -  jf)  +  C. 
—  y2          6  \       <v 


i  q  r_^§__  —  _  5  __  .  __  3_s  __  ,     3          ,      s 
J  (a2  +  s2)s  ~  4  a2(a2  +  s2)2  +  8  a4(a2  +  s2)  +  8  a*  ErC   an  a  +  C' 


. 
arc  sin 


~ 
C. 


-  2)  V4  -  9  7/2  +       arc  sin 


C. 


(1  +  9  i2)1      81  Vl  +  9  i2 
18.     2    l  H-  4  *2  d<  =  sV  <(1  +  8 


n  (2  i!  + 


+  C. 


Work  out  each  of  the  following  integrals. 

2   |     *rc   ^•^ 

20.  I ^ ^.  33.  fVa2  +  jc2^.. 


iq  f    a?2<fa? 
J  (a2  -  x2)2' 


/o7 
5 


dx 


(a  +  6s4)' 


21 


TVa2  - 

'V  /«4 


X2) 


dx 


28 


f__dt_ 
•J  ^VT^ 


24. 

412' 


L/^jf= 

••/ 


(1+4  re2)2 


JL  t  u.  rteaucuoii  lormuias  lur  inguiiumeuu;  uuierenuais.    i  ne  meulOu 

of  the  last  article,  which  makes  the  given  integral  depend  on  another 
integral  of  the  same  form,  is  called  successive  reduction. 

We  shall  now  apply  the  same  method  to  trigonometric  differen- 
tials by  deriving  and  illustrating  the  use  of  the  following  trigonometric 
reduction  formulas  : 


,™         C  • 
(E)        I  si 


•  m         n    j 
sin7"*  cos"  x  dx  = 


,   n  -  1    C  ., 

_|  --     /   S1] 

m  +  nj 
/  si 


cosn~2xdx. 


sin777  x  cos"  x  dx  = 


sinm~1^:cos"+1jc 

m  +  n 
m  —  ' 


-fsi 

nj 
(G)        /  suLmx  cosnx  dx  —  -~- 


71+1 


(H)       Jsii 


71+1       J 

m+1 


m+  1 

Here  the  student  should  note  that 

Formula  (E)  diminishes  n  by  2.  (E)  fails  whenm  +  n  =  0. 

Formula  (F)  diminishes  mby  2.          (F)  fails  when  m  +  n  =  0. 
Formula  (G)  increases  n  by  2.  (G)  /cwTs  w/&e%  w  +  1  =  0. 

Formula  (H)  increases  m  by  2.  (H)  fails  when  m  +  1  =  0. 

To  derive  these  we  apply,  as  before,  the  formula  for  integration 
by  parts,  namely, 

(1)  (  u  dv  =•  uv  —  I  v  du.  (A),  Art.  136 

Let  u  =  cos""1  x,    and    dv  ~  sinTOx  cos  x  dx ; 

sin"1  ~^~^x 

then       du  —  —  (n  —  1)  cosn~2x  sin  x  dx,    and    v  = — r— 

m  +  1 

Substituting  in  (1),  we  get 


(2)      Jsii 


l/Si 


(3)  J  sin-x  cos"*  dx  =  -  an»-'seos»-"x 


n  +  1 

vn  1      C 

—  |  sinw-2a:cosn+2a;da;. 

n  +  lj 


/  sinm+2xcosn~2xdx  =  f  sin™z(l  —  cos2x)  cosn 
=  I  &mmxcosn~2xdx—  I  sii 


Substituting  this  in  (2),  combining  like  terms,  and  solving  for 

sinwx  cosn£  dx,  we  get  (£). 

Making  a  similar  substitution  in  (3),  we  get  (F). 

Solving  formula  (£)  for  the  integral  on  the  right-hand  side,  and 
increasing  n  by  2,  we  get  (G). 

In  the  same  way  we  get  (H)  from  formula  (F). 

Formulas  (£)  and  (F)  fail  when  m  -f  n  =  0,  formula  (G)  when 
n  -f- 1  =  0,  and  formula  (H)  when  m  -f  1  =  0.  But  in  such  cases  we 
may  integrate  by  methods  which  have  been  explained  previously. 

It  is  clear  that  when  m  and  n  are  integers,  the  integral 

/  smmx  cosnx  dx 

may  be  made  to  depend,  by  using  one  of  the  above  reduction  for- 
mulas, upon  one  of  the  following  integrals : 

I  dx,    I  sin  x  dx,    I  cos  x  dx,     I  sin  x  cos  x  dx,     I  ~—  =  I  esc  x  dx, 

— —  =  /  sec  x  dx,     I : — >     f  tan  x  dx,    I  ctn  x  dx, 

cos  x    J  J  cos  x  sm  x    J  J 

all  of  which  we  have  learned  how  to  integrate. 
ILLUSTRATIVE  EXAMPLE  1.  Prove 

f  sin2x  cos4x  dx  =  -  smx^os"x  +  sm^os  x  +  —  (sin  x  cos  x  +  x)  +  C. 
J  6  ^4  Ib 

Solution.   First  applying  formula  (F),  we  get 

J  66 

[Here  TO  =  2,  n  =  4.] 
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Applying  formula  (E)  to  the  integral  in  the  second  member  of  (4),  we  get 

(5)  /cos<  x  dx  =  Sin*4c°s3a;  +  f  /cos*  x  dx. 

[Here  m  =  0,  n  =  4.] 
Applying  formula  (£)  to  the  second  member  of  (5)  gives 

,_,.  r      2     j       sin  ^  cos  E  i  x 

(6)  I  cos2  x  dx  =  -  g  --  !•  2  ' 

Now  substitute  the  result  (6)  in  (5),  and  then  this  result  in  (4).   This  gives  the 
answer  as  above. 

ILLUSTRATIVE  EXAMPLE  2.  Prove 

rtanj2x  da  =  I  sec  2  x  tan  2  x  -  7  In  (sec  2  x  +  tan  2  x)  +  C, 
J   cos  2  x  4  4 

o  1  ^  tan2  2  x  _  sin2  2  x        1       _  sin2  2  x 

oolution.  -  r  —  —  -  r~x  —  •          n      —        z~7i      " 

cos  2  x       cos2  2  x   cos  2  x      cos3  2  x 

Let  2  x  =  u.   Then  x  =  \  u,  dx  =  %  du,  and 

(7)  I  sin2  2  x  cos"3  2  a;  dx  =  ^  /  sin2  w  cos~3  %  dw. 

Apply  (G)  to  the  new  integral  in  (7),  with  m  —  2,  n  =  —  3,  replacing  x  by  w. 

(8)  Tsin2  u  cos-3  u  dw  =  ~  sm3  "^os-2  u  +  J_    r  in2  %  ^^  %  d^ 

Apply  (/O  to  the  new  integral  in  (8),  with  m  =  2,  n  —  —  1. 

(9)  I  sin2  u  cos"1  M  dw  =  —  sin  u  -f  |  cos""1  u  du  =  —  sin  u  +  In  (sec  u  +  tan  w). 

Substituting  from  (9)  and  (8)  into  (7),  reducing,  and  setting  u  =  2  x,  we  have 
the  answer. 

PROBLEMS 

Verify  the  following  integrations. 

/n          i  1  1    # 

sin4  x  cos2  cc  cfo  =  sin  x  cos  a;  -  sin4  x  —  ^7  sin2  x  —  —   -f-  7^  +  C. 
LD  Z4  IbJ       lo 

2.  ftan3~d!a;  =  |tan22  +  31ncosf  +  C. 

J  O  6  O  O 

3.  "ctn4  dd6=- 


4.  fsec3  i  di  =  f  sec  £  tan  f  +  i  In  (sec  f  +  tan  f)  -f  C. 

5.  fcsc3  x  dx  =  —  |  esc  x  ctn  x  +  1  in  (esc  x  —  ctn  x)  +  C. 


8.  pn.  y  op  =  -  i  ctn  2  0  esc  2  0  -  ±  In  (esc  2  0  -  ctn  2  0)  +  C. 

^  S1H  u    C/  *  T: 

9  f-_^2_  —  _    cos  %    __  2  cos  a  ,   „ 
J  sin4x          3  sin3#      3  sin  a; 


10  coS20  +  15]  +        +  C. 


11.      sin40d0  =  ~- 
16 


13.  f  sine2  0d!0  -     £.  15. 

•/  32 


5 


.  _ 

32  J2     sin2ic        4        8 

4 

Work  out  each  of  the  following  integrals  : 


ie.  Concede.  i8.fi.  80.  C 

J  J     cos5x  Jo 

17.  fcsc3  1  d^.  19.  f  .  ,  ^    .-•  21. 

J         2  J  sm4  6  cos2  0 

ZL  zr 

22.  f  2sin3  0  cos3  6  dO.  23.  f  2  (1  +  sin 

^o  «/o 

176.  Use  of  a  table  of  integrals.  The  methods  of  integration  de- 
veloped in  Chapters  XII,  XVI,  and  XVII  have  been  directed  to  re- 
ducing a  given  integral  to  one  or  more  of  the  Standard  Elementary 
Forms  in  Art.  128.  Various  devices  have  been  elaborated  to  this 
end,  such  as 

integration  by  parts  (Art.  136)  ; 

integration  by  partial  fractions  (Art.  167)  ; 

integration  by  substitution  of  a  new  variable  (Arts.  168-172)  ; 

use  of  reduction  formulas  (Arts.  174-175). 

When,  however,  a  more  or  less  extensive  table  of  integrals  is 
available,  the  first  step  in  any  problem  in  formal  integration  is  to 
search  for  a  formula  in  the  table  by  which  the  problem  can  be  solved 
without  the  use  of  any  of  these  devices.  Such  a  table  is  given  in 
Chapter  XXVII.  Some  examples  will  now  be  given. 

ILLUSTRATIVE  EXAMPLE  1.  Prove,  by  the  Table  of  Integrals, 


Solution.  Use  14,  with  a  =  2,  &  =  1,  and  u  =  x. 

This  example,  without  the  table,  would  be  worked  out  as  in  Case  II,  Art.  167. 


Solution.  Use  22,  with  a  =  3,  b  —  2,  and  u  =  x. 

This  example,  without  the  table,  is  solved  as  in  Case  III,  Art.  167. 

ILLUSTRATIVE_EXAMPLE  3.  Verify,  by  the  Table  of  Integrals, 
r        dx  1  ,     V4  +3x  -  2 


I    n 

J  xV4  +  3  x      2  "'  V4  +3x  +  2 

Solution.  Use  31,  with  a  =  4,  b  =  3,  and  u  =  x. 

This  example,  without  the  table,  is  worked  out  by  the  substitution  4  +  3  x  =  z2, 
as  shown  in  Art.  168. 

ILLUSTRATIVE  EXAMPLE  4.  Verify,  by  the  Table  of  Integrals, 
x  dx  V3 


,  _ 
V3x2+4x-7  3  3V3 

Solution.   Use  113,  with  a  =  —  7,  6  =  4,  c  =  3,  and  w  =  x. 
Without  the  table  the  example  would  be  solved  by  completing  the  square  as 
in  Illustrative  Example  2,  p.  206. 

ILLUSTRATIVE  EXAMPLE  5.  Verify,  by  the  Table  of  Integrals, 

a"  cos  2  x  dx  =  «"P  sin  2  *  +  3  cos  2  x)  +  a 
13 

Solution.   Use  154,  with  a  =  3,  n  =  2,  u  =  x. 

Without  the  table  the  example  would  be  solved  by  integration  by  parts.   See 
Illustrative  Example  6,  Art.  136. 


fa 
,/ 


In  many  problems  the  given  integral  cannot  be  identified  with 
one  in  the  table  as  easily  as  in  the  preceding  examples.  In  such  cases 
we  search  for  a  formula  in  the  table  similar  to  the  given  integral, 
and  such  that  the  latter  can  be  transformed  into  the  former  by  a 
simple  change  of  variable.  This  method  has  been  used  constantly 
in  Chapter  XII  and  in  all  integration  problems  hitherto. 

ILLUSTRATIVE  EXAMPLE  6.  Verify,  by  the  Table  of  Integrals, 

+  C. 


/4  x2  +  9      3      s  +  V4  x2  +  9 

Solution.   Formula  47  is  similar.    Let  u  =  2  x.   Then  x  =  \  u,  dx  =  %du,  and, 
substituting  the  values  in  the  given  integral,  we  obtain 

/dx r       %  du r       du 
xV4  x2  +  9     J  %  wVtt2  +  9     «/  ttV«2  4.  9 

Hence,  applying  47,  with  a  =  3,  and  substituting  back  u  =  2  x,  a  =  3,  we  have 
dx 


x  V4  x2  +  9          3       \          2  x 
Without  tables  we  should  proceed  as  in  Illustrative  Example  2,  Art.  135. 


ILLUSTRATIVE  EXAMPLE  7.  Verify,  by  the  Table  of  Integrals, 


C9x- 
J  ^ 


_       2  (9  x  -  4 
-~ 


Solution.    Formula   84  is   similar.     Let  u  =  2  x.    Then  x  —  \u,  dx  =  %du. 

Substituting,  we  obtain 

«     / "      ^     § 

%u~u2 


-  4  x2 


U* 


•du. 


This  is  now  84  with  a  =  |-.  Hence,  applying  84,  and  substituting  back 
u  =  2  x,  we  get  the  required  result. 

If  no  formula  from  the  table  can  be  applied  as  in  the  preceding 
two  cases,  there  remains  the  possibility  that  the  use  of  one  or  more 
of  the  devices  mentioned  at  the  beginning  of  this  article  will  lead 
to  new  integrals  solvable  by  the  table.  No  general  directions  can  be 
given  other  than  the  rules  already  developed  in  the  text  for  the 
employment  of  these  devices. 

The  student  should  study  the  arrangement  of  the  table.  He  will 
find  that  the  Standard  Forms  of  Art.  128  appear  in  their  proper  places. 
The  reduction  formulas  of  Art.  174  are  given,  with  modifications,  by 
96-104.  Also,  the  reduction  formulas  of  Art.  175,  with  additional 
ones  for  various  cases,  are  numbered  157-174.  Increased  power 
in  the  technique  of  integration  will  come  from  familiarity  with  the 
table  and  practice  in  using  it. 


PROBLEMS 
Work  out  the  following  integrals. 


+  5  dx  =  TV(3  x2  -  10)  (z2  +  5)2  +  C. 


^ V9  x2  -  4  +  J=  In  (3  x  +  V9  x2  -  4)  +  C. 

9  X2  _  4      18  27 


4-  ( — 7,  =  -4=  arc  tan  ( V3  tan  6}  +  C. 

J  2- cos  28      V3 


;.f-^- 
J  n  — 


*5dx         — x2        _  I  arc  gin  x2  +  a 
(1  _  ^f     2Vl  -  x4      2 


'•/I 
>•/. 


+  cos  d 
dx 


=  2  In  (1  +  cos  6}  -  2  cos  9  +  C. 
=  arc  tan  (a;  +  1)  4-  C. 


2  +  2x  + 
10.  /  a;3  sin  x2  dx  =  %  sin  a;2  —  ^  a;2  cos  a;2  4-  C. 

=  2  arc  sin  Va;  —  1  4-  C. 


do; 


Work  out  each  of  the  following  integrals. 
x5  dx 


4  +  sin2 

Evaluate  each  of  the  following  definite  integrals. 

•2      dt 


34. 
35. 
36 


x  dx 


=  0.636. 


0.277. 


da; 


•f 


a?2V25  -  9  x2      25 
•2        da;  2 


r2 

37.  / 

*^  1 

38.  P(4  a;2  4  9)*  da;  =  112.9. 

*/0 


o  (4  a;2  + 


s 


45 


—  u 


TTd. 
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40.  |  "    ,*   "•"  y  =  1.338. 
41. 
44. 


A  y3  v  4  y2  +  5 

7T 

45.  f  2cos2  e  sin4  0  d0. 


ADDITIONAL  PROBLEMS 
1.  Verify  the  following  results. 

dx         _2 
3' 


i  N  re 
(a)Ji 


2.  A  parabola  with  its  axis  parallel  to  the  ?/-axis  passes  through  the 
origin  and  the  point  (1,  2).    Find  its  equation  if  the  area  between  the 
parabola  and  the  z-axis  is  a  maximum  or  a  minimum. 

Ans.   y  =  6  x  —  4  x2  gives  a  minimum. 

3.  Sketch  the  curve  y  Vx  =  In  x.    Find  the  volume  of  the  solid  of 
revolution  formed  by  revolving  about  the  z-axis  the  area  bounded  by  the 
curve,  the  cc-axis,  and  two  ordinates,  one  through  the  maximum  point 
and  the  other  through  the  point  of  inflection.  Ans.  ^-f-  IT. 

4.  A  solid  right  circular  cone  of  metal  is  formed  so  that  the  density  at 
any  point  P  is  20  (5  —  r)  Ib.  per  cubic  foot,  where  r  is  the  distance  in  feet 
of  the  point  P  from  the  axis  of  the  cone.  Find  the  weight  of  the  cone  if 
its  altitude  and  the  radius  of  the  base  are  each  3  ft.  Ans.    630  TT  Ib. 

NOTE.    The  weight  of  an  element  of  uniform  density  is  its  volume  times  its 
density. 

5.  A  hollow  metal  sphere  has  an  inside  radius  of  6  in.  and  an  outside 
radius  of  10  in.    The  density  of  the  metal  at  any  point  varies  inversely  as 
the  distance  of  the  point  from  the  center  of  the  sphere,  and  at  the  outside 
surface  the  density  is  2  oz.  per  cubic  inch.   Find  the  weight  of  the  sphere. 

Ans.   2560  TT  oz. 

6.  If  n  is  an  even  integer,  show  that 


f2  •  „     j        T2       n     j        (n-l)(n-3)  •••  (1)  IT 

I    sin"  x  dx  =  I     cos71  x  dx  =  * ,  ^  ON —     ,„..       -^- 

Jo  Jo  n(n  —  2)  •  •  •  (2)        2 


>2       n     j        (n-l)(n-3).--  (1)  IT 

cos71  x  dx  =  ^ T2^ ^  — 

i  n(n 

7    Tf  n  is  an  nr\r\  int.po-pr    finrl  t.hia  value  of 
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CENTROIDS,  FLUID  PRESSURE,  AND  OTHER  APPLICATIONS 

177.  Moment  of  area ;  centroids.  The  centroid  of  a  plane  area  is 
defined  in  the  following  manner. 

A  piece  of  stiff,  flat  cardboard  will  balance  in  a  horizontal  position 
if  supported  at  a  point  directly  under  its  center  of  gravity.  This 
point  of  support  is  the  centroid  of  the  area  of  the  flat  surface  of  the 
cardboard. 

For  certain  areas  considered  in  elementary  geometry  the  cen- 
troids are  obvious.  For  a  rectangle  or  a  circle  the  centroid  coincides 
with  the  geometrical  center.  In  fact,  if  a  plane  figure  possesses  a 
center  of  symmetry,  that  point  is  the  centroid.  Furthermore,  if  a 
plane  figure  has  an  axis  of  symmetry,  the  centroid  will  lie  on  that  axis. 

The  following  considerations  lead  to  the  determination  of  the 
centroid  by  mathematical  means.  It  is  beyond  the  purpose  of 
this  book  to  justify  the  argument  by 
mechanics. 

Consider  the  area  AMPNB  of  the 
figure.  Divide  it  into  n  rectangles,  each 
with  base  Ax,  as  heretofore.  The  figure 
shows  one  of  these  rectangles.  Let  dA  be 
its  area,  and  C(h,  k)  its  centroid.  Then 

(1)  dA  =  ydx,    h  =  x,    k  =  ^y. 

The  moment  of  area  of  this  elementary 
rectangle  about  OX  (or  OF)  is  the  product  of  its  area  by  the  per- 
pendicular distance  of  its  centroid  from  OX  (or  OF).  If  these 
moments  are,  respectively,  dMx  and  dMy,  then 

(A)  dMx=kdA,    dMv=hdA. 

The  moment  of  area  for  the  figure  AMPNB  is  obtained  by  applying 
the  Fundamental  Theorem  (Art.  156)  to  the  sum  of  the  moments  ol 
area  of  the  n  elementary  rectangles.  Thus  we  obtain 


(B) 


=  CkdA 


V=  I  hdA. 
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Finally,  if  (x,  y)  is  the  centroid  of  the  area  AMPNB,  and  A  its 
area,  then  the  relations  between  the  moments  of  area  (5)  and  x 
and  y  are  given  by 

(C)  Ax  =  My,    Ay  =  Mx. 

To  calculate  (x,  y),  find  the  moments  of  area  Mx  and  My.  From 
(1)  and  (5),  these  are,  for  the  above  figure, 

/**  6  /**  fr 

/o\  7l/^    """  JL   I     77* Ciir        A//"    ~~^   I     /y*'?7  (i^T 

in  which  the  value  of  y  in  terms  of  x  must  be  substituted  from  the 
equation  of  the  curve  MPN. 

If  the  area  A  is  known,  we  have,  from  (C), 

/ON  -  My  -  Ma; 

(3)  X  =  —£>     y  =  —-z- 

If  A  is  not  known,  it  may  be  found  by  integration,  as  in  Art.  145. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  centroid  of  the  area  under  one  arch  of  the 
sine  curve 


(4) 


y  =  sin  x. 


fay) 


=  x  sinxdx. 


Solution.   Constructing  an  elementary  rectan- 
gle, we  have 

(5)  dA  =  y  dx  =  sin  x  dx, 

dMx  =  kdA  =  %y2  dx  =  ^sm2xdx,    dMy  = 
The  limits  are  x  =  0,  x  =  x.   Hence 

(6)  A=  C"s,inxdx  =  2,  Mx-\  {"sm2xdx  =  \  TT,  My=C  xsiuxdx  =  ir. 

^  '  JQ  Jo  ^0 

Then,  from  (3),  x  =  \  IT,  y  =  f  TT.  Ans. 

The  value  of  x  might  have  been  anticipated,  since  the  line  x  =  \  w  is  an  axis  of 
symmetry. 

ILLUSTRATIVE  EXAMPLE  2.  In  the  figure  the  curve  OP  A  is  an  arc  of  the  parabola 
y2  =  2  px.  Find  the  centroid  of  the  area  OPAB.  y 

Solution.  Draw  an  elementary  rectangle,  as  in 
the  figure,  and  mark  its  centroid  (h,  fc).   Then  B 

dA  =  xdy,     h  =  ^x,     k  —  y. 
Using  (A),  dMx  =  kdA=xy  dy, 


Finding  x  in  terms  of  y  from  yz  =  2  px,  and 
integrating  between  the  limits  y  =  Q,y  =  b,vfe  find 


A- 


0 


Hence  x  =  — .  y  =  -  &.    But  x  =  a,  y  -  b  satisfy  the  equation  y2  =  2  px. 
20  p  4 
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PROBLEMS 

Find  the  centroid  of  each  of  the  areas  bounded  by  the  following  curves. 
l.y*  =  2px,x  =  h.  Ans-    (SM). 

2.  y  =  x3,x  =  2,  y  -  0.  (f  i  ¥)• 

3.  T/  =  x3,  i/  =  4  a;.    (First  quadrant.)  (if.  M). 

4.  a;  =  4  y  -  #2,  y  =  x.  ("VS  I)- 

5.  7/2  =  4  a;,  2  x  -  y  =  4.  (f  >  !)• 

6.  #  =  s2,  y  =  2  x  +  3.  (1»  nf  )• 

7.  y  =  x2  -  2  3  -  3,  7j  =  6  x  -  x2  -  3.  (2,  1). 

8.  y  =  x3,  y  =  8,  x  -  0. 

9.  y  =  6  z  -  z2,  y  =  a. 

10.  y  =  4  £  -  x2,  y  =  2  z  -  3. 

11.  y  =  x*  -  3  x,  y  =  x.    (First  quadrant.) 

12.  7/2  =  a2  -  CKC,  x  =  0,  T/  =  0.    (First  quadrant.) 

13.  ^  -  £  =  1,  y  -  0,  x  -  2  a.    (First  quadrant.) 
a2     bz 

14.  Find  the  centroid  of  the  area  bounded  by  the  coordinate  axes  and 
the  parabola  V5  +  Vy  =  Va.  Ans.   x  =  y=^a. 

15.  Find  the  centroid  of  the  area  bounded  by  the  loop_of  the  _curve 

t/2  =  4  x2  —  x3.  ^%s-  ^  =  ^j  y  =  ®- 

16.  Find  the  centroid  of  the  portion  in  the  first  quadrant  of  the  ellipse 
~2     W2  _      4  a  -      4  & 
±_  +  M_  =  l.                                                               A?ts.   x  =  5  —  '^^oi:' 
a2      &2  3?r          3?r 

17.  Find  the  centroid  of  the  area  bounded  by  the  parabola  y2~2px 
and  the  line  y  =  mx.  A        ^  =  ^Ly  =  t. 

5  m2         w 

18.  Find  the  centroid  of  the  area  included  by  the  parabolas  ?/2  =  ox 


19.  Find  the  centroid  of  the  area  bounded  by  the  cissoid  y2(2  a  —  x)  —  $ 
and  its  asymptote  x  —  2  o.  Ans.   x  —  f  a,  ?/  =  0. 

20.  Find  the  centroid  of  the  area  bounded  by  the  witch  x2y  =  4  a2  (2  a  —  #) 
and  the  z-axis.  Ans.   x  =  0,  ?/  =  2  a- 

21.  Find  the  distance  from  the  center  of  the  circle  to  the  centroid  of 

the  area  of  a  circular  sector  of  angle  29.  ,        2  r  sinj? 

Ans.       3  ^ 

22.  Find  the  distance  from  the  center  of  the  circle  to  the  centroid  of 
the  area  of  a  circular  segment  the  chord  of  which  subtends  a  central 
angle  26,  2  r  sin3  0    _ 

_  .       «  /i\ 

Qffl  —  sin  0  COS  0) 


p  —  a(l  +  cos  6).  Ans.   x  =  f  a,  y  =  0. 

24,  Find  the  centroid  of  the  area  bounded  by  one  loop  of  the  curve 


p  =  a  cos  2  6. 


Ans.   Distance  from  origin  = 


128 


105  TT 


25.  Find  the  centroid  of  the  area  bounded  by  one  loop  of  the  curve 


p  =  a  cos  3  6. 


Ans.   Distance  from  origin  = 


81aV3 
80  TT 


178.  Centroid  of  a  solid  of  revolution.  The  center  of  gravity  of 
a  homogeneous  solid  is  identical  with  the  centroid  of  that  body 
considered  as  a  geometrical  solid. 
The  centroid  will  lie  in  any  plane 
of  symmetry  which  the  solid  may 
possess. 

To  achieve  a  mathematical  def- 
inition of  the  centroid  of  a  solid 
of  revolution,  it  is  necessary  to 
modify  the  discussion  of  the  pre- 
ceding article  only  in  the  details. 

Let  OX  be  the  geometrical  axis 
of  the  solid.  The  centroid  will 
then  lie  on  this  axis.  Let  dV  be  an 
element  of  volume,  that  is,  a  cylin- 
der of  revolution  with  altitude  Ax 
and  radius  y.  Then  dV  =  Try2  Ax. 
The  moment  of  volume  of  this  cylinder  with  respect  to  the  plane 
through  07  perpendicular  to  OX  is 

(1)  dMy  =  xdV  =  TTxy2  Ax. 

The  moment  of  volume  for  the  solid  is  then  found  by  the  Funda- 
mental Theorem,  and  x  is  given  from 


(2) 


V'V    71/f        

r   *t/   ~~~    -trJL  77  <^— 


dx. 


ILLUSTRATIVE  EXAMPLE.    Find  the  centroid 
of  a  solid  cone  of  revolution. 

Solution.   The  equation  of  the  element  OB  is 


y  _AB  _r_ 
x~  OA~  ti 


Wl/   S3  —  • 
i/  T 

/J 


rr2v2  1 

TTX  r-£-  dx  -  ~ 
h2  4 

Since  V  =  J  irr2h,  x  =  |  h.   Ans. 


Find  the  centroid  for  each  of  the  following  solids. 

1.  Hemisphere.      (See 
figure.)  Ans.  x  —  f  r. 

2.  Paraboloid  of  rev- 
olution.   (See  figure.) 

Ans.  x  =  f  h. 

The  area  bounded  by 
OX  and  each  curve  given 
below  is  revolved  about 
OX.  Find  the  centroid  of 
the  solid  of  revolution 
generated. 

3.  x2  -  y2  =  a2,  x  =  2  a. 

4.  2  xy  —  a2,  x  =  f  a,  x  —  2  a. 

5.  ay  =  x2,x  =  a.  Ans.   ic  =  f  a. 

6.  y2  =  4  x,  x  =  1,  x  =  4. 

7.  x2  +  y2  -  4,  z  =  0,  x  ~  1.  ^  =  f  i 

8.  i/  =  a  sin  a;,  a;  =  J  TT. 

The  area  bounded  by  0  F  and  each  of  the  curves  given  below  is  re- 
Tolved  about  07.   Find  the  centroid  of  the  solid  of  revolution  generated. 

9.  y2  =  4  ax,  y  —  b.  Ans.   y  =  $b. 
10.x2-y2  =  l,y^Q,y=l.  y-  JL 

11.  ay2  =  x3,  y  =  a. 

12.  The  radii  of  the  upper  and  lower  bases  of  a  frustum  of  a  cone  of 
revolution  are,  respectively,   3  in.  and  6  in.,  and  the  altitude  is  8  in. 
Locate  the  centroid. 

13.  Find  the  centroid  of  the  solid  formed  by  revolving  about  the  y-sss 
the  area  in  the  first  quadrant  bounded  by  the  lines  y  =  Q,x  =  a,  and  the 
parabola  y2  =  4  ax.  AnSi   y  —  i  a_ 

14.  Find  the  centroid  of  the  solid  formed  by  revolving  about  the  z-axis 
that  part  of  the  area  of  the  ellipse  —2  + 1^  =  1  which  lies  in  the  first 


quadrant. 


Ans,   5  =     a. 


15.  Find  the  centroid  of  the  solid  formed  by  revolving  about  the  »-axis 
the  area  in  the  first  quadrant  bounded  by  the  lines  y  =  0,  x  =  2  a,  and 

the  hyperbola  2?  -  |!  =  ]  . 
a*      o2 


the  area  bounded  by  the  lines  x  —  0,  x  =  a,  y  =  0,  and  the  hyperbola 

™2         4,2 

£_  _  JL  4.  i  —  o. 

o  i.  o     > 

a2      b2 

17.  Find  the  centroid  of  the  solid  formed  by  revolving  about  the  z-axis 
the  area  bounded  by  the  lines  y  =  0,  x  =  ^-,  and  the  curve  y  =  sin  2  #. 

18.  Find  the  centroid  of  the  solid  formed  by  revolving  about  the  z-axis 
the  area  bounded  by  the  lines  x  =  0,  x  =  a,  y  =  0,  and  the  curve  y  =  ex. 

19.  The  area  bounded  by  a  parabola,  its  axis,  and  its  latus  rectum  is 
revolved  about  the  latus  rectum.  Find  the  centroid  of  the  solid  generated. 

Ans.   Distance  from  focus  =  -^  of  latus  rectum. 

179.  Fluid  pressure.  We  will  now  take  up  the  study  of  fluid  pressure 
and  learn  how  to  calculate  the  pressure 
of  a  fluid  on  a  vertical  wall. 

Let  ABDC  represent  part  of  the 
area  of  the  vertical  surface  of  one  wall 
of  a  reservoir.  It  is  desired  to  deter- 
mine the  total  fluid  pressure  on  this  area. 
Draw  the  axes  as  in  the  figure,  the 
2/-axis  lying  in  the  surface  of  the  fluid. 
Divide  AB  into  n  subintervals  and 
construct  horizontal  rectangles  within 
the  area.  Then  the  area  of  one  rec- 
tangle (as  EP)  is  y  Ax.  If  this  rectangle 
was  horizontal  at  the  depth  x,  the  fluid  pressure  on  it  would  be 

Wxy  Ax, 

["The  pressure  of  a  fluid  on  any  given  horizontal  surface  equals  the  weight"! 

of  a  column  of  the  fluid  standing  on  that  surface  as  a  base  and  of  height 

L  equal  to  the  distance  of  this  surface  below  the  surface  of  the  fluid.  J 

where  W  =  the  weight  of  a  unit  volume  of  the  fluid.  Since  fluid  pres- 
sure is  the  same  in  all  directions,  it  follows  that  Wxy  Ax  will  be  ap- 
proximately the  pressure  on  the  rectangle  EP  in  its  vertical  position. 
Hence  the  sum  „ 


represents  approximately  the  pressure  on  all  the  rectangles.  The 
pressure  on  the  area  ABDC  is  evidently  the  limit  of  this  sum.  Hence, 
by  the  Fundamental  Theorem, 


n  f* 

Km  V  Wxfiji,  Axi  =  I  Wxy  dx. 

»-»«"»  =  !  J 


Fluid  pressure  =  W  I    yx  dx, 

*J  a 


where  the  value  of  y  in  terms  of  x  must  be  substituted  from  the  equa- 
tion of  the  given  curve. 

We  shall  assume  62  Ib.  (=  W)  as  the  weight  of  a  cubic  foot  of  water. 

ILLUSTRATIVE  EXAMPLE  1.  A  circular  water  main 
6  ft.  in  diameter  is  half  full  of  water.  Find  the  pres- 
sure on  the  gate  that  closes  the  main. 

Solution.  The  equation  of  the  circle  is  x2  4-  y2  =  9. 
Hence  y  =  V9  -  x2, 

and  the  limits  are  from  x  —  0  to  x  —  3.  Substituting 
in  (D),  we  get  the  pressure  on  the  right  of  the 
x-axis  to  be 

Pressure  =  62  f  V9  —  x2  •  x  dx  —  [—  %2-(9  —  a;2)'5']^  =  558. 

"0 

Hence  Total  pressure  =  2  X  558  =  1116  Ib.  Am. 

The  essential  part  of  the  above  reasoning  is  that  the  pressure 
(=  dP)  on  an  elementary  horizontal  strip  is  equal  (approximately) 
to  the  product  of  the  area  of  the  strip  (=  dA)  by  its  depth  (=  h} 
and  the  weight  (=  W)  of  unit  volume  of  the  fluid.  That  is, 

(£)  dP=WhdA. 

With  this  in  mind,  the  axes  of  coordinates  may  be  chosen  in  any 
convenient  position. 

ILLUSTRATIVE  EXAMPLE  2.  A  trapezoidal  gate  in  a  dam  is  shown  in  the  figure. 
Find  the  pressure  on  the  gate  when  the  v 

surface  of  the  water  is  4  ft.  above  the 
top  of  the  gate. 

Solution.   Choosing  axes  OX  and  OY 
as  shown,  and  drawing  an  elementary 
horizontal  strip,  we  have,  using  (E), 
dA  —  2xdy, 

dP  =  W(S  -y)2xdy. 
The   equation   of  AB   is   y  =  2  x  —  8. 
Solving  this  equation  for  x,  and  substi- 
tuting, the  result  is 

dP  =  W(S  —  y)  (y  +  S)dy  =  W(64  —  y2)dy. 
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Integrating  with  limits  y  =  0  and  y  =  4,  we  obtain 
4 


P  =  W  T4(64  -  y2)dy  =  *4±  W  =  14,549  Ib.  Ans. 
«/o 


In  the  following  problems  the  ^/-axis  is  directed  vertically  upward,  and 
the  x-axis  is  at  the  surface  level  of  a  liquid.  Denoting  the  weight  of  a 
cubic  unit  of  the  liquid  by  W,  calculate  the  pressure  on  the  areas  formed 
by  joining  with  straight  lines  each  set  of  points  in  the  order  given. 

1.  (0,  0),  (3,  0),  (0,  -  6),  (0,  0).  Ans.   18  W. 

2.  (0,  0),  (3,  -  6),  (0,  -  6),  (0,  0).  36  W. 

3.  (0,  0),  (2,  -  2),  (0,  -  4),  (-  2,  -  2),  (0,  0).  16  W. 

4.  Calculate  the  pressure  on  the  lower  half  of  an  ellipse  whose  semi- 
axes  are  2  and  3  units  respectively,  (a)  when  the  major  axis  lies  in  the 
surface  of  the  liquid ;  (b)  when  the  minor  axis  lies  in  the  surface. 

Ans.    (a)  SW;  (b)  12  W. 

5.  Each  end  of  a  horizontal  oil  tank  is  an  ellipse  of  which  the  horizontal 
axis  is  12  ft.  long  and  the  vertical  axis  6  ft.  long.    Calculate  the  pressure 
on  one  end  when  the  tank  is  half  full  of  oil  weighing  60  Ib.  per  cubic  foot. 

Ans.  2160  Ib. 

6.  The  vertical  end  of  a  vat  is  a  segment  of  a  parabola  (with  vertex 
at  the  bottom)  8  ft.  across  the  top  and  16  ft.  deep.   Calculate  the  pressure 
on  this  end  when  the  vat  is  full  of  a  liquid  weighing  70  Ib.  per  cubic  foot. 

Ans.   38,229  Ib. 

7.  The  vertical  end  of  a  water  trough  is  an  isosceles 
right  triangle  of  which,  each  leg  is  8  ft.    Calculate  the 
pressure  on  the  end  when  the  trough  is  full  of  water 
(W=62.5).  Ans.   3771  Ib. 

8.  The  vertical  end  of  a  water  trough  is  an  isosceles  triangle  5  ft. 
across  the  top  and  5  ft.  deep.   Calculate  the  pressure  on  the  end  when  the 
trough  is  full  of  water.  Ans.   1302  Ib. 

9.  A  horizontal  cylindrical  tank  of  diameter  8  ft.  is  half  full  of  oil 
weighing  60  Ib.  per  cubic  foot.    Calculate  the  pressure  on  one  end. 

Ans.  2560  Ib. 

10.  Calculate  the  pressure  on  one  end  if  the  tank  of  Problem  9  is  full. 

11.  A  rectangular  gate  in  a  vertical  dam  is  10  ft.  wide  and  6  ft.  deep. 
Find  (a)  the  pressure  when  the  level  of  the  water  (W  —  62.5)  is  8  ft.  above 
the  top  of  the  gate ;    (b)  how  much  higher  the  water  must  rise  to  double 
the  pressure  found  in  (a).  Ans.    (a)  41,250  Ib. ;  (b)  11  ft. 

12.  Show  that  the  pressure  on  any  vertical  surface  is  the  product  of 
the  weight  of  a  cubic  unit  of  the  liquid,  the  area  of  the  surface,  and  the 
depth  of  the  centroid  of  the  area. 

13.  A  vertical  cylindrical  tank,  of  diameter  30  ft.  and  height  50  ft.,  is 
full  of  water.  Find  the  pressure  on  the  curved  surface.       Ans.  3682  tons. 
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INTEGRAL  CALCULUS 


180.  Work.  In  mechanics  the  work  done  by  a  constant  force  F 
causing  a  displacement  d  is  the  product  Fd.  When  F  is  variable,  this 
definition  leads  to  an  integral.  Two 
examples  will  be  considered  here. 

Work  done  in  pumping  out  a  tank. 
Let  us  now  consider  the  problem  of 
finding  the  work  done  in  emptying 
reservoirs  of  the  form  of  solids  of  rev- 
olution with  their  axes  vertical.  It 
is  convenient  to  assume  the  £-axis  of 
the  revolved  curve  as  vertical,  and  the 
g/-axis  as  on  a  level  with  the  top  of 
the  reservoir. 

Consider  a  reservoir  such  as  the  one 
shown  ;  we  wish  to  calculate  the  work 
done  in  emptying  it  of  a  fluid  from  the  depth  a  to  the  depth  6. 

Divide  AB  into  n  subintervals,  pass  planes  perpendicular  to  the 
axis  of  revolution  through  these  points  of  division,  and  construct 
cylinders  of  revolution,  as  in  Art.  160.  The  volume  of  any  such 
cylinder  will  be  iryzk.x  and  its  weight  W  'iry2  Ax,  where  W  =  weight 
of  a  cubic  unit  of  the  fluid.  The  work  done  in  lifting  this  cylinder 
of  the  fluid  out  of  the  reservoir  (through  the  height  x)  will  be 


[Work  done  in  lifting  equals  the  weight  multiplied  by  the  vertical  height.] 

The  work  done  in  lifting  all  such  cylinders  to  the  top  is  the  sum 

n 

2J  Wiry&ti  Aa;,-. 

1  =  1 

The  work  done  in  emptying  that  part  of  the  reservoir  will  evi- 
dently be  the  limit  of  this  sum.  Hence,  by  the  Fundamental  Theorem, 


lim 


n-*  oo    =- 


r* 

=  I  Wiry2xdx. 

J 


Therefore  the  work  done  in  emptying  a  reservoir  in  the  form  of  a 
solid  of  revolution  from  the  depth  a  to  the  depth  6  is  given  by  the 
formula 


ILLUSTKATIVE  j^xAMFLK  i.   uaicuiate  tne  woric  done  in  pumping  out  tne  water 
filling  a  hemispherical  reservoir  10  ft.  deep. 

Solution.  The  equation  of  the  circle  is 

x2  +  y2  =  100. 
Hence  y2  =  100  -  x2, 

W  =  62, 

and  the  limits  are  from  x  =  0  to  x  =  10. 
Substituting  in  (F) ,  we  get 

/>io 

Work  =  62  TT  /      (100  -  x2)x  dx  =  155,000  TT  ft.-lb. 
^o 

The  essential  principle  in  the  above  reasoning  is  that  the  element 
of  work  (=  dw)  done  in  lifting  an  elementary  volume  (=  dV}  through 

a  height  (=  k)  is  ,        TT7,  , 

&      x  dw=  WkdV, 

where  W  =  weight  of  unit  volume  of  the  fluid.   With  this  in  mind, 
the  axes  of  coordinates  may  be  chosen  in  any  convenient  manner. 

ILLUSTRATIVE  EXAMPLE  2.   A  conical  cistern  is  20  ft.  across  the  top  and  15  ft. 
deep.  If  the  surface  of  the  water  is  5  ft.  be- 


A(w,  15) 


low  the  top,  find  the  work  done  in  pump- 
ing the  water  to  the  top  of  the  cistern. 

Solution.  Take  axes  OX  and  OF  as  in 
the  figure.  Then 

dV  =  Trx2  dy, 
h  =  15-y, 
dw  =  W(15  —  y)Trx2  dy. 

The  equation  of  the  element  OA  is 
x  =^f  y.  Substituting, 

dw  =  TrW(15  -  i/)|  y2  dy  =  f  3rW(16  y2  -  y3)dy. 
The  limits  are  y  =  0  and  y  =  10,  since  the  water  is  10  ft.  deep.   Integrating, 

/•10 

w  =  $irW  f     (15  y2  -  y3~)dy  =  216,421  ft.-lb.  Ans. 
*/o 

Work  done  by  an  expanding  gas.    If  a  gas  in  a  cylinder  expands 
against  a  piston  head  from  volume  VQ  cu.  ft.  to  vi  cu.  ft.,  the  external 

work  done  in  foot-pounds  is 

r»i 
(G)  Work  =  I    p  dv, 

JvQ 

where  p  =  pressure  in  pounds  per  square  foot. 
Proof.  Let  the  volume  increase  from  v  to  v  +  dv. 
Let  c  =  area  of  cross  section  of  the  cylinder. 

M'?) 

Then  —  =  distance  the  piston  moves, 
c 


fl "?) 

Element  of  work  done  =  pc  —  =  pdv. 

c 

Then  (G)  follows  by  the  Fundamental  Theorem.  To  use  (G),  the 
relation  between  p  and  v  during  the  expansion  must  be  known.  This 
relation  has  the  form 

(1)  pvn  =  constant, 

the  exponent  n  being  a  constant. 

Isothermal  expansion  occurs  when  the  temperature  remains  con- 
stant. Then  n  —  1,  and  the  pressure-volume  relation  is 

(2)  pv  =  p0vo  =  piVi. 

If  a  graph  of  (1)  is  made  (pressure-volume  diagram},  plotting 
volumes  as  abscissas  and  pressures  as  ordinates,  the  area  under  this 
curve  gives,  numerically,  the  work  done,  as  calculated  by  (G).  In 
isothermal  expansion  the  graph  of  (2)  is  a  rectangular  (equilateral) 
hyperbola. 

PROBLEMS 

1.  A  vertical  cylindrical  cistern  of  diameter  16  ft.  and  depth  20  ft.  is 
full  of  water  (W  =  62.5).    Calculate  the  work  necessary  to  pump  the 
water  to  the  top  of  the  cistern.  Ans.   800,000  TT  ft.  Ib. 

2.  If  the  cistern  of  Problem  1  is  half  full,  calculate  the  work  necessary 
to  pump  the  water  to  the  top. 

3.  A  conical  cistern  20  ft.  across  the  top  and  20  ft.  deep  is  full  of  water 
(W  =  62.5).    Calculate  the  work  necessary  to  pump  the  water  to  a  height 
of  15  ft.  above  the  top  of  the  cistern.  .         2,500,000  TT  ,.,   ,, 

3 

4.  A  hemispherical  tank  of  diameter  10  ft.  is  full  of  oil  weighing  60  Ib. 
per  cubic  foot.   Calculate  the  work  necessary  to  pump  the  oil  to  the  top 
of  the  tank.  Ans.   9375  ir  ft.  Ib. 

5.  A  hemispherical  tank  of  diameter  20  ft.  is  full  of  oil  weighing  60  Ib. 
per  cubic  foot.   The  oil  is  pumped  to  a  height  of  10  ft.  above  the  top  of 
the  tank  by  an  engine  of  \  H.P.  (that  is,  the  engine  can  do  work  at  the 
rate  of  16,500  ft.  Ib.  per  minute).  How  long  will  it  take  the  engine  to 
empty  the  tank  ? 

6.  Find  the  work  done  in  pumping  out  a  semi-elliptical  reservoir  full 
of  water  (W  =  62).    The  top  is  a  circle  of  diameter  6  ft.,  and  the  depth 
is  5  ft.  Ans.   3487^  vr  ft.  Ib. 

7.  A  conical  reservoir  12  ft.  deep  is  filled  with  a  liquid  weighing  80  Ib. 
per  cubic  foot.  The  top  of  the  reservoir  is  a  circle  8  ft.  in  diameter.   Cal- 
culate the  work  necessary  to  pump  the  liquid  to  the  top  of  the  reservoir. 

Ans.   1 5,360  IT  ft.  Ib. 


mounted  oy  a  cylinder  01  tne  same  diameter  and  lu  it.  mgn.    .find  tne 
work  done  in  pumping  it  out  when  it  is  filled  within  2  ft.  of  the  top. 

9.  A  bucket  of  weight  M  is  to  be  lifted  from  the  bottom  of  a  shaft 
h  ft.  deep.  The  weight  of  the  rope  used  to  hoist  it  is  m  Ib.  per  foot.  Find 
the  work  done. 

10.  A  quantity  of  air  with  an  initial  volume  of  200  cu.  ft.  and  pres- 
sure of  15  Ib.  per  square  inch  is  compressed  to  80  Ib.  per  square  inch. 
Determine  the  final  volume  and  the  work  done  if  the  isothermal  law  holds, 
that  is,  pv  =  C.  Ans.   37.5  cu.  ft. ;   723,000  ft.  Ib. 

11.  Determine  the  final  volume  and  work  done  in  Problem  10  if  the 
adiabatic  law  holds,  that  is  pvn  =  C,  assuming  n  =  1.4. 

Ans.   60  cu.  ft. ;   648,000  ft.  Ib. 

12.  Air  at  pressure  of  15  Ib.  per  square  inch  is  compressed  from 
200  cu.  ft.  to  50  cu.  ft.   Determine  the  final  pressure  and  the  work  done  if 
the  law  is  pv  =  C.  Ans.   60  Ib.  per  square  inch ;   599,000  ft.  Ib. 

13.  Solve  Problem  12  if  the  law  is  pvn  =  C,  assuming  n  =  1.4. 

Ans.   104.5  Ib.  per  square  inch ;   801,000  ft.  Ib. 

14.  A  quantity  of  gas  with  an  initial  volume  of  16  cu.  ft.  and  pressure 
of  60  Ib.  per  square  inch  expands  until  the  pressure  is  30  Ib.  per  square 
inch.    Determine  the  final  volume  and  the  work  done  by  the  gas  if  the 
law  is  pv  =  C.  Ans.   32  cu.  ft. ;  95,800  ft.  Ib. 

15.  Solve  Problem  14  if  the  law  is  pvn  —  C,  assuming  n  =  1.2. 

Ans.   28.5  cu.  ft. ;  75,600  ft,  Ib. 

16.  A  quantity  of  air  with  an  initial  volume  of  200  cu.  ft.  and  pressure 
of  15  Ib.  per  square  inch  is  compressed  to  30  cu.  ft.    Determine  the  final 
pressure  and  the  work  done  if  the  law  is  pv  =  C. 

17.  Solve  Problem  16  if  the  law  is  pvn  =  C,  assuming  n  =  1.4. 

18.  A  gas  expands  from  an  initial  pressure  of  80  Ib.  per  square  inch  and 
volume  of  2.5  cu.  ft.  to  a  volume  of  9  cu.  ft.    Find  the  work  done  if  the 
law  is  pvn  =  C,  assuming  n  =  1.0646. 

19.  Solve  Problem  18  if  n  =  1.131. 

20.  Determine  the  amount  of  attraction  exerted  by  a  thin,  straight, 
homogeneous  rod  of  uniform  thickness,  of  length  I,  and  of  mass  M  upon 
a  material  point  P  of  mass  m  situated  at  a  distance  of  a  from  one  end  of 
the  rod  in  its  line  of  direction. 

Solution.  Suppose  the  rod  to  be  divided  into  equal  infinitesimal  portions  (ele- 
ments) of  length  dx.          •**• 

—  =  mass  of  a  unit  length  of  rod ; 

I 

hence  ~-dx  =  mass  of  any  element. 

L 


Force  of  attraction  = 


product  of  masses 


(distance  between  them)2 ' 
therefore  the  force  of  attraction  between  the  particle  at  P  and  an  element  of  the  rod  is 


(x  +  a)2 

which  is  then  an  element  of  the  force  of  attraction  required.  The  total  attraction 
between  the  particle  at  P  and  the  rod  being  the  limit  of  the  sum  of  all  such  elements 
between  x  —  0  and  x  =  I,  we  have 


Force  of  attraction 


_f 

~Jo 


l-j-mdx 

6 


Mm  ri     dx 


_mm  r 
~~Tjn 


_ 
~ 


Mm 


Ans. 


'o  (x  +  a)2        I    J0  (»  +  a)s 

21.  Determine  the  amount  of  attraction  in  the  last  example  if  P  lies 
in  the  perpendicular  bisector  of  the  rod  at  the  distance  a  from  it. 

Ans. 


aV4  a2  +  I2 

22.  A  vessel  in  the  form  of  a  right  circular  cone  is  filled  with  water. 
If  h  is  its  height  and  r  the  radius  of  the  base,  what  time  will  it  require 
to  empty  itself  through  an  orifice  of  area  a  at  the  vertex  ? 

Solution.  Neglecting  all  hurtful  resistances,  it  is  known  that  the  velocity  of  dis- 
charge through  an  orifice  is  that  acquired  by  a  body  falling  freely  from  a  height 
equal  to  the  depth  of  the  water.  If,  then,  x  denotes  the  depth 

of  the  water,  /^ — 

v  =  V2  gx. 

Denote  by  dQ  the  volume  of  water  discharged  in  time 
dt,  and  by  dx  the  corresponding  fall  of  surface.  The  volume 
of  water  discharged  through  the  orifice  in  a  unit  of  time  is 

aV2ljx, 

being  measured  as  a  right  cylinder  of  area  of  base  a  and 
altitude  v(=  V2gx).  Therefore  in  time  dt 

(1)  dQ-aV2~gxdt. 

Denoting  by  S  the  area  of  the  surface  of  the  water  when  the  depth  is  x,  we  have, 


from  geometry, 


S 


or 


But  the  volume  of  water  discharged  in  time  dt  may  also  be  considered  as  the 
volume  of  a  cylinder  AB  of  area  of  base  S  and  altitude  dx ;  hence 

(2)  dQ 


Equating  (1)  and  (2)  and  solving  for  dt, 
7rr2x2  dx 


dt  = 


Therefore 


2irr2Vh 


... 
Q  ah2V2gx 


value)  or  n  numbers  y\, 
(1)        y^to+u 


Vn,  IS 


We  proceed  to  establish  the  formula 

r 

(H)  Mean  value  of  </>(*)  ^  _  Ja 


Y 

Q 

L       R^~" 

/] 

' 

A 

C 

B 

from  x  =  a  to  x  =  b 


b-a 


The  figure  shows  the  graph  of 

(2)  y  =  0(z). 

The  mean  value  (=  y)  of  the  ordinates  of  the  arc  PQ  is  to  be  de- 
nned. Divide  AB  into  n  equal  parts  each  equal  to  Ax  and  let  y\, 
yz,  •  •  •,  yn,  be  the  ordinates  at  the  n  points  of  division.  Then  (1)  will 
give  an  approximate  value  for  the  mean  value  required.  Multiply 
numerator  and  denominator  of  the  right-hand  member  of  (1)  by  Ax. 
Then,  since  n  Az  =  b  —  a,  we  get 

(3)  y  (approximately)  =  *** 


o  —  a 

But  the  numerator  in  (3)  is,  approximately,  the  area  APRQB. 
The  average  value  of  y  (or  $(#))  *s  defined  as  the  limit  of  the  right- 
hand  member  in  (3)  when  n  —  >  oo.  This  gives  (H). 

In  the  figure  the  mean  value  of  <j>(x)  equals  CR  if  area  rectangle 
ABML  =  area  ABQRP. 

Taking  y  as  the  function  (dependent  variable),  then  (H)  becomes 


-J 


(/)      V 

o  —  a 

ILLUSTRATIVE  EXAMPLE.    Given 
the  circle 

(4)  X2  +  y2  -  f3. 

Find  the  average  value  of  the  or- 
dinates in  the  first  quadrant 

(a)  when  y  is  expressed  as  a  func- 
tion of  the  abscissa  x ; 

(b)  when  y  is  expressed  as  a  func- 
tion of  the  angle  6  =  Z  MOP. 

Solution,   (a)  Since  y  = 
the  numerator  in  (I)  is 


=  %irr2.  Then  y  =  I  irr  =  0.785  r.  Ans. 


C'i  _       2  f 

I        r  sin  6  d9  =  r.   Since  b  —  a  =  \  TT,  we  have  y  =  —  =  0.637  r.   Ans. 
Jo  TT 

Thus  we  have  quite  different  values  of  y,  depending  upon  the  independent 
variable  with  respect  to  which  the  mean  value  is  taken. 

As  shown  in  the  above  example,  the  average  value  of  a  given 
function  y  will  depend  upon  the  variable  chosen  as  the  independent 
variable.  For  this  reason,  we  write  (/)  in  the  form 

rb 

I    ydx 

(5)  y-^Tirr' 

in  order  to  indicate  explicitly  the  variable  with  respect  to  which  y 
is  averaged. 

Thus,  in  the  Illustrative  Example,  we  have  yx  =  0.785  r,  and  yg  =  0.637  r. 


PROBLEMS 

1.  Find  the  average  value  of  y  —  x2  from  x  =  0  to  x  =  10.   Ans.   33^. 

2.  Find  the  average  value  of  the  ordinates  of  y2  =  4  x  from  (0,  0)  to 
(4,  4)  taken  uniformly  along  the  #-axis.  Ans.   2f . 

3.  Find  the  average  value  of  the  abscissas  of  y2  =  4  x  from  (0,  0)  to 
(4,  4)  when  uniformly  distributed  along  the  ?/-axis.  Ans.   1%. 
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4.  Find  the  average  value  of  sin  x  between  x  =  0  and  x  =  TT.  Ans.  — • 

7T 

5.  Find  the  average  value  of  sin2  x  between  x  =  0  and  x  =  IT.    (This 
average  value  is  frequently  used  in  the  theory  of  alternating  currents.) 

Ans.  %. 

6.  If  a  particle  in  a  vacuum  were  thrown  downward  with  an  initial 
velocity  of  VQ  ft.  per  second,  the  velocity  after  t  sec.  would  be  given  by 

(1)  v  -  v0  +  gt. 

The  velocity  after  falling  s  ft.  would  be  given  by 

(2)  v  =  Vfl02  +  2  gs.  (Take  g  =  32) 
Find  the  average  value  of  v 

(a)  during  the  first  5  sec.,  starting  from  rest;     Ans.   80  ft.  per  second. 

(b)  during  the  first  5  sec.,  starting  with  an  initial  velocity  of  36  ft. 
per  second ;  Ans.   116  ft.  per  second. 

(c)  during  the  first  2%  sec.,  starting  from  rest;  Ans.   40  ft.  per  second. 

(d)  during  the  first  100  ft.,  starting  from  rest;       Ans.   53^  ft.  per  sec. 

(e)  during  the  first  100  ft.,  starting  with  an  initial  velocity  of  60  ft. 
per  second.  Ans.   81f  ft.  per  second. 


with  respect  to  the  time  for  any  multiple  of  a  quarter  period  is  half  the 
maximum  kinetic  energy. 

9.  A  point  is  taken  at  random  on  a  straight  line  of  length  a.  Prove 
(a)  that  the  average  area  of  the  rectangle  whose  sides  are  the  two  seg- 
ments is  -g-  a2 ;  (b)  that  the  average  value  of  the  sum  of  the  squares  on 
the  two  segments  is  f  a2. 

10.  If  a  point  moves  with  constant  acceleration,  the  average  as  to  the 
time  of  the  square  of  the  velocity  is  %(v02  +  v0Vi  +  Vi2~),  where  VQ  is  the 
initial  and  v\  the  final  velocity. 

11.  Show  that  the  average  horizontal  range  of  a  particle  projected 
with  a  given  velocity  at  an  arbitrary  elevation  is  0.6366  of  the  maximum 
horizontal  range. 

HINT.   Take  a.  =  0  in  the  formula  of  Problem  35,  p.  114. 

The  formulas  ~  ~ 

/  x  ds  I  y  ds 

(6)  x      J  ~      J 


I  ds  I  ds 


where  (x,  y)  is  any  point  on  a  curve  for  which  ds  is  the  element  of  arc, 
define  the  centroid  of  the  arc.  They  give,  respectively,  the  average 
values  of  the  abscissas  and  ordinates  of  points  on  the  curve  when 
distributed  uniformly  along  it.  (Compare  Art.  177.) 

12.  Show  that  the  area  of  the  curved  surface  generated  by  revolving 
an  arc  of  a  plane  curve  about  a  line  in  its  plane  not  cutting  the  arc  equals 
the  length  of  the  arc  times  the  circumference  of  the  circle  described  by 
its  centroid  (6).    (Theorem  of  Pappus.    Compare  Art.  250.) 

HINT.  Use  (L),  Art.  164. 

13.  Find  the  centroid  of  the  arc  of  the  parabola  y2  =  4  x  from  (0,  0) 
to  (4,  4).       '  Ans.    x  =  1.64,  y  =  2.29. 

14.  Find  the  centroid  of  an  arc  of  the  circle  p  —  a  between  —  6  and  +  d. 


15.  Find  the  centroid  of  the  perimeter  of  the  cardioid  p  =  a(l  +  cos  $). 

Ans.    x  =  f  a,  y  =  Q. 

16.  Find  by  the  Theorem  of  Pappus  the  centroid  of  the  arc  of  the  circle 

x2  +  y2  =  r2  which  lies  in  the  first  quadrant.  .,         -  _  -  _  2  r 

x  —  y  —  ——• 

7T 


by  revolving  the  circle  (x  —  b)2  4-  y2  =  a2  (b  >  a)  about  the  7/-axis. 

18.  A  rectangle  is  revolved  about  an  axis  which  lies  in  its  plane  and  is 
perpendicular  to  a  diagonal  at  its  extremity.  Find  the  area  of  the  surface 
generated. 


ADDITIONAL  PROBLEMS 

1.  An  area  is  bounded  by  the  lines  y  —  x2,  x  +  y  =  6,  y  =  0,  and  x  =  3. 
Find  its  centroid.  Ans.   x  =  f f ,  y  =  ff £. 

2.  The  abscissa  of  the  centroid  of  the  area  bounded  by  the  curve 
2  y  =  x2  and  a  certain  line  through  the  origin  is  1.    Find  the  ordinate  of 
the  centroid.  Ans.   f. 

3.  Find  the  centroid  of  the  area  bounded  by  y  —  xn(n  >  0),  the  x-axia, 
and  a;  =  l.   Discuss  the  locus  of  the  centroid  as  n  varies. 

Ans.   x  =  — ~-^~i  y  =  nen   -- 

n  +  2   y      2(2  w  +  1) 

4.  Find  the  equation  of  the  locus  of  the  centroid  of  the  area  bounded 

by  the  #-axis  and  the  parabola  y  =  ex  —  x2  when  c  varies.  Ans.  5  y  =  2  x2. 

5.  Given  the  parabola  x2  =  2  py  and  any  oblique  line  y  =  mx  +  b  meet- 
ing the  parabola  in  the  points  A  and  B.    Through  C,  the  midpoint  of 
AB,  draw  a  line  parallel  to  the  axis  of  the  curve  meeting  the  parabola  at 
D.   Prove  that  (a)  the  tangent  to  the  parabola  at  D  is  parallel  to  the  line 
AB ;   (b)  the  centroid  of  the  area  ACBD  lies  on  the  line  CD. 

6.  Let  P  be  a  point  on  the  parabola  y  =  x2,  and  let  C  be  the  centroid 
of  the  area  bounded  by  the  parabola,  the  #-axis,  and  the  ordinate  through 
P.   Find  the  position  of  P  so  that  the  angle  OPC  is  a  maximum. 

Ans.   Ordinate  =  -^. 

7.  A  cistern  has  the  form  of  a  solid  generated  by  revolving  about  its 
vertical  axis  a  parabolic  segment  cut  off  by  a  chord  8  ft.  long,  perpendicu- 
lar to  the  axis  and  at  a  distance  of  8  ft.  from  the  vertex.    The  cistern  is 
filled  with  water  weighing  62.5  Ib.  per  cubic  foot.    Find  the  amount  of 
work  required  to  pump  over  the  top  of  the  cistern  one  half  the  volume  of 
water  it  contains.  ^ns.   16,000  (V2  -  1)  |  =  6937  ft.-lb. 

8.  A  hemispherical  cistern  of  radius  r  is  full  of  water.    Two  men,  A 
and  B,  are  to  pump  it  out,  each  doing  half  the  work.  If  A  starts  first,  what 
will  be  the  depth  d  of  the  water  when  he  has  finished  his  share  of  the  work  ? 


9.  A  tank  in  the  shape  of  an  inverted  circular  cone  is  full  of  water. 
Two  men  are  to  pump  the  water  to  the  top  of  the  tank,  each  doing  half 
the  work.  When  the  first  man  has  finished  his  share  of  the  work,  let  z 
denote  the  ratio  of  the  depth  of  water  left  in  the  tank  to  the  original  depth. 
Show  that  z  is  determined  by  the  equation  6  z4  —  8  z3  +  1  =  0.  Calculate 
the  value  of  z  to  two  decimals.  Ans.  0.61. 

10.  A  well  is  100  ft.  deep.   A  bucket,  weighing  3  lb.,  has  a  volume  of 
2  cu.  ft.    The  bucket  is  filled  with  water  at  the  bottom  of  the  well  and  is 
then  raised  at  a  constant  rate  of  5  ft.  per  second  to  the  top.    Neglecting 
the  weight  of  the  rope,  find  the  work  done  in  raising  the  bucket  if  it  is 
discovered  that  the  water  is  leaking  out  at  a  constant  rate  of  0.01  cu.  ft. 
per  second.    (A  cubic  foot  of  water  weighs  62.4  lb.)        Ans.   12,156  ft.-lb. 

11.  The  area  OAB  is  divided  into  elements  such  as  OPQ  by  lines  from 
0.  Show  that  the  area  A  and  the  moments  of  area 

Mx  and  My  are  given  by 


r 

=  %j  (xy'  ~ 


r 

M*  —  3  J 

y  =  %Jx(xy'  -  y)dx. 


O 


X 


M 


(The  centroid  of  a  triangle  is  on  any  median  at 
two  thirds  of  the  distance  from  the  vertex  to  the 
opposite  side.) 

12.  Find  the  centroid  of  the  hyperbolic  sector  bounded  by  the  equi- 
lateral hyperbola  x  =  a  sec  d,  y  =  a  tan  6  and  radii  from  the  origin  to  the 
points  (a,  0)  and  (x,  y). 

sec  6—1 


.        -      2  tan  9 

Ans.  x  =  -a —  > 

3     In  (sec  d  +  tan  6} 


y  =  2a 

3     In  (sec  6  4-  tan  0) 


CHAPTER  XIX 

SERIES 

182.  Definitions.  A  sequence  is  a  succession  of  terms  formed  ac- 
cording to  some  fixed  rule  or  law. 

For  example,          1,  4,  9,  16,  25 

•^2  /y»3       ^v»4  /v*5 

and  1,  —  x,  TJ->  — «•>  ~T>  — F 

are  sequences. 

A  series  is  the  indicated  sum  of  the  terms  of  a  sequence.  Thus 
from  the  above  sequences  we  obtain  the  series 

1  +  4  +  9  +  16  +  25 

™2  /y«3  />*4  /V*5 

-t  -4  I         *V  *V  i         »JV  *£/ 

and  !_£  +  ____,_---. 

When  the  number  of  terms  is  limited,  the  sequence  or  series  is 
said  to  be  finite.  When  the  number  of  terms  is  unlimited,  the  sequence 
or  series  is  called  an  infinite  sequence  or  infinite  series. 

The  general  term,  or  wth  term,  is  an  expression  which  indicates 
the  law  of  formation  of  the  terms. 

ILLUSTRATIVE  EXAMPLE  1.  In  the  first  example  given  above,  the  general  term, 
or  nth  term,  is  n2.  The  first  term  is  obtained  by  setting  n  —  1,  the  tenth  term  by 
setting  n  =  10,  etc. 

ILLUSTRATIVE  EXAMPLE  2.  In  the  second  example  given  above,  the  nth  term, 

f x)71"1 

except  for  n  =  1,  is  - — -^-z — 

If  the  sequence  is  infinite,  this  fact  is  indicated  by  the  use  of  dots,  as 
1,  4,  9,  •  •  -,  n2,  •  •  -. 

Factorial  numbers.  An  expression  which  occurs  frequently  in  con- 
nection with  series  is  a  product  of  successive  integers,  beginning 
with  1.  Thus,  1x2x3x4x5  is  called  5  factorial  and  is  indicated 
by  [5  or  5 ! 

In  general,     |w  =  lX2x3x---X(w-l)Xw 

is  called  n  factorial.  It  is  understood  that  n  is  a  positive  integer.  The 
expression  \n_  has  no  meaning  if  n  is  not  a  positive  integer. 


183.  The  geometric  series.  For  the  geometric  series  of  n  terms, 
(1)  Sn  =  a  +  ar  +  ar2  -\  -----  1-  arn~\ 

it  is  shown  in  elementary  algebra  that 


_  r  r-i 

the  first  form  being  generally  used  if  |r|  <  1,  and  the  second  form 
if  |r|>  1. 

If  |r|  <  1,  then  rn  decreases  in  numerical  value  as  n  increases  and 

lim  (rn)  =  0. 

n-»oo 

From  formula  (2)  we  see,  therefore,  that  (Art.  16) 

(3)  lim^  =  —  —  • 

W-»  00  J-    ~~~   T 

Hence  if  |r|  <  1  the  sum  Sn  of  a  geometric  series  approaches  a 
limit  as  the  number  of  terms  is  increased  indefinitely.  In  this  case 
the  series  is  said  to  be  convergent. 

If  |r|  >  1,  then  rn  will  become  infinite  as  n  increases  indefinitely 
(Art.  18).  Hence,  from  the  second  formula  in  (2),  the  sum  Sn  will 
become  infinite.  In  this  case  the  series  is  said  to  be  divergent. 

A  peculiar  situation  presents  itself  if  r  =  —  1.  The  series  then 
becomes 

(4)  a  —  a-\-  a  —  a-{-  a  —  a  •  •  •. 

If  n  is  even  the  sum  is  zero.  If  n  is  odd  the  sum  is  a.  As  n  increases 
indefinitely  the  sum  does  not  increase  indefinitely  and  it  does  not 
approach  a  limit.  Such  a  series  is  called  an  oscillating  series. 

ILLUSTRATIVE  EXAMPLE.   Consider  the  geometric  series  with 


(tft  <?    —  1  _i_  i  4_  i  j_  .  .  .  4-      -*• 

W  an-l+2+4  +  +  2"-1 

!__! 
We  find,  by  (2),  that       S»  = ^  =  2  -  ;r~ 

1  —  "2  ^ 

Then 

(6)  lim  Sn  =  2,  which  agrees  with  (3),  when  a  =  1,  r  =  ^. 

n-»oo 

It  is  interesting  to  dis-    j! L S L*  f  •? 

cuss  (5)  geometrically.    To  Sl  Sa        is     4 

do  this,  lay  off  successive  values  of  Sn  on  a  straight  line,  as  in  the  figure. 

n         1        2          3          4,       etc. 
Sn        1        l|        if        If,    etc. 
Each  point  thus  determined  bisects  the  segment  between  the  preceding  point  and 


1.  2 +  4  +  8  +  16 + 

2.  1-     +     -     +  - 


x« 


+ 


^1-2-  3 
x  Vcc     , 


5*    2    +2-4"r2.4.6"r2.4-6-8 

„  a2      a3  ,  a4      a5  , 

b.       -^-+      -j+---. 


2n 


Write  the  first  four  terms  of  the  series  whose  nth,  or  general,  tei 
given  below. 

*-*  AnS.  1  +  4+   ^   +   8 

V2      V3      V4 


7. 


>  2  n  -  1 


10. 


11. 


12. 


7= 

Vw 


[2n-l 

\*v    ~~"    Cv/ 

~~¥ 


13. 


2-|n 


X3    ,    X5        X7    , 

H   H~Ii 


15. 


2  2 


184.  Convergent  and  divergent  series.   In  the  series 

Sn  =  Ui  +  U2  +  U3  H 1-  Wn, 

the  variable  Sn  is  a  function  of  w.   If  we  now  let  the  number  of  t< 
(=  n)  increase  without  limit,  one  of  two  things  may  happen. 

CASE  I.   Sn  approaches  a  limit,  say  u,  indicated  by 
(1)  Km  Sn  -  u. 


i  ne  mnnite  series  is  now  saia  to  oe  convergent  ana  to  converge  to  tne 
value  M,  or  to  have  the  value  u. 

CASE  II.  Sn  approaches  no  limit.  The  infinite  series  is  now  said 
to  be  divergent. 

Examples  of  divergent  series  are 

1-1  +  1-H . 

As  stated  above,  in  a  convergent  series  the  value  of  the  series  is  the 
number  u  (sometimes  called  the  sum)  defined  by  (1).  No  value  is 
assigned  to  a  divergent  series. 

In  the  applications  of  infinite  series,  convergent  series  are  of  major 
importance.  Thus  it  is  essential  to  have  means  of  testing  a  given 
series  for  convergence  or  divergence. 

185.  General  theorems.  Before  developing  special  methods  for 
testing  series,  attention  is  called  to  the  following  theorems,  of  which 
proofs  are  omitted. 

Theorem  I.  //  Sn  is  a  variable  that  always  increases  as  n  increases 
but  never  exceeds  some  definite  fixed  number  A,  then  as  n  increases 
without  limit,  Sn  will  approach  a  limit  u  which  is  not  greater  than  A. 

The  figure  illustrates  the  statement.  The  points  determined  by 
the  values  Si,  Sa,  SB,  etc.  approach  the  point  u,  where 

limSB  =  M,  Si  fe     f8||     yf       r 

and  u  is  less  than  or  equal  to  A. 

ILLUSTRATIVE  EXAMPLE.   Show  that  the  infinite  series 

(1)  1  +  1  +  -^—  +  ^ — 1 h4-l 

is  convergent. 

Solution.  Neglect  the  first  term,  and  write 


^2)  Sn      1  +  l-2  +  l-2-3  +          h  1  •  2  •  3  « •  •  n 

Consider  the  variable  sn  denned  by 

(3)  Sn==1  +  2+2^2  +  '"  +  2^^' 

in  which  we  have  replaced  all  integers  in  the  denominators  of  (2),  except  1,  by  2. 
*  Obviously  Sn  <  sn.  Also,  in  (3)  we  have  a  geometric  series  with  r  =  \  and  sn  <  2 
no  matter  how  large  n  may  be  (see  Art.  183).  Hence  Sn  as  defined  by  (2)  is  a  vari- 
able which  always  increases  as  n  increases  but  remains  less  than  2.  Hence  Sn  ap- 
proaches a  limit  as  n  becomes  infinite,  and  this  limit  is  less  than  2.  Therefore  the 
infinite  series  (1)  is  convergent,  and  its  value  is  less  than  3. 

We  shall  see  later  that  the  value  of  (1)  is  the  constant  e  =  2.71828  •  •  •,  the 
natural  base  (Art.  61). 


Consider  now  a  convergent  series 
for  which  lim  Sn  =  u. 

n->  oo 

Let  the  points  determined  by  the  values  Si,  82,  83,  etc.  be  plotted 
on  a  directed  line.  Then  these  points,  as  n  increases,  will  approach 
the  point  determined  by  u  (terms  in  Sn  all  of  the  same  sign)  or 
cluster  about  this  point.  Thus  it  is  evident  that 

(A)  lim  un  =  0. 

n->  oo 

That  is,  in  a  convergent  series,  the  terms  must  approach  zero  as  a  limit. 

On  the  other  hand,  if  the  general  (or  nth)  term  of  a  series  does 
not  approach  zero  as  n  becomes  infinite,  we  know  at  once  that  the 
series  is  divergent. 

(A)  is  not,  however,  a  sufficient  condition  for  convergence ;  that 
is,  even  if  the  nth  term  does  approach  zero,  we  cannot  state  posi- 
tively that  the  series  is  convergent.  For,  consider  the  harmonic  series 


Here  lim  (un)  =  lim  f-j  =  0  ; 

n  -»  oo  n  -»  oo   \(IJ 


that  is,  condition  (A)  is  fulfilled.  Yet  we  shall  show  in  Art.  186  that 
the  series  is  divergent. 

We  shall  now  proceed  to  deduce  special  tests  which,  as  a  rule,  are 
easier  to  apply  than  the  above  theorems. 

186.  Comparison  tests.  In  many  cases  it  is  easy  to  determine 
whether  or  not  a  given  series  is  convergent  by  comparing  it  term 
by  term  with  another  series  whose  character  is  known. 

Test  for  convergence.  Let 

(1)  Ui  +  U2  +  U3  -\ 

be  a  series  of  positive  terms  which  it  is  desired  to  test  for  convergence.  If 
a  series  of  positive  terms  already  known  to  be  convergent,  namely, 

(2)  ai  +  a2  +  a3  +  •  •  -, 

can  be  found  whose  terms  are  never  less  than  the  corresponding  terms  in 
the  series  (1)  to  be  tested,  then  (1)  is  a  convergent  series  and  its  value 
does  not  exceed  that  of  (2) . 


ana  suppose  mat  urn  sn  =  A. 

«-»  00 

Then,  since  Sn  <  A  and  sn  ?g  Sn, 

it  follows  that  s«  <  A.  Hence,  by  Theorem  I,  Art.  185,  sn  approaches 
a  limit  and  the  series  (1)  is  convergent  and  its  value  is  not  greater 
than  A. 

ILLUSTRATIVE  EXAMPLE  1.   Test  the  series 

(3)  1+F"+P  +  *  +  ffi  +  -" 

Solution.    Compare  with  the  geometric  series 

(4)  1  +  |  +  ^  +  ^  +  |l+---' 

which  is  known  to  be  convergent.  The  terms  of  (4)  are  never  less  than  the  corre- 
sponding terms  of  (3).  Hence  (3)  also  is  convergent. 

Following  a  line  of  reasoning  similar  to  that  applied  to  (1)  and  (2), 
we  may  prove  the 

Test  for  divergence.   Let 

(5)  ui  +  u2  -f  us.  +  •  -  - 

be  a  series  of  positive  terms  to  be  tested,  which  are  never  less  than  the 
corresponding  terms  of  a  series  of  positive  terms,  namely, 

(6)  61  +  62  +  63  +  •  •  -, 
known  to  be  divergent.   Then  (5)  is  a  divergent  series. 

ILLUSTRATIVE  EXAMPLE  2.   Show  that  the  harmonic  series 

(7)  1+4+4+4+-" 
is  divergent. 

Solution.  Rewrite  (7)  as  below  and  compare  with  the  series  written  under  it. 
The  square  brackets  are  introduced  to  aid  in  the  comparison. 

(8)  1+4  + ft +  4]+ ft +  4  +  4  + 41 +[*  +  •••  + A] +•••. 

(9)  4  +  4  +  [4  +  4]  +  ft  +  4  +  4  +  4]  +  [&  +  •  •  •  +  itt  +  •  •  •- 

We  observe  the  following  facts.  The  terms  in  (8)  are  never  less  than  the 
corresponding  terms  in  (9). 

But  (9)  is  divergent.  For  the  sum  of  the  terms  in  each  square  bracket  is  \, 
and  Sn  will  increase  indefinitely  as  n  becomes  infinite. 

Hence  (8)  is  divergent. 

ILLUSTRATIVE  EXAMPLE  3.  Test  the  series 

1  +-i-  +  -=-  +  -=-  +  . . . 
V2      V3      V4 


(10)  i  +  5  +  5  +  &  +  ---  +  $  +  "-> 

is  useful  in  applying  the  comparison  test. 

Theorem.  The  p  series  is  convergent  when  p  >  1,  and  divergent  for 
other  values  of  p. 

Proof.  Rewrite  (10)  as  below  and  compare  with  the  series  written 
under  it.   The  square  brackets  are  used  to  aid  in  the  comparison. 


(12)   i 

If  p  >  1,  the  terms  in  (12)  are  never  less  than  the  corresponding 
terms  in  (11).   But,  in  (12),  the  sums  within  the  brackets  are 


,1  .  1   .1  ^  4  .=  22 
1  ' 


2?     2P  2f     2P~1'     4P  ~  4?     4?  '  4?     4?      22p      22(23~1)' 

and  so  on.  Hence,  to  test  (12)  for  convergence,  we  may  consider 
the  series 

(13)  l  +  o^i- 


When  p  >  1,  series  (13)  is  a  geometric  series  with  the  common 
ratio  less  than  unity,  and  is  therefore  convergent.  Therefore  (10)  is 
also  convergent.  When  p  =  1,  series  (10)  is  the  harmonic  series  and 
is  divergent.  When  p  <  1,  the  terms  of  series  (10)  will,  after  the 
first,  be  greater  than  the  corresponding  terms  of  the  harmonic  series ; 
hence  (10)  is  now  divergent.  Q.E.D. 

ILLUSTRATIVE  EXAMPLE  4.  Show  that  the  series 

2.46  2n 

T 


'     '      2- 3-4  '3.4-5  '4- 5-6'  '   (w  +  l)(w  +  2)(n  +  3)  T 

is  convergent. 

Solution.   In  (14),  un  <  ~»     or     i%n<— ; 

71  2  7l2 

that  is,  J  wn  is  less  than  the  general  term  of  the  p  series  when  p  =  2.  Hence  the 
series  each  of  whose  terms  is  half  the  corresponding  term  in  (14)  is  convergent 
and  therefore  (14)  also  is  convergent. 


PROBLEMS 
Test  each  of  the  following  series. 


-   T       ,  —  =  ~          ,  — 

1      V23      V33 
J_  +  J_  + 

0  1  Q  ~~l~ 

-\/2      -x/3 


k+ 


o 

<C*»       -  |  0  1  Q 

1 


Q 


3  2,  1  ,2,     ..  2. 

1      22      33  nn 


"  1  •  2  '  2  -  3  '   3  •  4  '          n(n  +  1) 

4           8          12                        4n 

T  •  •  -. 
1     ' 

5'2.3I3-4I4-5I          (n  +  l)(n 
,3,5.7. 

2w+l 

2-3-4  '  3-4-5  '  4-5-6 


(n  +  l)(n  +  2)(n 


7.  ±  _)_  -±_  _|_  -±-  + 
R    1,1,1.. 

8-4+B  +  6+" 

o  1  +  1  +  1  +  .. 
9'4+10  +  28  + 

10.5  +  -^=  +  —  + 
3      V3      V3 

11  1+1  +  1  +  ..  . 

4^7^12^ 

10  1  +  1  +  1  +  .. . 

12>  2  +  8  +  26  + 


n 


+ 


3n+l 
•  •  -r  + 


+ 


13. 


1 


•  + 


+ 


3"-l 

3 


+  • 
+  • 

+  • 


n 


2  -  2  -  3      2  -  3  -  4  """  2  -  4  •  5  ^  "  "  2  ( w "+  1 )  ( n  +  2 ) 
14.  1  +  i  +  i  +  1*2  +  aV  +  sV  +  ¥2  +  •  '  '• 

oa. 

17. 


Ans.    Convergent. 
Divergent. 

Convergent. 
Convergent. 
Divergent. 

-i .       Convergent. 

Divergent. 
Divergent. 
Convergent. 
Divergent. 

Convergent. 
Convergent. 

-i .          Divergent. 

Convergent. 


5  2+2?+2?  + _2L  + 
9      28      65      126 


~(~  T ?T  ~f~  i          7  H" 


log  2      log  3      log  4 

-  4  +  *  +  xV  +  T¥  +  • 


16.  f  -1-  f  +  f  +  T22  +  •  •  •• 

187.  Cauchy's   test-ratio   test.     In  the   infinite  geometric  series 

a  +  ar  +  ar2  -1  -----  H  arn  +  arn+1  H  ----  , 

the  ratio  of  the  consecutive  general  terms  arn  and  arn+L  is  the  com- 
mon ratio  r.  Moreover,  we  know  that  the  series  is  convergent  when 
|  r  |  <  1  and  divergent  for  other  values.  We  now  explain  a  ratio  test 


terms  un  ana  un+i,  unujuim  urw  test  iuuu. 

Test  ratio  = 


Find  the  limit  of  this  test  ratio  when  n  becomes  infinite.   Let  thi 

-,.  Un-t-l 

p  =  lim  -i±i  • 


I.  When  p  <  I,  the  series  is  convergent. 
II.  When  p  >  1,  the  series  is  divergent. 
III.  When  p  —  1,  the  test  fails. 

Proof.   I.  When  p  <  1.    By  the  definition  of  a  limit  (Art.  14) 

can  choose  n  so  large,  say  n  =  m,  that  when  n^m  the  ratio  —  — 

un 

differ  from  p  by  as  little  as  we  please,  and  therefore  be  less  tha 
proper  fraction  r.   Hence 

um+i  <  umr;  um+2  <  um+ir  <  umr2  ;  um+3  <  umr3  • 

and  so  on.   Therefore,  after  the  term  um,  each  term  of  the  series 
is  less  than  the  corresponding  term  of  the  geometric  series 

(2)  umr  +  umr2  +  umr3  H  ----  . 

But  since  r  <  1,  the  series  (2),  and  therefore  also  the  series 
is  convergent  (Art.  186). 

II.  When  p  >  1  (or  p  =  oo).   Following  the  same  line  of  reason 
as  in  I,  the  series  (1)  may  be  shown  to  be  divergent. 

III.  When  p  =  1,  the  series  may  be  either  convergent  or  diverge 
that  is,  the  test  fails.   For,  consider  the  p  series,  namely, 

1 


The  test  ratio  is    *l  = 


un       \n+lj      \       n  + 

and  lim  fe±i\  =  lim  (l  --  ^-V=  (l)p  =  1  (=  p). 

n-oo\  un  )     »^«\       n  +  l]      vy          v    HJ 

Hence  p  =  1,  no  matter  what  value  p  may  have.   But  in  Art. 
we  showed  that 

when  p  >  1,  the  series  converges,  and 
when  p  ^  1,  the  series  diverges. 


•-  For  convergence  it  is  not  enough  that  the  test  ratio  is  less  than 
unity  for  all  values  of  n.  This  test  requires  that  the  limit  of  the  test 
ratio  shall  be  less  than  unity.  For  instance,  in  the  harmonic  series 
the  test  ratio  is  always  less  than  unity.  The  limit,  however,  equals 
unity. 

The  rejection  of  a  group  of  terms  at  the  beginning  of  a  series 
will  affect  the  value  but  not  the  existence  of  the  limit. 

188.  Alternating  series.  This  is  the  name  given  to  a  series  whose 
terms  are  alternately  positive  and  negative. 

Theorem.   //  u\  —  U2  +  us  ~  u4  +  •  •  • 

is  an  alternating  series  in  which  each  term  is  numerically  less  than  the 
one  which  precedes  it,  and  if  Km,,  —  n 

1X-LJ.1    wyi   U , 

n->  oo 

then  the  series  is  convergent. 

Proof.  When  n  is  even,  Sn  may  be  written  in  the  two  forms 

(1)  Sn  =  (Ui  —  U%)  +  (U&  —  U±)  +  •   •   •  +  (Un-l  —  Un}, 

(2)  Sn  =  Ui  —  (U2  —  Us)  —  .••  —  (Wn_2  ~  Un-l)  — '  Un. 

Each  expression  in  parentheses  is  positive.  Hence  when  n  in- 
creases through  even  values,  (1)  shows  that  Sn  increases  and  (2)  shows 
that  Sn  is  always  less  than  u\ ;  therefore,  by  Theorem  I,  Art.  185, 
Sn  approaches  a  limit  I.  But  Sn+i  also  approaches  this  limit  I, 
since  Sn+i  —  Sn  +  un+i  and  lim  un+i  =  0.  Hence  when  n  increases 
through  all  integral  values,  Sn—*l  and  the  series  is  convergent. 

ILLUSTRATIVE  EXAMPLE.  Test  the  alternating. series  1  —  £  +  $  —  £  +  •••. 

Solution.  Each  term  is  less  in  numerical  value  than  the  preceding  one,  and  Un — -  • 

n 

Hence  lim  (MB)  =  0,  and  the  series  is  convergent. 

n->  oo 

An  important  consequence  of  the  above  proof  is  the  statement : 

The  error  made  by  breaking  a  convergent  alternating  series  off  at  any 
term  does  not  exceed  numerically  the  value  of  the  first  of  the  terms  discarded. 

Thus,  the  sum  of  ten  terms  in  the  above  Illustrative  Example  is  0.646,  and  the 
value  of  the  series  differs  from  this  by  less  than  one  eleventh. 

In  the  above  statement  it  is  assumed,  however,  that  the  series  has 
been  carried  far  enough  so  that  the  terms  are  decreasing  numerically. 


189.  Absolute  convergence.  A  series  is  said  to  be  absolutely  or  un- 
conditionally convergent  when  the  series  formed  from  it  by  making 
all  its  terms  positive  is  convergent.   Other  convergent  series  are  said 
to  be  conditionally  convergent. 

For  example,  the  series    1  —  9^  +  03  —  7J  +  «  ~~  '  •  • 

is  absolutely  convergent,  since  the  series  (3),  Art.  186,  is  convergent. 
The  alternating  series 

l_I+l_l_Li_... 

2^3      4^5 
is  conditionally  convergent,  since  the  harmonic  series  is  divergent. 

A  series  with  some  positive  and  some  negative  terms  is  convergent  if 
the  series  deduced  from  it  by  making  all  the  signs  positive  is  convergent. 

The  proof  of  this  theorem  is  omitted. 

190.  Summary.  Assuming  that  the  test-ratio  test  of  Art.  187  holds 
without  placing  any  restriction  on  the  signs  of  the  terms,  we  may  sum- 
marize our  results  in  the  following 

General  directions  for  testing  the  series 

"1  +  "2  +  US  +  "4  H  -----  h  Un  +  Un+1  ~\  ----  . 

When  it  is  an  alternating  series  whose  terms  never  increase  in  numer- 
ical value,  and  if 


then  the  series  is  convergent. 

In  any  series  in  which  the  above  conditions  are  not  satisfied,  we  deter- 
mine the  form  of  un  and  un+i,  form  the  test  ratio,  and  calculate 


«->oo  \    U 

I.  When  |  p  (  <  1,  the  series  is  absolutely  convergent. 
II,  When  \p\>'L,the  series  is  divergent. 

III.  When  |p    =  1,  the  test  fails,  and  we  compare  the  series  with 
some  series  which  we  know  to  be  convergent,  as 

a  +  ar  +  ar2  +  arz  -f-  •  •  • ;  (7-  <  1)  (geometric  series') 

1, 1.1.1.  ,^,x  ,         •    > 

l  +  2^  +  o^  +  Tj;4--i-;(P>l)  (p  series) 

or  compare  the  given  series  with  some  series  which  is  known  to  be 

divergent,  as  1      1      1    ,  • 

i  _L  i  _L  i  _i_  i  +  •  •  •;  (tiarmomc  series) 

^2^3^4 

..1.1.1. 


j.JULiUC>TjK.AiJLVJ:i  j-JAAjyirijii  JL.     J.  coi.  i/iic  aciico 

Solution.  Here  un  = , r»    wn+i  =  i— 

P"1  L2 

p=  lim  -  =  0, 

n-»oo  W 

and  the  series  is  convergent. 

ILLUSTRATIVE  EXAMPLE  2.   Test  the  series 
11       12        13 

in  4.  _t=.  -j_  -tn.  4.  ... 

10      102      103 


Solution.  Here  wn  =  r— ->    ttn+i  =         -  • 

10n  10n+1 

MtH.i=lw  +  1.^2  =  M  +  1. 

Mn  10n+1         E  10 

p=  lim  2L+__  — oo, 

n->  oo      J.w 

and  the  series  is  divergent. 

ILLUSTRATIVE  EXAMPLE  3.  Test  the  series 

1,1.1, 


Solution.  Here    un 


(2  Ti  +  1) (2  w +  2) 

_       (2  ?i  —  1)  2  w      ,_     4n2-2yi 
M»       (2  n  +  1)  (2  7i  +  2)  ~~  4  7i2  +  6  n  +  2 ' 

—  r         4  n2  —  2  n     _  1 
P~«lnL4n2 +  67i  +  2~    ' 

by  the  rule  in  Art.  18.   Hence  the  test-ratio  test  fails. 

But  if  we  compare  the  given  series  with  the  p  series,  when  p  —  2,  namely, 

1  +  JL  +  JL  +  .I  +  ..., 

22      32      42 

we  see  that  it  must  be  convergent,  since  its  terms  are  less  than  the  corresponding 
terms  of  this  p  series,  which  was  proved  convergent. 


PROBLEMS 

Test  each  of  the  following  series. 

1.     +  2V+  3JY+  4(|)4+  ' '  '•  Ans-   Convergent. 

—  Convergent. 


1-1- 

.        3"        .        6          \ 

Ans.  Divergent. 
Convergent. 
Convergent. 
Convergent, 
Convergent. 

Divergent. 

1                        L- 

4   1      1>2 

1-2-3                           \n 

5   1      1-3 

1-3-5            1  -  3  •  5  •  •  •  (2  w  -  1) 

„   1      1-2 

,   1-2-3   ,   1-2-3-4  , 

'  1      1-3 

1      |2 
9    X4.   34- 

1       Q      f^          1       Q      PV      i"7 

[3      jj 
[3      [4 

5,7,                        -  -      1      .      1      . 

9"  3  +  32  + 

33      34           ''                      4  -  3      5  •  32      6 
22[3      23[4                        3456 

•  33      7  •  34 

L   .   .   . 

IU.   1    1-        •      | 

o 

1     10     '     17    '        ''             5      52      53      54 
10  1,1-3,  1-3-5  ,  1-3-5-7  , 

191.  Power  series.  A  series  whose  terms  are  monomials  in  ascend- 
ing positive  integral  powers  of  a  variable,  say  x,  of  the  form 

(1)  «o  +  a-ix  +  azx2  +  a3z3  +  •  •  •» 

where  the  coefficients  «o,  «i,  »2,  •  •  •  are  independent  of  x,  is  called  a 
power  series  in  x.  Such  series  are  "of  prime  importance  in  the  study  of 
calculus. 

A  power  series  in  x  may  converge  for  all  values  of  x,  or  for  no  value 
except  x  =  0 ;  or  it  may  converge  for  some  values  of  x  different  from 
0  and  be  divergent  for  other  values. 

We  shall  examine  (1)  only  for  the  case  when  the  coefficients  are 
such  that 

lim 


where  L  is  a  definite  number.    To  see  the  reason  for  this,  form  the 
test  ratio  (Art.  187)  for  (1),  omitting  the  first  term.   Then  we  have 

n+l 


w-n  Cw7i*o 

Hence  for  any  fixed  value  of  x, 

-,. 

p  =  lim 


an+1xn      _  an+i 


r 

II.  If  L  is  not  zero,  the  series  will  converge  when  xL(=  p)  is  nu- 
merically less  than  1,  that  is,  when  x  lies  in  the  interval 


and  will  diverge  for  values  of  x  outside  this  interval. 

The  end  points  of  the  interval,  called  the  interval  of  convergence, 
must  be  examined  separately.  In  any  given  series  the  test  ratio 
should  be  formed  and  the  interval  of  convergence  determined  by 
Art.  187. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  interval  of  convergence  for  the  series 

^y«2  /V«3  -7»4 

/•o\  f  —  —  __  \-~  __  ~_  4_  .  .  . 

W  x      22      32      42 

Solution.  The  test  ratio  here  is 

«-±i  =  _       "^.  ,    Also,   Km 

' 


, 

I)2 

by  Art.  18.   Hence  p  =  ~x,  and  the  series  converges  when  x  is  numerically  less 
than  1  and  diverges  when  x  is  numerically  greater  than  1. 

Now  examine  the  end  points.   Substituting  x  =  1  in  (2),  we  get 

1  _JL-|.JL_JL.4.... 
22      32      42  ' 

which  is  an  alternating  series  that  converges. 
Substituting  x  =  —  1  in  (2),  we  get 

_i_i_i_!  ____ 

22      32      42  ' 

which  is  convergent  by  comparison  with  the  p  series  (p  >  1). 

The  series  in  the  above  example  has  [—  1,  1]  as  the  interval  of  convergence.  This 
may  be  written  —  1  ^  #  ^  1,  or  indicated  graphically  as  follows  : 


j7  _!  01"  -*• 

ILLUSTRATIVE  EXAMPLE  2.  Determine  the  interval  of  convergence  for  the  series 

1      z2 
1  +TT: 


l^l" 

Solution.  Omitting  the  first  term,  the  test  ratio  is 
LM     „, 1 


. 

un        \2n  +  2  (2  n  +  1)  (2  w  +  2) 

Also  lim =  0.  Hence  the  series  converges  for  all  values  of  a, 

M-.QO  (2  n  +  l)(2n  +  2) 
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PROBLEMS 


For  what  values  of  the  variable  are  the  following  Graphical  representat 

.  n  of  intervals  of  converge; 

ies  convergent .' 

1.  1  +  x  +  x2  +  x3  -i .      Ans.  -Kx<l. 


-4        o 


> 


..    Ans.  - 


.  .  _  -  - 

234  _i        o       -fi 

i 

3.  x  +  x4  +  z9  +  z16  H  ----  .   Ans.  -  1<  x  <  1. 


-i  •      o 


4.  x  +  -~  +  -=  +  •  •  ••        Aws.  -  1  g  x  <  1. 


V2      V3                                    ~~                     -i        o       +1 
3.  All  values  of  x.  Z2 


t  !_       +       _  |+.... 
Li      li      11 


.  Allvaluesof^. 


.  Allvaluesof0. 


UL    UL    LL  o 

.  !.£!  +  !JL£  +  ijJLi5.2l  +  ....    . I 

2*32«4     5      2-4-6     7  '         _t        o      -pi 

Ans.   —  1  g  w  g  1. 

9.  x  +  2  z2  +  3  x3  +  4  z4  H .  Ans.   -  1<  a;  < 

X2        CC3  1     < 

10.   1  —  •C"'"o~2~32~'"*"''  =: 

11    _£_  _  _2L_  4.  -&—  -  ~^~  -\ -2<x< 

1  .  2      2  •  22      3  •  23      4  •  24 

10  .+  2^      3^  +  4j^  +  _  Allvalues 

12';C+    |2    +   13    +   [4    + 

-2  <  x< 

.  (a  >  0) 


--  . 

2  .  22      2  •  4  •  24      2  •  4  •  6  •  26 
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--    (a>0) 


02  y         Q2  r2         4.2  T3 

16.  l  +  ^/-  +  ~  +  ^r^+":  All  values. 

l*i  12  LZ 

17.  3  +  27^  +  2^-^+^731+  •"•  -6<z<6. 

18.  x  +  4  x2  +  9  x3  +  16  z4  H  ----  . 

19     s     ,      2s2  3s3  4a^ 

'l-22.2.322-3-423.4.5 


20.     +     +      +      +  ....  22.  l_ 

^     ^      ^      ^ 


.  . 

2      3       4       5  10       100      1000 


192.  The  binomial  series.   This  important  series  is 


-  1)  (m  -  2)  •  •  •  (m  -  n  +  1) 


, 
+ 


where  m  is  a  constant. 

If  m  is  a  positive  integer,  (1)  is  a  finite  series  of  m  +  1  terms,  since 
all  terms  following  that  containing  xm  have  the  factor  m  —  m  in  the 
numerator  and  vanish.  In  this  case  (1)  is  the  result  obtained  by 
raising  1  +  x  to  the  rath  power.  If  m  is  not  a  positive  integer,  the 
series  is  an  infinite  series. 

Now  test  (1)  for  convergence.   We  have 

„  _ra( 
Un~ 


1.2-3-  ..(n-1)  ' 

-  1)  (m  -  2)  •  •  •  (m  -  TO  +  2)(w  -  TO  +  1) 


Hence  1  =     ~  x  = 


n 


Then,  since  lim       i  --  i  =  _  ij  we  see  that  p  =  —  x, 


Maclaurin's  Series,  Art.  194,  implies  the  following  statement. 
Assuming  that  m  is  not  a  positive  integer  and  that  \x\<  I,  the 
value  of  the  binomial  series  is  precisely  the  value  of  (1  +  a;)  m.  That  is, 


(2)  (1  +  a;)"  =  1  +  mx  +     -~      x*  + 

If  m  is  a  positive  integer,  the  series  is  finite  and  equals  the  value 
of  the  left-hand  member  for  all  values  of  x. 

Equation  (2)  expresses  the  special  binomial  theorem.  We  may  also 
write 

(3)  (a  +  b)m  =  am(l 


Thus  the  left-hand  member  of  (3)  may  also  be  expressed  as  a 
power  series. 

Examples  of  approximate  computation  by  the  binomial  series  are 
given  below. 

ILLUSTRATIVE  EXAMPLE.  Find  V630  approximately,  using  the  binomial  series. 
Solution.  The  perfect  square  nearest  to  630  is  625.   Hence  we  write 

V630  =  V625  +  5  =  25(1  +  T 
Now  write  out  (2)  with  m  =  \.  The  result  is 

1  +  i  x  -  \ 
In  this  example,  x  —  T£5  =  0.008.  Hence 

(1  +  T$F)*  =  1  +  0.004  -  0.000008  +  0.000000032  +  •  •  •. 

(4)  25(1  +  Tiy)*  =  25  +  0.1  -  0.0002  +  0.0000008  =25.099801  (to  the  nearest 
figure  in  the  sixth  decimal  place).  Ans. 

The  series  in  (4)  is  an  alternating  series,  and  the  error  in  the  answer  is  less 
than  0.0000008. 

193.  Another  type  of  power  series.  We  shall  frequently  use  series 
of  the  form 

(1)    &o  +  h(x  -  a)  +  b2(x  -  a)2  +  -  •  -  +  bn(x  -  a)n  +  -  •  - 

in  which  a  and  the  coefficients  60,  &i,  •  •  •,  bn,  -  •  •  are  constants, 
Such  a  series  is  called  a  power  series  in  (x  —  a). 

Let  us  apply  the  test-ratio  test  to  (1),  as  in  Art.  191.    Then,  if 

lim     ti  =  M, 


we  shall  have,  for  any  fixed  value  of  x, 

p  =  lim^i=  (x-a)M. 

n  -» oo    Un 

We  have  two  cases  : 

I.  If  M  —  0,  series  (1)  is  convergent  for  all  values  of  x. 
II.  If  M  is  not  zero,  series  (1)  will  converge  for  the  interval 


A  convergent  power  series  in  x  is  adapted  for  computation  when  x 
is  near  zero.  Series  (1),  if  convergent,  is  useful  when  x  is  near  the 
fixed  value  a,  given  in  advance. 

ILLUSTRATIVE  EXAMPLE.   Test  the  infinite  series 


for  convergence. 

Solution.  Neglecting  the  first  term,  we  have 
un+i  _         n 


, 

( 


Also,  lim  (—£-_.)  =  i. 

«_  QO  \7l-l- 


Hence  I p|  =  \x  —  1 1 ,  and  the  series  will  converge  when  x  lies  between  0  and  2. 
The  end  point  x  =  2  may  be  included. 


PROBLEMS 

1.  Using  the  binomial  series,  show  that 

~—  =  1  -  X  +  X2  ~  X3  +  •  •  •. 
1  +  X 

Verify  the  answer  by  direct  division. 

Using  the  binomial  series,  find  approximately  the  values  of  the  fol- 
lowing numbers. 

2.  V98.  5.  ^35.  8.  -^ —  11.  _ H. 

^990 

3. —  6.  -^-  9.  _!_. 

3.  V120.  412 


10.  -~  13.    */lZ. 

A/SO  VI  ft 


For  what  values  of  the  variable  are  the  following  series  converger 

)3      (z  +  1)4 


•.    Ans.   —  2  <  x 
0  <  x  < 


All  value 


18.  1  -  2(2  a;  -  3)  +  3(2  x  -  3)2  -  4(2  x  -  3)3  H 
(x  -3)2 


1-3         2  •  32          3  •  33 


, 

4  •  34 


CHAPTER  XX 
EXPANSION  OF  FUNCTIONS 

194.  Maclaurin's  series.  In  this  chapter  the  question  of  represent- 
ing a  function  by  a  power  series,  or,  otherwise  expressed,  developing 
(expanding)  the  function  in  a  power  series,  will  be  discussed. 

A  convergent  power  series  in  x  is  obviously  a  function  of  x  for  all 
values  in  the  interval  of  convergence.  Thus  we  may  write 


(1)  f(x)  =  a0  +  aix  +  a2x2  -\  -----  1-  anxn  -\  ----  . 

If,  then,  a  function  is  represented  by  a  power  series,  what  must  be 
the  form  of  the  coefficients  a0,  ai,  •  •  -,  an,  etc.?  To  answer  this  ques- 
tion we  proceed  thus  : 

Set  x  =  0  in  (1).  Then  we  must  have 

(2)  /(O)  =  oo. 

Hence  the  first  coefficient  a0  in  (1)  is  determined.  Now  assume  that 
the  series  in  (1)  may  be  differentiated  term  by  term,  and  that  this 
differentiation  may  be  continued.  Then  we  shall  have 

f  f(x)  =  ai  +  2  a2x  +  3  a3x2  H  ----  +  nanxn~l  -\  ---- 

(3)  J  f"(x)  =  2  a2  +  6  a3x  H  -----  h  n(n  -  V)anxn~2  -\  ---- 
|/"(x)  =  Qa3  +  -"  +  n(n-l~)(n-  2)anxn~3  H  ---- 

etc. 

Letting  x  =  0,  the  results  are 

(4)  /'(0)=a!,    /"(0)=|2aaf    f"(0)  =[§  as,  •  •  -,    /(n)  (0)  =  \mn. 
Solving  (4)  for  ai,  02,  •  •  •,  an,  etc.,  and  substituting  in  (1),  we  obtain 


This  formula  expresses  f(x)  as  a  power  series.  We  say,  "the  function 
f(x)  is  developed  (or  expanded)  in  a  power  series  in  x."  This  is 
Maclaurin's  series  (or  formula).* 

*  Named  after  Colin  Maclaurin  (1698-1746),  and  first  published  in  his  "  Treatise  of 
Fluxions"  (Edinburgh,  1742).    The  series  is  really  due  to  Stirling  (1692-1770). 
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It  is  now  necessary  to  examine  (-4)  critically.   For  this  purpose 
refer  to  (G),  Art.  124,  and  rewrite  it,  letting  a  =  0,  b  =  x.  The  result  is 

(5)  /(*)  =/(0) 


where  -R  ==  /(7°  (a*) 

|M 

The  term  E  is  called  the  remainder  after  n  terms.  The  right-hand 
member  of  (5)  agrees  with  Maclaurin's  series  (A)  up  to  n  terms.  If 
we  denote  this  sum  by  Sn,  then  (5)  is 

/(x)  =  S»  +  J2,     or 

Now  assume  that,  for  a  fixed  value  x  =  XQ,  R  approaches  zero  as  a 
limit  when  n  becomes  infinite.  Then  Sn  will  approach  f(xd)  as  a  limit 
(Art.  14).  That  is,  Maclaurin's  series  (A)  will  converge  for  x  =  XQ 
and  its  value  is  f(x<j).  Thus  we  have  the  following  result : 

Theorem.  In  order  that  the  series  (A)  should  converge  and  represent 
the  function  f(x)  it  is  necessary  and  sufficient  that 

(6)  lim  R  =  0. 

71 -»   00 

It  is  usually  easier  to  determine  the  interval  of  convergence  (as 
in  the  preceding  chapter)  than  that  for  which  (6)  holds.  But  in 
simple  cases  the  two  are  identical. 

To  represent  a  function /(x)  by  the  power  series  (A),  it  is  obviously 
necessary  that  the  function  and  its  derivatives  of  all  orders  should  be 
finite.  This  is,  however,  not  sufficient. 

Examples  of  functions  that  cannot  be  represented  by  a  Maclaurin's 

series  are 

In  x    and    ctn  x, 

since  both  become  infinite  when  x  is  zero. 

The  student  should  not  fail  to  note  the  importance  of  such  an 
expansion  as  (A).  In  all  practical  computations  results  correct  to  a 
certain  number  of  decimal  places  are  sought,  and  since  the  process 
in  question  replaces  a  function  perhaps  difficult  to  calculate  by  an 
ordinary  polynomial  with  constant  coefficients,  it  is  very  useful  in  sim- 
plifying such  computations.  Of  course  we  must  use  terms  enough  to 
give  the  desired  degree  of  accuracy. 


ILLUSTRATIVE  EXAMPLE  1.   Expand  cos  x  into  an  infinite  power  series  and  de- 
termine for  what  values  of  x  it  converges. 

Solution.   Differentiating  first  and  then  placing  x  =  0,  we  get 
/(x)  =  cos  x.  /(O)  =  1, 

/'(z)  =  -  sin  x,  /'(0)=0, 

/"(x)  =  -  cos  x,  /"(O)  =  -  1, 

/'"(x)  =  sin  x,  /'"(0)=0, 

/iv(x)  =  COS  X,  /iv(0)  =  1, 

/V(a0  =  -  sin  x,  /v(0)=0, 

/vi  (3;)  =  -  COS  X,  /vi  (0)  =  -  1, 

etc.,  etc. 

Substituting  in  (A), 


Comparing  with  Problem  6,  Art.  191,  we  see  that  the  series  converges  for  all 
values  of  x. 

In  the  same  way  for  sin  x, 

(8)  B5nx=x-|8  +  |-|+..., 

which  converges  for  all  values  of  x  (Problem  7,  Art.  191). 

In  (7)  and  (8)  it  is  not  difficult  to  show  that  the  remainder  R  approaches  zero 
as  a  limit  as  n  becomes  infinite,  when  x  has  any  fixed  value.  Consider  (7).  Here  we 
may  write  the  nth  derivative  in  tftie  form 

/(»)(»)  =  cos  (x  +  ~\ 
\         *  / 

Hence  R  =  cos  fa.  +  ~\  ^  • 

Now  cos  f  Xi  +  ^-  )  never  exceeds  1  in  numerical  value.  Also,  the  second  factor 
of  R  is  the  nth  term  of  the  series 

„.    ,    X2    ,     X3  Xn 

il  I        1^     ' 

which  is  convergent  for  all  values  of  x.  Therefore  it  approaches  zero  as  n  becomes 
infinite  (see  (A),  Art.  185).   Hence  (6)  holds. 


From  the  above  example  we  see  that 

/y»7l 

lim  p-  =  0. 

«->«>  \n 

Also,  on  the  page  preceding,  we  had 


^-  i 

\n 

Hence  lim  R  =  0  if  /(n)(xi)  remains  finite  when  n  becomes  infinite. 


360  DIFFERENTIAL  AND  INTEGRAL  CALCULUS 

ILLUSTRATIVE  EXAMPLE  2.  Using  the  series  (8)  found  in  the  last  example,  cal- 
culate sin  1  correct  to  four  decimal  places. 

Solution.  Here  »  =  1  radian ;  that  is,  the  angle  is  expressed  in  circular  measure 
Therefore,  substituting  x  =  1  in  (8)  of  the  last  example, 


Summing  up  the  positive  and  negative  terms  separately, 

1  =  1.00000  •••  -i  =  0.16667  •  •  • 

Ls 

g  =  0.00833  •  •  •  i  =  0.00020  •  •  • 

1-00833  •  •  •  0.16687  •  •  • 

Hence  sin  1  =  1.00833  -  0.16687  =  0.84146  •  •  -, 

which  is  correct  to  five  decimal  places,  since  the  error  made  must  be  less  than  —  - 

that  is,  less  than  0.000003.  Obviously  the  value  of  sin  1  may  be  calculated  to  any 
desired  degree  of  accuracy  by  simply  including  a  sufficient  number  of  additional 
terms. 

PROBLEMS 

Verify  the  following  expansions  of  functions  by  Maclaurin's  series  and 
determine  for  what  values  of  the  variable  they,  are  convergent. 

cf  ,zf  ,  ,    xn~l 

£      [3       '  '  '      [n  —  1  "*"""'  Ans-  AH  values. 

«.rfn»  =  *-|+|-...+tl£^p  +  ....  AUvalues. 

2       3      4  n          >""•       ~  i  <  x  ^  1. 


4  In  (1  -  r)  -  -  r  -  5!  _  23      x4  xn 

•a.  in  {±        A,)  —        x  —  — - ... . 

&       o       4  n 

5.  arc  sin  x  =  x  +  ^^ +  LL^^1  ,  . .  . 
^2-3^2.4.5+ 

j      1  •  3  •  •  •  (2  n  -  3}x2n~i 


2  -4 

6    arntflMT  —  T j_  *c"  i    (. —  l)7l~1a;isn~1 

b.  arctan«_x-~+- +  A      y +....       -l^^^i.i 


a  s.  All  values. 

8.  In  (a  +  x)  =  In  a  4-  -  -  —  +  — 

a     2  a2     3  a3 


Verify  the  following  expansions. 
.  x3  .  2.x5  ,17V 


12.  tan       +  x    =  i  +  2  x  +  2  x2  +       -  -I- 


13.  arc  tan  -  =  ~ 
x      2 


^  ^  /v> 

)  =  a?  -  |-  +  ^f 
13        12 


Find  three  terms  of  the  expansion  in  powers  of  x  of  each  of  the  fol- 
lowing functions. 

19.  gsinz. 

20.  (ex  -e~x}. 


17.  cos    x  — T 

V        4 

18.  sin  (x  +  1). 


Compute  the  values  of  the  following  functions  by  substituting  di- 
rectly in  the  equivalent  power  series,  taking  terms  enough  to  make  the 
results  agree  with  those  given  below. 

21.  e  =  2.7182  •  •  -. 

Solution.  Let  x  =  1  in  the  series  of  Problem  1 ;  then 


First  term       =1.00000 
Second  term   =1.00000 
Third  term      =  0.50000 
Fourth  term   =  0.16667  •  • 
Fifth  term       =  0.04167  - 
Sixth  term      =  0.00833  •  • 
Seventh  term  =  0.00139  • 
Eighth  term    =  0.00020  - 
Adding,  e  =  2.71826  - 

22.  arc  tan  (|)  =  0.1973 


etc. 
Ans. 


(Dividing  third  term  by  3.) 
(Dividing  fourth  term  by  4.) 
(Dividing  fifth  term  by  5.) 
(Dividing  sixth  term  by  6.) 
(Dividing  seventh  term  by  7.) 


use  series  in  Problem  6. 


"ITS 


24.  cos  10   =  0.9848  •  •  •  ;  use  series  in  (7),  Illustrative  Example  1. 

25.  sin  0.1  =  0.0998  •  •  •  ;  use  series  in  Problem  2. 

26.  arc  sin  1  =  1.5708  •  •  •  ;  use  series  in  Problem  5. 

27.  sin  —.  —  0.7071  •  •  •  ;  use  series  in  Problem  2. 

4 

28.  sin  0.5  =  0.4794  •  •  •  ;  use  series  in  Problem  2. 

92          93 

29.  e2  =  l  +  2+^  +  ^+---  =  7.3890. 

l£      l£ 

.  ..  =  1.6487. 


195.  Operations  with  infinite  series.  One  can  carry  out  many  of  the 
operations  of  algebra  and  the  calculus  with  convergent  series  just  as 
one  can  with  polynomials.  The  following  statements  are  given  with- 
out proof. 

Let  a0  +  aix  +  axe2  H  -----  h  anxn  -f  •  •  • 

and  60  +  bix  +  fax2  +  ----  h  bnxn  -\  ---- 

be  convergent  power  series.   Then  we  obtain  new  convergent  power 
series  from  them  as  follows  : 

1.  By  adding  (or  subtracting)  term  by  term. 

(oo  ±  60)  +  (01  ±  &i)z  H  -----  r-  (a»  ±  bn)xn  H  ----  . 

2.  By  multiplication  and  grouping  terms. 


ILLUSTRATIVE  EXAMPLE  1.  Computation  of  logarithms.  From  the  series  (Prob- 

lems 3  and  4,  Art.  194) 

In  (1  +  Z)  =  a  -  i  x2  +  ^  zs  -  i  a;*  +  •  •  -, 
In  (1  -  3)  =  -  x  -  i  x2  -  4  x3  -  i  x4  ----  , 

we  obtain,  by  subtraction  of  corresponding  terms,  and  using  (2),  Art.  1,  the  new  series 

(1)  In  f±^  =  2(*  +  §^+ia;5  +  tx7  +•••). 

JL  —  3/ 

This  series  converges  when  |  x  |  <  1. 

To  transform  (1)  into  a  form  better  adapted  to  computation,  let  N  be  a  positive 
number.   Then,  if  we  set 


then  |  x  |  <  1  for  all  values  of  N.   Substituting  in  (1),  we  get  the  formula 
(3)        l^(N  +  l) 


This  series  converges  for  all  positive  values  of  N,  and  is  well  adapted  to  com- 
putation.  For  example,  let  N  =  1.    Then 


Substituting  in  (3),  the  result  is  In  2  =  0.69315. 
Placing  N  =  2  in  (3),  we  get 

ln3=ln2+2ri  +  i.l  +  i.^  +  ..-l  =  1.09861  •  •  -. 
|_5      o     &•*      5     o5  J 

It  is  only  necessary  to  compute  the  logarithms  of  prime  numbers  in  this  way, 
the  logarithms  of  composite  numbers  being  then  found  by  using  formulas  (2), 
Art.  1.  Thus,  In  8  =  In  23  =  3  In  2  =  2.07944 

In  6  =  In  3  +  In  2  =  1.79176  •  •  -. 

All  the  above  are  Napierian,  or  natural,  logarithms,  that  is,  the  base  is 
e  =  2.71828  •  •  •.  If  we  wish  to  find  Briggs's,  or  common,  logarithms,  where  the  base 
10  is  employed,  all  we  need  to  do  is  to  change  the  base  by  means  of  the  formula 

In  n 


log  n  = 
Thus,  log  2  = 


In  10 
In  2       0.69315 


2258 

In  the  actual  computation  of  a  table  of  logarithms  only  a  few  of  the  tabulated 
values  are  calculated  from  series,  all  the  rest  being  found  by  employing  theorems 
in  the  theory  of  logarithms  and  various  ingenious  devices  designed  for  the  purpose 
of  saving  work. 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  power  series  for  ex  sin  x. 
Solution.  From  the  series 

r  ----  Problem  2,  Art.  194 


b 

and  e*  =  1  +  x  +  ~  +      +       +  Problem  1,  Art.  194 

&         o        ^4       l<iU 

we  obtain,  by  multiplication, 

ex  sin  x  =  x  +  xz  +  ^-  —  ~  +  terms  in  x6  etc.  Ans. 
3       oO 

3.  By  division.   A  special  case  is  shown  in  the  example  below. 

ILLUSTRATIVE  EXAMPLE  3.   Find  the  series  for  sec  x  from  the  series  for  cos  x 
(see  (7),  Art.  194). 

,A^  2        *        6 

(4) 


Solution.  From  the  formula  sec  x  =  —  =—  ,  we  see  that  we  have  to  carry  through 

cos  x 

the  division  of  1  by  the  series  (4).   This  is  best  done  as  follows. 
Write  (4)  in  the  form  cos  x  =  1  —  z,  where 

(K\  -_2!_£ij_^l  ____ 

(5}  Z~2      24  +  720 

Then 

(6)  sec  x  =  ~-  =  1  +  z  +  z2  +  z3  H  ----  , 

1  —  z 

if  I  *  I  <r-  1    rPrnMom   1      Art. 


From  (5),  we  have  the  series 

22  =:  ~r  —  gj  +  terms  of  higher  degree, 

z-  =  -_  +  .... 
Substituting  in  (6),  the  result  is 

2^  24  "^  720  ^  ~^~ '  "  '•  Ans. 

PROBLEMS 

Given  In  2  =  0.69315,  In  3  =  1.09861,  calculate  the  following  natural 
logarithms  by  the  method  of  the  example  above. 

1.  In  5  =  1.60944.  3.  In  11  =  2.39790. 

2.  In  7  =  1.94591.  4.  In  13  =  2.56495. 

Work  out  the  following  series. 
5.  e~(  cos  t  =  1  — 


10.  e*  tan  a;  =  x  +  x2  +     tf  +    a^  +  -  -  -. 


12.  esm2t  =  2t-t2~~ 


14.  (1  +  2  a;)  arc  sin  a;  =  a  +  2  a;2  +    cc3  + 

6          3 


15.  Vl  -  a:  arc  tan  x  =  x  -  -  x2  -  ~  x3  +  •-  tf  -{  ----  . 

«  ItQ.          48 


384 


17. 

TC          y  o 


18  =:  11          23 

*'  1+sinz       X      2X   +  6  X       12X 

1        _1  .    1       ,    11     o  ,    151 


20. 


For  the  following  functions  find  all  terms  of  the  series  which  involve 
powers  of  x  less  than  x5. 


01     ™   .  24. 

21.  e  5  sin  re. 

22.  e*  cos    Vz.  25.  In 


Vl  +  x  ' 

23.    smx  .  

cos  2  x  26.  V5  —  cos  x. 

196.  Differentiation  and  integration  of  power  series.  A  convergent 
power  series 

may  be  differentiated  term  by  term  for  any  value  of  x  within  the 
interval  of  convergence,  and  the  resulting  series  is  also  convergent. 
For  example,  from  the  series 


we  obtain,  by  differentiation,  the  new  series 


Both  series  converge  for  all  values  of  x  (see  Problems  6  and  7, 
Art.  191). 

Again,  the  series  (1)  may  be  integrated  term  by  term  if  the  limits 
lie  within  the  interval  of  convergence,  and  the  resulting  series  will 
converge. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  series  for  In  (1  +  »)  by  integration. 

Solution,    Since  ~  In  (1  -f  x)  =  •=-=—  >  we  have 
ax  1  +  x 

(2,  w+,^£g.. 

Now  —  —  =  1  -  *  +  x2  -  x3  +  x*  ---  % 

1  +05 


when  |cc|<l    (Art.  192).    Substituting  in  (2)   and  integrating  the  right-hand 
member  term  by  term,  we  obtain  the  result 

In  (1  +  x)  =  x  -  \  x2  +  |  x3  -  I  x*  -\ . 

This  series  also  converges  when  \x\  <  1  (see  Problem  2,  Art.  191). 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  power  series  for  arc  sin  x  by  integration. 
Solution.  Since  -3-  arc  sin  x  —  we  have 

(3)  arc  sin  x  =  f  *      dx      •  (&  <  1) 

By  the  binomial  series  ((2),  Art.  192),  letting  m~  —  \,  and  replacing  x  by  —  x2, 
we  have 

Vl-x2  =  1+2X2  +  2TI X*  +  2-4-6  *"  +  '  "' 

This  series  converges  when  \x\  <  1.    Substituting  in  (3)  and  integrating  term  by 
term,  we  get 


This  series  converges  also  when  \x\  <  1  (see  Problem  8,  Art.  191). 

By  this  series,  the  value  of  TT  is  readily  computed.    For,  since  the  series  con- 
verges for  values  of  x  between  —  1  and  +  1,  we  may  let  x  =  f-,  giving 


6      2  +  2  '  3  \2  j  +  2  •  4  '  5  \2/  +  '  "' 


or  TT  =  3.1415  •  •  •. 

Evidently  we  might  have  used  the  series  of  Problem  6,  Art.  194,  instead.  Both 
of  these  series  converge  rather  slowly,  but  there  are  other  series,  found  by  more 
elaborate  methods,  by  means  of  which  the  correct  value  of  TT  to  a  large  number  of 
decimal  places  may  easily  be  calculated. 

ILLUSTRATIVE  EXAMPLE  3.    Using  series,  find  approximately  the  value  of 
sin  x2  dx. 

Solution.  Let  z  =  x2.   Then 

sin  z  =  z  -  f-  +  fz .  Problem  2,  Art.  194 

18      16 

-y.6  /y.10 

Hence  sin  x2  =  x2  -  £-  +  r—  •  •  •, 

and  I    sin  x2dx  =  C  (x2  —  rr  +  TT  )  dx,  approximately, 

Jo  \         13       |5/ 


[ 


=  °-3333  ~  °-0238  +  °-0008 


=  0.3103.  Ans. 


EXPANSION  OF  FUNCTIONS  367 

PROBLEMS 

1.  Find  the  series  for  arc  tan  x  by  integration. 

2.  Find  the  series  for  In  (1  —  x)  by  integration. 

3.  Find  the  series  for  sec2  x  by  differentiating  the  series  for  tan  x. 

4.  Find  the  series  for  In  cos  x  by  integrating  the  series  for  tan  x. 

Using  series,  find  approximately  the  values  of  the  following  integrals. 


«*.  i      -i  _r               •"•' 
c    C2$,mx  dx 

0.185. 

10.  /    e  ^dx. 
^/o 

H  i 

—  re 

r  »• 

lna+»>b. 

0.0628. 

r*    /       ^ 

11.1    In  (1  +  V»)  da;. 

^0 

8[  e 

~x2  dx 

0.4815. 

/•i              ,- 
12.  1    e^  sin  ~Vx  dx. 
JQ 

•  j    / 

r^2 

13.  J1 

"0 

V4  —  x3  dx. 

14.  /    «-» 

./o 

•  cos  Vz  da;.         15.  /    V2  —  sin  a;  da;. 
•A) 

197.  Approximate  formulas  derived  from  Maclaurin's  series.  By 
using  a  few  terms  of  the  power  series  by  which  a  function  is  repre- 
sented, we  obtain  for  the  function  an  approximate  formula  which 
possesses  some  degree  of  accuracy.  Such  approximate  formulas  are 
widely  used  in  applied  mathematics. 

For  example,  taking  the  binomial  series  ((2),  Art.  192),  we  may 
write  down  at  once  the  following  approximate  formulas. 

First  approximation  Second  approximation 

(l  +  ic)m    =    l  +  mx    =    1  +  mx  +  J-  m(m  —  l)x2 ; 
=    1  —  mx    =    1  —  mx  +  |  m(m  —  1)#2. 

In  these  \x\  is  small  and  m  is  positive. 
Again,  consider  the  sine  series 

(1)  sin  x  =  x  -  rg  +  |r . 

Then 

(2)  sin  x  =  x, 

iC3 

(3)  sin  x  =  x  —  — » 

o 


sin  x  =  x,  with  |  error  |<  |  ^  x3\. 

We  may  inquire,  For  what  range  of  values  of  x  will  (2)  hold  to  three 
decimal  places?  Then 

|  Jx3|<  0.0005, 


that  is,  \x\  <  VO003  <  0.1443  rad. 

We  then  conclude  that  formula  (2)  is  correct  to  three  decimal  places 
for  values  of  x  between  —  0.1443  and  +  0.1443,  or,  in  degrees,  for 
values  between  -  8°.2  and  -1-  8°.2. 

PROBLEMS 

1.  How  accurate   is  the  approximate  formula  sin  x  =  x  —  —  when 
(a)  x  =  30°?   (b)z=60°?   (c)z  =  90°?  6 

Ans.    (a)  Error  <  0.00033  ;  (b)  error  <  0.01  ;  (c)  error  <  0.08. 

2.  How  accurate  is  the  approximate  formula   cos  x  =  1  —  ~  when 
(a)cc  =  30°?   (b)cc  =  60°?   (c)  z  =  90°?  2 

Ans.    (a)  Error  <  0.0032;  (b)  error  <  0.05;   (c)  error  <  0.25. 

3.  How    accurate    is    the    approximate   formula    e~*  —  1  —  x  when 
(a)  3  =  0.1?   (b)  x  =0.5? 

4.  How  accurate  is  the  approximate  formula  arc  tan  x  =  x  —  —  when 
(a)  a;  =0.1?   (b)z=0.5?   (c)z  =  l?  3 

Ans.    (a)  Error  <  0.000002  ;    (b)  error  <  0.006;    (c)  error  <  0.2. 

5.  How  many  terms  of  the  series  smx  =  x—  PF  +  IT"  ~  •  •  •  must  be 
taken  to  give  sin  45°  correct  to  five  decimals  ?        1—1-2. 


6.  How  many  terms  of  the  series  cos  z  =  1  —  pr  +  rj  —  •  •  •  must  be 
taken  to  give  cos  60°  correct  to  five  decimals?        L—      LZ- 

7.  How  many  terms  of  the  series  In  (1  +  x)  =  x  —  ^-  +  ^  ---  •  must 
be  taken  to  give  log  1.2  correct  to  five  decimals?  Ans.   Six. 

Verify  the  following  approximate  formulas  : 


cos  x 


10.  e-e  cos  0  =  1  -  0  +  §•  14.  fare  sin  xdx  =  C  +  ~  +  —  . 

6  J  2      24 


ll.Jcos  V^dx  =C+x-~+~-    15.  fe*  sin  0  dQ  =  C  +  ~  +  ^. 


values  of  x  (near  zero).   We  now  derive  an  expansion  in  powers  of 
x  —  a  (see  Art.  193),  where  a  is  a  fixed  number.    The  series  thus 
obtained  is  adapted  for  calculation  of  the  function  represented  by  it 
for  values  of  x  near  a. 
Assume  that 

(1)  /(x)  =  bo  +  61  (x  -  a)  +  b2(x  -  a)2  + \-  bn(x  -  a)-  H , 

and  that  the  series  represents  the  function.  The  necessary  form  of 
the  coefficients  bo,  bi,  etc.  is  obtained  as  in  Art.  194.  That  is,  we  dif- 
ferentiate (1)  with  respect  to  x,  assuming  that  this  is  possible,  and 
continue  the  process.  Thus  we  have 

/'(*)  =  &i  4-  2  b2(x  _  a)  +  ••'•  +  nbn(x  -  a)71"1  +  •  - ., 
/"(x)  =          2  &2  +  •  •  -  +  n(n  -  l)6B(x  -  a)"~2  +  •  •  •, 
etc. 

Substituting  x  =  a  in  these  equations  and  in  (1),  and  solving  for 
&o,  &i,  &2,  •  •  •,  we  obtain 


Replacing  these  values  in  (1),  the  result  is 
(B)       /(*)  =  /(a)  +  /'(a) 


The  series  is  called  Taylor's  series  (or  formula}.* 
Let  us  now  examine  (5)  critically.  Referring  to  (G),  Art.  124,  and 
letting  b  =  x,  the  result  may  be  written  thus  : 


The  term  E  is  called  the  remainder  after  n  terms. 

Now  the  series  in  the  right-hand  member  of  (2)  agrees  with 
Taylor's  series  (B)  up  to  n  terms.  Denote  the  sum  of  these  terms 
by  Sn.  Then,  from  (2),  we  have 


=  Sn  +  R,    or 

^Published  by  Dr.  Brook  Taylor  (1685-1731)  in  his  "Methodus  Incrementorum  " 
(Liondon,  1715). 


Now  assume  that,  for  a  fixed  value  x  =  XQ,  the  remainder  R  ap- 
proaches zero  as  a  limit  when  n  becomes  infinite.  Then 

(3)  limSn=/(x0), 

n-*  03 

and  (5)  converges  for  x  =  XQ  and  its  value  is  /(XQ). 

Theorem.  The  infinite  series  (5)  represents  the  function  for  those 
values  of  x,  and  those  only,  for  which  the  remainder  approaches  zero  as 
the  number  of  terms  increases  without  limit. 

If  the  series  converges  for  values  of  x  for  which  the  remainder  does 
not  approach  zero  as  n  increases  without  limit,  then  for  such  values 
of  x  the  series  does  not  represent  the  function  /(x). 

It  is  usually  easier  to  determine  the  interval  of  convergence  of  the 
series  than  that  for  which  the  remainder  approaches  zero ;  but  in 
simple  cases  the  two  intervals  are  identical. 

When  the  values  of  a  function  and  its  successive  derivatives  are 
known  and  finite  for  some  fixed  value  of  the  variable,  as  x  =  a,  then 
(5)  is  used  for  finding  the  value  of  the  function  for  values  of  x  near  a, 
and  (B)  is  also  called  the  expansion  o//(x)  in  the  neighborhood  of  x  =  a. 

ILLUSTRATIVE  EXAMPLE  1.  Expand  In  x  in  powers  of  (x  —  1). 
Solution.  /(x)  =ln  x,         /(I)  =  0, 

/'(*)  =i,  /'(!)  =  !, 

3/ 

/"(*)  =  -^'    /"(D  =  -l, 

/"'(*)=!'       /'"(I)  =2, 
etc.,                   etc. 
Substituting  in  (B),     In  x  =  *  -  1  -  $(x  -  I)2  +  &C&  -  I)3 •  Arcs. 

This  converges  for  values  of  x  between  0  and  2  and  is  the  expansion  of  In  x  in 
the  vicinity  of  x  =  1.  See  Illustrative  Example,  Art.  193. 

ILLUSTRATIVE  EXAMPLE  2.  Expand  cos  *  in  powers  of  (x  —  j)  to  four  terms. 

Solution.  Here  /(x)  =  cos  *  and  a  =  v  •   Then  we  have 

4 


= -sin*,  =  -> 

= -cos*, 


etc.,  etc. 


x 


- 

V2       12  V2        £ 

The  result  may  be  written  in  the  form 

«»  =  ..  70711  [l-(,-f)-l(,-f)%I(,-f  )'... 

To  check  this  result  let  us  calculate  cos  50°.  Then  x  —  j  =  5°  expressed  in  radians, 

or  x  -  -  =  0.08727,  (x  -  vV=  0.00762,  (x  -  ~Y=  0.00066.    With  these  values 
4  \        4/  V        4/ 

the  series  above  gives  cos  50°  =  0.64278.   Five-place  tables  give  cos  50°  =  0.64279. 

199.  Another  form  of  Taylor's  series.   In  (B~),  Art.  198,  if  we  re- 
place a  by  XQ  and  let  x  —  a  =  h,  that  is,  x  =  a  +  h  =  Xo-\-h,  the  result  is 


In  this  second  form  the  new  value  of  f(x)  when  cc  changes  from  XQ  to 
£o  -f-  h  is  expanded  in  a  power  series  in  h,  the  increment  of  x. 

ILLUSTRATIVE  EXAMPLE.  Expand  sin  a;  in  a  power  series  in  h  when  x  changes 
from  XQ  to  x0  +  h. 

Solution.  Here  f(x)  =  sin  x,  and  f(xQ  +K)  —  sin  (XQ  +  h).   Differentiate  and  ar- 
range the  work  as  below. 

f(x)  =  sin  x,  f(xo)  =  sin  x0, 

f'(x]  =  cos  x,  /'(%)  =  cos  XQ, 

f"(x}  =  —  sin  x,         /"(BO)  =  —  sm  £o, 
etc.,  etc. 

Substituting  in  (C),  we  obtain 

sin  (o?0  +  ft)  =  sin  x0  +  cos  x0-  —  sin  x0  ~  —  cos  x0  ^  H  ----  .  Ans. 

1  2  6 


PROBLEMS 

Verify  the  following  series  by  Taylor's  formula. 


2.  sin  x  =  sin  a  +  (x  -  a)  cos  a  -   ~~    sin  a  -  -—    cos  a  + 


3.  cos  z  =  cos  a  —  (a;  -  a)  sin  a  —  ^7"  °)2  Cos  a  -f  ^71       sin  o 


4.  In  (a  +  *)  =  In  a  +     - 

a     2  a2     3  a 
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X2  ^3 

5.  cos  (a  +  x)  =  cos  a  —  x  sin  a  —  nr  cos  a  +  rTr  sin  a  +  •  •  •  . 

L£  UL 

6.  tan  (x  +  h)  —  tan  x  +  h  sec2  x  +  h2  sec2  £  tan  x  +  •  •  •. 


7.  (x  +  h)n  =  x»  +  nxn~lh  +  nn  ~      xn~2h2 


/  7T\ 

8.  Expand  sin  £  in  powers  of  (x  —  —I  to  four  terms. 


Ans.  sin  £  =  -= 
V2 


9.  Expand  tan  x  in  powers  of  (x  -  -\  to  three  terms. 


Ans.    tan  a;  =  1  +  2   x  -  y    +  2  x  -  ^      +  •  •  -. 
\        4/          \        4/ 

10.  Expand  In  x  in  powers  of  (x  -  2)  to  four  terms. 

11.  Expand  ex  in  powers  of  (x  —  1)  to  five  terms. 

12.  Expand  sin  f  ^  H-  xj  in  powers  of  x  to  four  terms. 

/7T  \ 

13.  Expand  ctn  (  —  +  x\  in  powers  of  x  to  three  terms. 

200.  Approximate   formulas   derived  from   Taylor's   series.    Such 
formulas  are  provided  by  using  some  terms  of  series  (5)  or  (C). 
For  example,  if  /(»)  =  sin  x,  we  have  (see  Problem  2,  Art.  199) 

(1)  sin  x  —  sin  a  +  cos  a(x  —  a) 

as  a  first  approximation. 

A  second  approximation  results  by  taking  three  terms  of  the  series. 
This  is 

(x  —  a)2 

(2)  sin  x  —  sin  a  +  cos  a(x  —  a)  —  sin  a  -  —  r^    — 

From  (1),  transposing  sin  a  and  dividing  by  x  —  a,  we  get 

ring-ring^ 

v  x  —  a 

Since  cos  a  is  constant,  this  means  that  (approximately) 

The  change  in  the  value  of  the  sine  is  proportional  to  the  change  in 
the  angle  for  values  of  the  angle  near  a. 


=  0.5000  +  0.0151  =  0.5151. 
Similarly,  sin  32°  =  sin  30°  +  cos  30°  (0.03490)  =  0.5302. 

These  values  by  (1)  are  correct  to  three  decimal  places  only.  If  greater  ac- 
curacy is  desired,  we  may  use  (2). 

Then  sin  31°  =  sin  30°  +  cos  30°  (0.01745)  -  — —  (0.01745)2 

=  0.50000  +  0.01511-0.00008      ^ 
=  0.51503. 

sin  32°  =  sin  30°  +  cos  30°  (0.03490)  -  ®*L^1  (0.03490)2 
=  0.50000  +  0.03022  -  0.00030       ^ 
=  0.52992. 

These  results  are  correct  to  four  decimal  places. 

From  (C)  we  derive  approximate  formulas  for  the  increment  of 
f(x)  when  x  changes  from  x0  to  XQ  +  h.  For,  transposing  the  first 
term  of  the  right-hand  member,  we  get 

7,2 

(4)  /(%  +  K)  -/(a*,)  =  fto)fc  +/"to)  |-+---. 

The  left-hand  member  expresses  the  increment  of  f(x)  as  a  power 
series  in  the  increment  of  x  (=  h}. 

From  (4)  we  derive,  as  a  first  approximation, 

(5)    •  /to  +  fc)-/to)=/'to)A. 

This  formula  was  used  in  Art.  92.   For  the  left-hand  member  is  the 
value  of  the  differential  of  /(#)  for  x  =  XQ  and  Ax  =  h. 

As  a  second  approximation,  we  have 

7,2 
(6)  /to  +  h}-  /to)  =  .f  to)A  +  /"to)  |" 

ILLUSTRATIVE  EXAMPLE  2.  Calculate  the  increment  of  tan  x,  approximately, 
when  x  changes  from  45°  to  46°,  by  (5)  and  by  (6). 

Solution.  From  Problem  6,  Art.  199,  if  x  =  XQ,  we  have 

tan  (XQ  +  h)  =  tan  x0  +  sec2  XQ  h  +  sec2  XQ  tan  XQ  h2  4-  •  •  •„ 
In  this  example  x0  =  45°,  and  tan  XQ  =  1,  sec2  x0  =  2. 
Also,  h  =  1°  expressed  in  radians  =  0.01745.   Hence,  by  (5), 

tan  46°  -  tan  45°  =  2(0.01745)  =  0.0349 ; 
by  (6),    tan  46°  -  tan  45°  =  0.0349  +  2(0.01745)2  =  0.0349  +  0.0006  =  0.0355. 

From  the  second  approximation  we  get  tan  46°  =  1.0355,  which  is  correct  to  four 
places  of  decimals. 


PKUtfLJEMS 

1.  Verify  the  approximate  formula 

In  (10 +  z)  =  2.303+^- 

Calculate  the  value  of  the  function  from  this  formula  and  compare 
your  result  with  the  tables,  when  (a)  x  =  —  0.5 ;   (b)  x  =  —  1. 

Ans.   (a)  Formula,  2.253;  tables,  2.251. 
(b)  Formula,  2.203 ;  tables,  2.197. 

2.  Verify  the  approximate  formula 


sin  (f  +  x)  =  0.5  +  0.8660  x. 
\b         / 


Use  the  formula  to  calculate  sin  27°,  sin  33°,  sin  40°,  and  compare  your 
results  with  the  tables. 

3.  Verify  the  approximate  formula 


^  +  x\=  1+  2  x  +  2  x2. 


Use  the  formula  to  calculate  tan  46°,  tan  50°,  and  compare  your 
results  with  the  tables. 

4.  Verify  the  approximate  formula 

cos  x  =  cos  a  —  (x  —  a)  sin  a. 

Given  cos  30°  =  sin  60°  =  0.8660, 

cos  45°  =  sin  45°  =  0.7071, 
and  cos  60°  =  sin  30°  =  0.5, 

use  the  formula  to  calculate  cos  32°,  cos  47°,  cos  62°,  and  compare  your 
results  with  the  tables. 

ADDITIONAL  PROBLEMS 


X£ 
x5  In  (1  -f  x}dx. 
. 


(a)  Obtain  its  value  by  series  correct  to  four  decimal  places.  Ans.  0.0009. 

(b)  Obtain  its  value  by  direct  computation  and  compare  with  the  ap- 
proximate value  derived  in  (a). 

(c)  Prove  that  if  n  terms  of  the  series  are  used  in  the  computation  the 

error  is  less  than  ,    , ,. — - 
2n+7(n  ^ 

_2  y 

2.  Given /(a;)  =  e  2  cos  •£• 

^j 

(a)  Show  that  /(4)  (a;)  =  - 

(b)  Expand  /(»)  in  a  Maclaurin  series  to  six  terms. 

(c)  What  is  the  coefficient  of  xi2  in  this  series  ?  Ans.   — 
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CHAPTER  XXI 

ORDINARY  DIFFERENTIAL  EQUATIONS  * 

201.  Differential  equations  —  order  and  degree.  A  differential  equa- 
tion is  an  equation  involving  derivatives  or  differentials.  Differential 
equations  have  been  frequently  employed  in  this  book.  The  illus- 
trative examples  of  Art.  139  afford  simple  examples.  Thus,  from  the 
differential  equation  (Illustrative  Example  1) 

a)  |=2*, 

we  found,  by  integrating, 

(2)  y  =  x2  +  C. 

Again  (Illustrative  Example  2),  integration  of  the  differential  equation 

(3)  .  4K  =  _* 
w  dx        y 

led  to  the  solution 

(4)  x2  +  y2  =  2  C. 

Equations  (1)  and  (3)  are  examples  of  ordinary  differential  equations 
of  the  first  order,  and  (2)  and  (4)  are,  respectively,  the  complete 
solutions. 

Another  example  is 

(5) 

This  is  a  differential  equation  of  the  second  order,  so  named  from  the 
order  of  the  derivative. 

The  order  of  a  differential  equation  is  the  same  as  that  of  the  deriva- 
tive of  highest  order  appearing  in  it. 

The  derivative  of  highest  order  appearing  in  a  differential  equa- 
tion may  be  affected  with  exponents.  The  largest  exponent  gives  the 
degree  of  the  differential  equation. 

Thus,  the  differential  equation 

(6)  2/"2=(l  +  2/'2)3, 

*  A  few  types  only  of  differential  equations  are  treated  in  this  chapter,  namely,  such 
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where  y'  and  y"  are,  respectively,  the  first  and  second  derivatives  of 
y  with  respect  to  x,  is  of  the  second  degree  and  second  order. 

202.  Solutions  of  differential  equations.  Constants  of  integration.  A 
solution  or  integral  of  a  differential  equation  is  a  relation  between  the 
variables  involved  by  which  the  equation  is  satisfied.  Thus 

(1)  y  =  a  sin  x 
is  a  solution  of  the  differential  equation 

(2)  SJS  +  V-0. 

For,  differentiating  (1), 

(3) 
v 

Now,  if  we  substitute  from  (1)  and  (3)  in  (2),  we  get 
—  a  sin  x  +  a  sin  x  =  0, 

and  (2)  is  satisfied.  Here  a  is  an  arbitrary  constant.  In  the  same 
manner 

(4)  y  —  b  cos  x 

may  be  shown  to  be  a  solution  of  (2)  for  any  value  of  &.  The  relation 

(5)  y  =  ci  sin  x  +  02  cos  x 

is  a  still  more  general  solution  of  (2).  In  fact,  by  giving  particular 
values  to  ci  and  cz  it  is  seen  that  the  solution  (5)  includes  the  solu- 
tions (1)  and  (4). 

The  arbitrary  constants  ci  and  cz  appearing  in  (5)  are  called  con- 
stants of  integration.  A  solution  such  as  (5),  which  contains  a  num- 
ber of  arbitrary  essential  constants  equal  to  the  order  of  the  equation 
(in  this  case  two),  is  called  the  complete  or  general  solution.*  Solutions 
obtained  therefrom  by  giving  particular  values  to  the  constants  are 
called  particular  solutions.  In  practice,  a  particular  solution  is  ob- 
tained from  the  complete  solution  by  given  conditions  to  be  satisfied 
by  the  particular  solution. 

ILLUSTRATIVE  EXAMPLE.  The  complete  solution  of  the  differential  equation 
(1)  y"  +  y  =  0 

is  y  =  ci  cos  x  +  c2  sin  x  (see  (5)  above). 
Find  a  particular  solution  such  that 


Solution.  From  the  complete  solution 

(3)  y  =  ci  cos  x  -f  c2  sin  x, 
by  differentiation,  we  obtain 

(4)  y'  =  —  ci  sin  x  +  c2  cos  #. 

Substituting  in  (3)  and  (4)  from  (2),  we  find  Ci  =  2,  c2  =  —  1.  Putting  these 
values  in  (3)  gives  the  particular  solution  required,  y  =  2  cos  x  —  sin  x.  Ans. 

The  solution  of  a  differential  equation  is  considered  as  having  been 
effected  when  it  has  been  reduced  to  an  expression  involving  integrals, 
whether  the  actual  integration  can  be  effected  or  not. 

203.  Verification  of  the  solutions  of  differential  equations.  Before 
taking  up  the  problem  of  solving  differential  equations,  we  show  how 
to  verify  a  given  solution. 

ILLUSTRATIVE  EXAMPLE  1.  Show  that 
(1)  y  =  cix  cos  In  x  +  czx  sin  In  x  +  x  In  x 

is  a  solution  of  the  differential  equation 


Solution.  Differentiating  (1),  we  get 

(3)  -/•  =  (c2  .—  ci)  sin  In  x  +  (cz  +  ci)  cos  In  x  +  In  x  +  1, 

ax 

/A  \  dzy  _      /„    ,  „  x  sin  In  x      ,  ,  cos  In  x  .  1 

W  T~Z  =  ~  (C2  +  °i)  --  !"  (C2  ~  Cl)  --  1  --- 

ax2  x  xx 

Substituting  from  (1),  (3),  (4),  in  (2),  we  find  that  the  equation  is  identically 
satisfied. 

ILLUSTRATIVE  EXAMPLE  2.  Show  that 

(5)  y2  -  4  x  =  0 

is  a  particular  solution  of  the  differential  equation 

(6)  xy'2  -1  =  0.  ,  ,; 

Solution.  Differentiating  (5),  the  result  is 

o 
yyr  —  2  =  0,    whence    y'  =  -• 

y 
Substituting  this  value  of  y'  in  (6)  and  reducing,  we  obtain  4  x  —  y2  =  0,  which 


PROBLEMS 

Verify  the  following  solutions  of  the  corresponding  differential  equa- 

tions. 


Differential  equations 


Solutions 


3-f-|-6s=°- 


5. 

ote/  cfcc 

6.  a?        +  2       -  on/  =  0. 


< 
7.  —  |  +  4  s  =  0. 

8-  ^?-  6  —+13  a;  =  39. 
a^          as 


+  M2 


1rt 
10.  xy 

da; 

11    ^  _. 

dv  ~  1  +  v2 

12.  4rl  +  4  s  =  8  *. 


dy\2        dy 
-    ---  = 


xy  =  2  e*  -  3  e~*. 
s  =  d  cos  (2  *  +  ca). 
x  =  e3t  cos  2  t  +  3. 


__  c  +  v 
~  1  —  cv 

s  =  2  sin  2  t  +  cos  2  «  +  2  *. 


13.  -2-3?y  =  e2 
da;2         da; 

,J2r 

14.  ~  +  9  x  =  5  cos  2  i. 

at* 

AZy 

15.  ™  +  9  a;  =  3  cos  3  t. 

ctt 


16.  ^  4-  xy  - 

dx 


x  =  cos  2  t  +  2  cos  3  t  +  3  sin  3  t. 
x  =  ci  cos  3  t  +  cz  sin  3  t  +  \  t  sin  3  t. 


204.  Differential  equations  of  the  first  order  and  of  the  first  degree. 

Such  an  equation  may  be  brought  into  the  form 

GO 


.type  i.  variauies  separaoie.  vviieii  une  terms  01  a  unierenuai 
equation  can  be  so  arranged  that  it  takes  on  the  form 

(1)  f(x)dx  +  F(y}dy  =  0, 

where  f(x)  is  a  function  of  x  alone  and  F(y)  is  a  function  of  y  alone, 
the  process  is  called  separation  of  the  variables,  and  the  solution  is 
obtained  by  direct  integration.  Thus,  integrating  (1),  we  get  the  gen- 
eral solution 

(2) 

where  c  is  an  arbitrary  constant. 

Equations  which  are  not  given  in  the  simple  form  (1)  may  often 
be  brought  into  that  form  by  means  of  the  following  rule  for  separat- 
ing the  variables. 

FIRST  STEP.  Clear  of  fractions;  and  if  the  equation  involves  deriva- 
tives, multiply  through  by  the  differential  of  the  independent  variable. 

SECOND  STEP.  Collect  all  the  terms  containing  the  same  differential 
into  a  single  term.  If  the  equation  then  takes  on  the  form 


where  X,  X'  are  functions  of  x  alone,  and  Y,  Y'  are  functions  of  y  alone, 
it  may  be  brought  to  the  form  (1)  by  dividing  through  by  X'Y. 
THIRD  STEP.  Integrate  each  part  separately,  as  in  (2). 

ILLUSTRATIVE  EXAMPLE  1.  Solve  the  equation 

dy  _     l+y2 
dx      (1  +  x2)xy 

Solution.  First  Step.       (1  +  x2)xydy  =  (1  +  y2)dx. 

Second  Step.  (1  +  y*)dx  -  x(l  +  x*)y  dy  =  0. 

To  separate  the  variables  we  now  divide  by  z(l  +  z2)(l  +  y2),  giving 

dx y  dy   _  Q 

»(1  +  x2)      1  +  y2  ~   ' 

Third  Step.  {-TTT-X  ~  f  Tl^I  =  C> 

^  J  x(l  +  x2)    J  1  +  y2 

rdx  _  rjcfa_  _  rjtdy_  =  c  ^  167 

J  x     Jl+z2    J  1+y2 

In  x  -  J  In  (1  +  x2)  -  \  In  (1  +  y2)  =  C, 

In  (1  +  z2)(l  +  rO  =  2  In  x  -  2  C. 
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This  result  may  be  written  in  more  compact  form  if  we  replace  —  2  C  by  In  c, 
that  is,  give  a  new  form  to  the  arbitrary  constant.  Our  solution  then  becomes 

In  (1  +  x2)(l  +  y2)  =  In  x2  +  In  c, 
In  (1  +  x2)(l  +  y2)  -\ncx2, 
(1  +  x2)  (I  +  y2)  =  ex*.  Ans. 

ILLUSTRATIVE  EXAMPLE  2.  Solve  the  equation 


'dx 

Solution.  First  Step.  axdy  +  2  aydx  =  xydy. 

Second  Step.  2  ay  dx  +  x(a  —  y)dy  =  0. 

To  separate  the  variables  we  divide  by  xy. 

2  a  dx  .  (a  —  y)dy  _  Q 
x  y        ~ 

Third  Step.  2af^  +  af^  ~fdy  =  C' 

2  alnx  +  alny  ~  y  =  C, 
a  In  x2y  =  C  +  y, 

r     11 

In  x2y  =  -  +  y- 
a      a 

By  passing  from  logarithms  to  exponentials  this  result  may  be  written  in  the 
form 

X2y  =  e"^    a, 

c      i 
or  x2y  =  ea  •  ea. 

c 
Denoting  the  constant  e&  by  c,  we  get  our  solution  in  the  form 

Type  II.  Homogeneous  equations.  The  differential  equation 
0*) 


is  said  to  be  homogeneous  when  M  and  N  are  homogeneous  functions 
of  x  and  y  of  the  same  degree.*  Such  differential  equations  may  be 
solved  by  making  the  substitution 

(3)  y  =  vx. 

This  will  give  a  differential  equation  in  v  and  x  in  which  the  van- 


In  fact,  from  (.A)  we  obtain 

(4)  ^  =  _M. 

w  dx         N 

Also,  from  (3), 


The  right-hand  member  of  (4)  will  become  a  function  of  v  only  whei 
the  substitution  (3)  is  used.  Hence,  by  using  (5)  and  (3),  we  sha] 
obtain  from  (4) 

(6)  *      +  * 


and  the  variables  x  and  v  may  be  separated. 
ILLUSTRATIVE  EXAMPLE.   Solve  the  equation 


Solution.  y2dx  +  (xz  —  xy)dy  =  0. 

Here  M  =  y2,  N  =  xz  —  xy,  and  both  are  homogeneous  and  of  the  second  degre 
in  x  and  y.  Also  we  have 


dx      xy  —  x2 
Substitute  y  =  vx.  The  result  is 

dv  v2 

x  -j-  +  v  =  —  -  -  f 
dx  1  —  v 

or  vdx  +  «(!  —  v)dv  =  0. 

To  separate  the  variables,  divide  by  vx.  This  gives 
dx      (1  —  v)dv  _  n 
^  +        v        ~°' 


rdx+rd» 

J     X        J     V 


In  vx  =  C  +  v, 

•ox  •=.  ec+v  =  ec  •  e^t 
vx  —  cev. 
But  v  =  -•  Hence  the  complete  solution  is 

3?  y 

y  =  cex.  Ans. 

PROBLEMS 

Find  the  complete  solution  of  each  of  the  following  differential  equj 
tions. 

l.(2  +  y)dx-(S-x)dy  =  Q.        Ans.    (2 
2.  xy  dx-  (1+  xz)dy  =  0.  cy 


8.  (3  x  +  5  y)dx  +  (4  x  +  6  y)dy  =  0. 

9.  2(x  +  y}dx  +  y  dy  =  0. 

Ans.   %\n  (2x2  +  2 

10.  (8  y  +  10  x)dx  -\-  (5  y  -\-  7  x}dy  =  0. 

11.  (2  x  +  y}dx  +  (x  +  3  2/)d#  =  0. 

12.  Vl  -  4 12  ds  +  2  Vl  -  s2  dt  =  0. 

13.  2  z(3  z  +  l)dw  +  (1  -  2  w)cfe  =  0. 


(a;  +  yY(x  +  2  y)  =  c. 
+  y2)  -  arc  tan 


14.  2  x  dz  -  2  z  dx  =  Vrc2  +  4  z2  dx. 

15.  (a?  +  4  #)dT  +  2  a;  dy  =  0. 

16.  (2  x2  +  y^dx  +  (2  xy  +  3  ?/ 
17  ^^2 


=  0. 


1  _1_  A    »y  f-2v2  —  0 

J.        l^    *X     \jr&    ^^     C-     »v        —    V« 

a;3  +  6  x2y  =  c. 

2  x3  +  3  xy2  +  3y3  = 


..  - 

H/  — 


1  —  CT 

22.  (3  x  +  i/)d»  +  (x  +  y)dy  =  0. 

23.  a^(y  +  2)rfx  -  (y  +  l)dy  =  0. 

24.  (1  +  x2)dy  -  (1  -  ^/2)dx  =  0. 

25.  (s-2  #)da:  -  (2  x  +  y]dy  =  0. 


1  +  v2 

18.  (3  +  2  y)x  dx  +  (x2  -  2}dy  =  0. 

19.  2(1  +  y)dx  -  (1  -  x)dy  -  0. 

20.  (1  +  y)x  dx  —  (1  +  x)y  dy  =  0. 

21.  (ax  +  &)<fy  -  y2  dx  =  0. 

26.  (3  x  +  2  y}dx  +  x  dy  —  Q. 

27.  3(5  a;  +  3  y)dx  +  (11  x  +  5  t/)dy  =  0. 

28.  (x2  +  y2)dx  +  (2  xy  +  y2)dy  =  0. 

29.  2  y  dx  -  (2  x  -  y}dy  =  0. 

In  each  of  the  following  problems  find  the  particular  solution  which  is 
determined  by  the  given  values  of  x  and  y. 

dx     4  dy     rt  jo 

30. 1 —  — 0:  a/  =  4.  y  —  2.  Ans.   x   +  4  7/2  =  32. 

2/         x 

32.  xdy  —  y  dx=  'Vx2~+~y2  dx;  x  =  %,y  =  Q.  1  +  4  T/  —  4  x2  =  0. 

33.  (1  +  ?/2)c%  =  y  dx ;  a;  =  2,  y  =  2. 

34.  Find  the  equation  of  the  curve  whose  slope  at  any  point  is  equal  to 

/        ii\ 
—  (!+-)  and  which  passes  through  the  point  (2, 1).      Ans.  x2  +  2  xy  =  8. 

35.  Find  the  equation  of  the  curve  whose  slope  at  any  point  is  equal  to 
/,, i 

and  which  passes  through  the  point  (1,  0).    Ans.  y(l  +  x)  =  1  —  x. 


~v  *£ 


where  P  and  Q  are  functions  of  x  alone,  or  constants. 
Similarly,  the  equation 

(C)  ^+#x=/, 

dy 

where  H  and  J  are  functions  of  y  or  constants,  is  a  linear  differential 
equation. 

To  integrate  (J?),  let 

(7)  y  =  uz, 

where  z  and  M  are  functions  of  x  to  be  determined.  Differentiating  (7), 

(8)  '  ty  —  ud*-LZdu. 

dx        dx        dx 

Substituting  from  (8)  and  (7)  in  (5),  the  result  is 

dz  ,     du 


We  now  determine  M  by  integrating 

(10)  S  +  *—0' 

in  which  the  variables  x  and  u  are  separable.    Using  the  value  of  u 
thus  obtained,  we  find  z  by  solving 

N  flz 

(11)  M|  =  Q, 

in  which  x  and  2  can  be  separated.   Obviously,  the  values  of  u  and  z 
thus  found  will  satisfy  (9),  and  the  solution  of  (Z?)  is  then  given  by  (7). 
The  following  examples  show  the  details. 

ILLUSTRATIVE  EXAMPLE  1.  Solve  the  equation 


• 

Solution.  This  is  evidently  in  the  linear  form  (5),  where 

P  =  --~T    and    Q  =  (x  +  l)i 

x  +  i 

Let  y  =  MS;  then  ,          ,         , 

^  =  W~  +  2  —  . 

cte       dx       dx 
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Substituting  in  the  given  equation  (12),  we  get 

udz        du_  2jw_  _  (x  +  1)|j  or 
dx        dx      1  +  x 


To  determine  u  we  place  the  coefficient  of  3  equal  to  zero.  This  gives 

du       2u    _Q 
dx      1  +  x  ~   ' 

du      2  dx 


u       1  +  x 

Integrating,  we  get  In  u  =  2  In  (1  +  x)  =  In  (1  +  a;)2. 

(14)  .-.  u-(l+  xy* 

Equation  (13)  now  becomes,  since  the  term  in  z  drops  out, 

«!=<*+»*• 

Replacing  u  by  its  value  from  (14), 


Integrating,  we  get  dz  —  (x  + 


,  . 

Substituting  from  (15)  and  (14)  in  y  =  uz,  we  get  the  complete  solution 


ILLUSTRATIVE  EXAMPLE  2.  Derive  a  formula  for  the  complete  solution  of  (£)„. 
Solution.  Solving  (10),  we  have 

In  u  +  (P  dc  =  In  fc, 

where  In  fc  is  the  constant  of  integration  ; 

-  fpdx 
whence  u  =  kej 

Substituting  this  value  of  u  in  (11),  and  separating  the  variables  2  and  x,  the 

resultfe  *,fiJ>*& 

Integrating,  and  substituting  in  (7),  we  obtain 


Tt  sVinnlH  VIP  nhsfifved  that  the  constant  -k  cancels  out  of  the  final  result.   For 


Type  IV.  Equations  reducible  to  the  linear  form.  Some  equations 
that  are  not  linear  can  be  reduced  to  the  linear  form  by  means  of  a 
suitable  transformation.  One  type  of  such  equations  is 


where  P  and  Q  are  functions  of  x  alone  or  constants.  Equation  (Z)) 
may  be  reduced  to  the  linear  form  (B),  Type  III,  by  means  of  the 
substitution  z  =  y~n+1.  Such  a  reduction,  however,  is  not  necessary 
if  we  employ  the  same  method  for  finding  the  solution  as  that  given 
under  Type  III.  Let  us  illustrate  this  by  means  of  an  example. 

ILLUSTRATIVE  EXAMPLE.  Solve  the  equation 

(16)  ^-  +  y  =  a\nx-yz. 

dx      x 

Solution.  This  is  evidently  in  the  form  (Z>),  where 

P  —  -,      Q  =  alnz,    n  =  2. 
x 

Lety  =  uz;  then  &  =  «£  +  ,  |i. 

dx         dx        dx 

Substituting  in  (16),  we  get 

dz  .     du  .  uz        ,  „  , 

Ud~d~  --  =  a  In  z  •  u2z2, 


To  determine  u  we  place  the  coefficient  of  z  equal  to  zero.   This  gives 
du     u  _  „ 

~T*~       I  -"""    vj 

dx      x 

du__dx 
u  x 

Integrating,  we  get  In  u  =  —  In  x  =  In  -• 

x 

(18)  «  =  i- 

Since  the  term  in  z  drops  out,  equation  (17)  now  becomes 

dz 

u  3-  =  a  In  x  •  u2z2, 
dx 

dz 

^  =  a  In  x  •  uz2. 

dx 

Replacing  u  by  its  value  from  (18), 

dz        ,         z2 

-r-  =  a  In  x  •  —  > 
dx  x 


T  ,         ,.  ,  1      a(\n.x}2  .  „ 

Integrating,  we  get  —  =    v   -••     +  C, 

z  / 

2 


Substituting  from  (19)  and  (18)  in  y  =  uz,  we  get  the  complete  solution 

__  1  2 

y~      x'  a(lnz)2+2C' 
or  xy[a(\n  x)2  +  2  C]  +  2  =  0.   Ans. 

PROBLEMS 

Find  the  complete  solution  of  each  of  the  following  differential  equa- 
tions. 

1«v   n -*^. O   ni  —  O   o*  A  VI Q        II  - —   />/v»2        _    O   /v» 

•  *(/  ,        "  y  *"~~  *••  "V*  -fx/&o«    t/  -^  c/*t'        ,&  »c. 

ao; 

2^.   ^?/    O   ,,/  ^-                                                                                                      1;   -y_l_   /./v.2 
.     *V        ,                      W     y    •*/•                                                                                                                                      M     <*J       \^    LiJj      . 

ax 

'  dx  ' 

4.  x  —  —  3  y  =  —  2  nx.  y  =  nx  +  ex3, 

ax 

5  —  —  v  =  —  2e~x  v  =  e~x  4-     x 

'  da; 

6.  ^  —  s  ctn  t  =  1  —  (t  +  2)  ctn  t.  s  =  t  +  2  +  c  sin  t. 

7.  ^+  — =  2t/2.  cx2y  +  2  xy  -  1  =  0. 
doc       20 

8.  ^  +  s  tan  t  =  2  t  +  t2  tan  t.  s  =  t2  +  c  cos  t. 

at 

9.  x^  —  y  =  (x  —  l)e*.  y  —  ex  +  ex. 

10.  ^  +  ^  =  2/3.  cx2y2  +  2  xy2  -  1  =  0. 

11   ds  .  s  __  nna  ,  ,  sint  .          c 

11.  -r  -f-  -  =  cos  t  H ; — •  s  =  sin  t  H — • 

d£      ^  f  i 

13.  ~  +  s  =  cos  t  —  sin  i.  s  =  cos  t  +  ce~ '. 

at 

14.  —  —  s  ctn  t  —  e'(l  —  ctn  f).  s  =  el  4-  c  sin  £. 


17.  x      +  y  =  (1  +  z)e*.  22.  x     -  -  y  =  x  cos  x  -  sin  x. 

dx  dx 

18.  d£_  y  =  i  -  2  x.  23.  n^  -  T/  +  (z2  +  2  x)yn+i  =  0, 
dx  dx 

19.  x  %L  +  y  +  323,2  _  o,  24.  ^  +  s  tan  i  =  e~<  (tan  *  -  1). 

dx  dt 

In  each  of  the  following  problems  find  the  particular  solution  which  is 
determined  by  the  given  values  of  x  and  y. 

25.  &-%J[  =  xzex;  x  =  l,  y  =  Q.  Ans.   y  =  x2(ex-e~). 

dx       x 


*/w»    j        i  2  *         —  ^^  2 

C&X  XX  X 

27.  ^r  +  2/  tan  a;  =  sec  a; ;  a;  =  0,  y  =  —  1.  y  =  sin  x  —  cos  x. 

dx 

29.  Find  the  equation  of  the  curve  whose  slope  at  any  point  is  equal  to 
2  y  +  x  +  1  and  .^kick  passes  through  the  point  (1,  0). 

30.  Find  the  equation  of  the  curve  whose  slope  at  any  point  is  equal  to 

y  mx  —  y  and  ^j^  passes  through  the  point  (1, 1).  Ans.  y(L  +  In  x)  =  1. 

x 

205.  Two  special  types  of  differential  equations  of  higher  order.  The 

differential  equations  discussed  in  this  article  occur  frequently. 


where  X  is  a  function  of  £  alone  or  a  constant. 

To  integrate,  first  multiply  both  members  by  dx.  Then,  inte- 
grating, we  have! 


py     C^ydx= 

xn~l     J  dxn 


Repeat  the  process  (n  —  1)  times.   Then  the  complete  solution  con- 
taining n  arbitrary  constants  will  be  obtained. 


ILLUSTRATIVE  EXAMPLE.  Solve  -r   =  xex. 

dxs 

Solution.  Multiplying  both  members  by  dx  and  integrating, 

g  =/-.*+  G. 

or  ^|  =  xex  -ex  +  Ci. 

dx2 

Repeating  the  process, 

&  =  Cxe*  dx  -  JV  dx  +  fddx  +  C2, 

or  ^  =  xex  -  2  ex  +  Cix  +  C2. 

y  =  Cxex  dx  -  f*2  ex  dx  +  fdx  dx  +  Cc2dx  +  Cs 

C  r% 

=  xex-2e*  +  ^j-  +  C2x  +  C3. 
Hence  y  =  xex  —  3  es  +  cix2  +  c2x  +  ca.  Ans. 

A  second  type  of  much  importance  is 


where  Y  is  a  function  of  y  alone. 

To  integrate,  proceed  thus.  Write  the  equation 

dy'=Ydx, 
and  multiply  both  members  by  y1.  The  result  is 

y'  dy'~  Yy'dx. 
But  y'  dx  =  dy,  and  the  preceding  equation  becomes 


The  variables  y  and  y'  are  now  separated.   Integrating,  the  resu 


The  right-hand  member  is  a  function  of  y.  Extract  the  square  r 
separate  the  variables,  x  and  y,  and  integrate  again.  The  follow 
example  illustrates  the  method. 

d2w 

ILLUSTRATIVE  EXAMPLE.  Solve  -r-f  +  a2y  =  0. 

cte2 

Solution.  Here  -^-  =  —^  —  —  a2y,  and  hence  the  equation  belongs  to  typi 
ax      ax* 

Multiplying  both  members  by  y'dx  and  proceeding  as  above,  we  get 

y'  dy'  =  —  a2y  dy. 
Integrating,  \  y'2  =  -  |  a2y2  +  C. 


setting  2  C  =  GI  and  taking  the  positive  sign  of  the  radical.  Separating  the  vari- 
ables, we  get 

,    dy          =  dx. 
vCi  -  a2y2 

Integrating,  -  arc  sin  -^==  =  x  +  62, 


or  arc  sin  -==  =  ox 


This  is  the  same  as  -^IL  =  sin  (ax  +  aC2) 

VCi 

=  sin  ax  cos  aC%  +  cos  ax  sin  aCa,     (4),  Art.  2 

or  y  =  -  -  cos  aCz  •  sin  ax  H  --  *  sin  aC2  •  cos  ax. 

Qi  CZ 

Hence  #  =  ci  sin  ax  +  c2  cos  ax.  Ans. 


PROBLEMS 

Find  the  complete  solution  of  each   of  the  following  differential 
equations. 

d2x  A  t* 

1.  —  =  t2.  Ans.  x  =  —  +  c\t  +  Ca« 

3.  — -  =  4  sin  2  t.  x  =  —  sin  2  t  +  c\t  +  Ca. 

J2*  _  e2t 

27  —  — -—  — j-  C\ti  ~T"  C2« 

4 
d(s  +  l)2=  (ci^  +  c2)2  +  l. 

3  t  =  2  a*  (s*-  2  ci)  (s*  +  ci)*  +  c2. 


Vas 

Q>  _  «,9.  „     I      /"^  ^     I     ,02 

Csy  • 


ax^      i/"      .j  

Ans.   Veil/2  4-  # -p=  In  (Vci^  +  Vl  +  Ci?/)  =  oci V2  a;  +  eg. 

9.  ^!|  +  J|  =  o.   Find  t,  having  given  that  s  =  a,  -J  =  0,  when  t  =  0. 

8  /—  I-     n^I 

Ans.   f  =  -v/ ~  i  Vas  -  s2  +  o  arc  sin  -^  — - 

d%  .  -.<   d2s  f12"' 

10.  3-*  =  x  +  sin  x.  11.  -Eg  : 

dx3  of 


where  p  and  q  are  constants,  are  important  in  applied  mathematics. 
To  obtain  a  particular  solution  of  (G),  let  us  try  to  determine  the 
value  of  the  constant  r  so  that  (G)  will  be  satisfied  by 

(1)  y  =  e™. 
Differentiating  (1),  we  obtain 

(2)  ^  =  re™,    pi  =  r2e™. 
dx  ax2 

Substituting  from  (1)  and  (2)  in  (G)  and  dividing  out  the  factor 
err,  the  result  is 

(3)  r2  +  pr  +  g  =  0, 

a  quadratic  equation  whose  roots  are  the  values  of  r  required. 
Equation  (3)  is  called  the  auxiliary  equation  for  (G).  If  (3)  has  dis- 
tinct roots  r\  and  7*2,  then 

(4)  y  =  er>x    and    y  =  er*x 

are  distinct  particular  solutions  of  (G),  and  the  complete  solution  is 

(5)  y  =  cierix  +  c2eT2X. 

In  fact,  (5)  contains  two  essential  arbitrary  constants,  and  (G)  is 
satisfied  by  this  relation. 

ILLUSTRATIVE  EXAMPLE  1.     Solve 


Solution.  The  auxiliary  equation  is 

(7)  7-2  _  2  r  -  3  =  0. 

Solving  (7),  the  roots  are  3  and  —  1,  and  by  (5)  the  complete  solution  is 

y  =  ae3  x  +  Cze~x.  Ans. 
Check.   Substituting  this  value  of  y  in  (6),  the  equation  is  satisfied. 

Roots  of  (3)  imaginary.  If  the  roots  of  the  auxiliary  equation  (3) 
are  imaginary,  the  exponents  in  (5)  will  also  be  imaginary.  A  real 
complete  solution  may  be  found,  however,  by  choosing  imaginary 
values  of  c\  and  c2  in  (5).  In  fact,  let 

(8)  n  =  a  -f  &  V^~l,    r2  =  a  -  frV^HL 
be  the  pair  of  conjugate  imaginary  roots  of  (3).  Then 

(9)  6flX  = 


(10)  y  =  eaxciebx-1  +  c2e- 

In  the  algebra  of  imaginary  numbers  it  is  shown  that* 

g_tev~i  _  cog 

When  these  values  are  substituted  in  (10),  the  complete  solution 
may  be  written 

(11)  y  =  eax(A  cos  bx  -f  B  sin  bx), 

if  the  new  arbitrary  constants  A  and  B  are  determined  from  ci  and  ca 
by  A  =  ci  +  C2,  -B  =  (ci  —  02)  V—  1.  That  is,  we  now  take  for  ci  and  02 
in  (5)  the  imaginary  values  ci  =  £(A  —  J3V—  1  ),  02  =  £(A  +  5  V—  1  )  . 
By  giving  to  A  and  5  in  (11)  the  values  1  and  0,  and  0  and  1,  in 
turn,  we  see  that 

(12)  y  =  eax  cos  bx    and    y  —  eax  sin  bx 
are  real  particular  solutions  of  (G). 

ILLUSTRATIVE  EXAMPLE  2.  Solve 

(13)  g  +  fc2y  =  0. 

Solution.   The  auxiliary  equation  (3)  is  now 

r2  +  k2  =  0.    .-.  r  =  ±  fcV^l. 

Comparing  with  (8),  we  see  that  c  =  0,  b  =  k.    Hence,  by  (11),  the  complete 
solution  is  y  =  Acoskx  +  B  sin  kx. 

Check.  When  this  value  of  y  is  substituted  in  (13),  the  equation  is  satisfied. 
Compare  this  method  with  that  used  for  the  same  example  in  Art.  205  (k  =  a). 

REMARK.  A  different  form  for  the  solution  is  obtained  by  setting  A  =  C  cos  a., 
B  =  C  sin  a  in  the  above  value  of  y.  Then  y  =  C  cos  (kx  -  a).  (By  (4),  p.  3). 

*  Let  i  =  V—  1,  and  assume  that  the  series  for  ex  in  Problem  1,  Art.  194,  represents 
the  function  when  x  is  replaced  by  ibx.  Then,  since  z2  =  —  1,  i3  =  —  i,  i*-  =  1,  etc., 
we  have 


.....  ,h, 

(14)  ,*>,  =  ___-___ 

Also,  replacing  x  by  bx  in  (7)  and  (8),  Art.  194, 

&2z2      64a;4  •    i.        r,        &3z3   ,  b5*5 

cos&z  =  1  -2jjL  +  2JL  -  -  •  -,         ante  =  6x  --^-  +  ^-  -  •  •  -. 

Then,  by  Art.  195, 

,      ,    .   .    ,         ,    ,    .,        Vx2      .  bW   ,  &4x4   ,    .  &5z5 

(15)  cos  bx  +  i  sin  bx  =  1  +  ^bx  --  r^  --  l  -pr  +  ~T7~  +  ^  TK  --  '  '  '' 

assuming  that  the  series  represents  the  function.  The  right-hand  members  of  (14)  and  (15) 
are  identical.   Therefore  eibx  =  cos  fcc  +  i  sin  bx. 


Roots  of  (3)  real  and  equal.  The  roots  of  the  auxiliary  equation  (3) 
"/ill  be  equal  if  p2  =  4  g.  Then  (3)  may  be  written,  by  substituting 

fl^ip3, 

(14)  r2  +  pr  +  i  p2  =  (r  +  f  p)2  =  0, 
and  ri  =  ?2  =  —  -|  p.   In  this  case 

(15)  2/  =  eriX    and    j/  =  xer& 
are  distinct  particular  solutions,  and 

(16)  y  =  er>x(ci  +  c2z) 

is  the  complete  solution. 

To  corroborate  this  statement,  it  is  only  necessary  to  prove  that 
the  second  equation  in  (15)  gives  a  solution.  But  we  have,  by  dif- 
ferentiating, 

(17)  y  =  xer*,    4jL  =  erix(l  +  rix),    ^  =  er*(2  n  +  r^x}. 

Substituting  from  (17)  into  the  left-hand  member  of  (G),  the 
result  is,  after  canceling  erix, 

(18)  (ri2  -|-  pn  +  q)x  +  2  n  +  p. 

This  vanishes,  since  n  satisfies  (3)  and  equals  —  J  p. 
ILLUSTRATIVE  EXAMPLE  3.  Solve 


Find  the  particular  solution  such  that 

Hv 

s  =  4  and  ^  =  -  2  when  i  =  0. 
at 

Solution.  The  auxiliary  equation  is 

r2  +  2r  +  1  =  0,    or     (r  +  1)2  = 
Hence  the  roots  are  equal,  ri  =  -  1,  and,  by  (16), 
(20)  s  =  <r' 


This  is  the  complete  solution. 

To  find  the  required  particular  solution,  we  must  find  values  for  the  constants 
d  and  Cz  such  that  the  given  conditions, 

An 

s  =  4  and  -;  =  -  2  when  *  =  0 
.  .  f.    i  at 

are  satisfied. 

Substituting  in  the  complete  solution  (20)  the  given  values  s  =  4,  t  —  0,  we 
have  4  =  Ci,  and  hence 

/O1  \  '  o  —  a—t(A  A.  />_A 


Now  differentiate  (21)  with  respect  to  t.   We  get 


ds 

By  the  given  conditions,     -37  =  —  2  when  t  =  0. 
at 

Substituting,  the  result  is  —  2  =  C2  —  4,  and  hence  02  =  2.    Then  the  particular 
solution  required  is  s  =  e~'(4  +  2  £).   Ans. 

PROBLEMS 

Find  the  complete  solution  of  each  of  the  following  differential  equa- 
tions. 

x==Q.  Ans.   x  =  c1e~t  +  c2e2t. 


d2x 

4.  -77^  +  16  a;  =  0.  x  =  ci  cos  4  f  +  c2  sin  4  f. 
at^ 

,72,, 

5.  ^jf  -  4  8  =  0.  s  =  ae*'  +  c2e~2t. 

d(/ 

6.  f^  +  4  ^  =  0.  T/  =  ci  +  cae~**. 
aa;2         ax 

fJ2Q  /Ic; 

7.  ^-|  +  2^+2s  =  0.  s  =  e-'fa  cos  <  +  c2  sin  *). 

Qtt^  Of 

Q  dzs      0  ds      K     _  ft  s  =  e'(ci  cos  2  i  +  c2  sin  2  if). 

8-  dP"2^"1"58-0' 

d20        dd.  .„  d2s  _ 


.                                    .  .                          . 

d!x2         dx  dx2         dx 

11.  ^  +  5  ^  +  6  y  =  0.  15.  ^f  -  6  ^  +  25  s  =  0. 
dec2         cfa  dt2         dt 

12.  ^f  +  3  s  =  0.  16.  ^f  +  2  ^  +  10  x  =  0. 

(M2  dt2         dt 

In  the  following  problems  find  the  particular  solution  which  satisfies 
the  given  conditions. 


17.  +  3      +  2s  =  0;  s  =  0,=l,  when/  =  0.     Ans.   s  =  e-'- 
dtz        dt  dt 

18.  ~f  +w%  =  0;  £  =  a,^  = 

Cll  Ctt 


19.        -nax  =  D;  x  =  2,      =  0,  when(=  0.  Am.  x  = 


=0;  s  =  0,      =  l,  when(  =  0.        s=fe<». 


Arcs.   s  =  4  e~4/  cos  3  L 

24.  ||-6^  +  10z  =  0;  a?=l,^  =  4,when<  =  0. 

Arcs.  z  =  e3J(cos£  +  sin£). 

25.  +  4s  =  0    s  =  0       = 


/-v 

26.  i-±_4a;  =  0;  a?=10,~  =  0, 
at  at 

37  ^  +  4^  =  0.  v_!  ^_o 
dtz         dt         '  J~    '  dt~    ' 


+  4a;  =  0;  x  =  2,      -  5,  when  <  =  0. 
at  dt 


30.     f  +  4^+8s  =  0;  s  =  0,=8, 
To  solve  the  differential  equation 


where  ?>  and  g  are  constants  and  X  is  a  function  of  the  independent 
variable  x  or  a  constant,  three  steps  are  necessary. 

FIRST  STEP.  Solve  the  equation  (G).  Let  the  complete  solution  be 

(22)  y  =  u. 

Then  u  is  called  the  complementary  function  for  (H). 
SECOND  STEP.  Obtain  a  particular  solution 

(23)  y  —  v 
of  (H}  by  trial. 

THIRD  STEP.   The  complete  solution  of  (H)  is  now 

(24)  ii  =  11.  -i-  11 


In  fact,  when  the  value  of  y  from  (24)  is  substituted  in  (H),  it  is 
seen  that  the  equation  is  satisfied,  and  (24)  contains  two  essential 
arbitrary  constants. 

To  determine  the  particular  solution  (23),  the  following  directions 
are  useful  (see  also  Art.  208).  In  the  formulas  all  letters  except  x, 
the  independent  variable,  are  constants. 

General  case.   If  y  =  X  is  not  a  particular  solution  of  (G),  if 

Form  of  X  Form  of  v 

X  =  a  +  bx,  assume      y  —  v  =  A  +  Bx  ; 

X  =  aebx,  assume      y  =  v  =  Aebx  ; 

X  =  a\  cos  bx  -f  &2  sin  bx,       assume      y  =  v  =  Ai  cos  bx  +  A  2  sin  bx. 

Special  case.  If  y  =  Z  is  a  particular  solution  of  (G),  assume  for  v 
the  above  form  multiplied  by  x  (the  independent  variable). 

The  method  consists  in  substituting  y  =  v,  as  given  above,  in  (H), 
and  determining  the  constants  A,  B,  A±,  Az,  so  that  (#)  is  satisfied. 

ILLUSTRATIVE  EXAMPLE  4.  Solve 


Solution.  First  Step.    The  complementary  function  u  is  found  from  the  com- 
plete solution  of 


By  Illustrative  Example  1,  above,  therefore 
(27)  y  =  u  =  Cie 


Second  Step.   Since  y  =  X  =  2  x  is  not  a  particular  solution  of  (26),  assume  for 
a  particular  solution  of  (25) 

(28)  y  =  v  =  A  +  Bx. 

Substituting  this  value  in  (25)  and  collecting  terms,  the  result  is 

(29)  -2B-SA-3Bx  =  2x. 
Equating  coefficients  of  like  powers  of  x,  we  get 

-2B-3A  =  0,     -SB  =  2. 

Solving,  A  =  £,  B  =  —  f  ,  and  substituting  in  (28),  we  obtain  the  particular 
solution 

(30)  v  =  v  =  $-$x. 

Third  Step.   Then,  from  (27)  and  (30),  the  complete  solution  is 


Solution.  J'irsi  Step.  The  complementary  function  is  (27),  or 

(32)  y  =  u  =  de3x  +  c2e~x. 

Second  Step.  Here  y  =  X  =  2  e~x  is  a  particular  solution  of  (26),  for  it  is 
obtained  from  the  complete  solution  (32)  by  letting  ci  =  0,  c2  =  2.  Hence  assume 
for  a  particular  solution  v  of  (31), 

(33)  y  =  v  =  Axe~x. 
Differentiating  (33),  we  obtain 

(34)  ddx  =  Ae~X(l~x]'    W  =  Ae~X(x-V' 
Substituting  from  (33)  and  (34)  in  (31),  we  obtain 

(35)  Ae~x(x  -  2)  -  2  Ae~x(l  -  x)  -  3  Axe~x  =  2  e~x. 

Simplifying,  we  get  —  4  Ae~x  =  2  e~£,  and  hence  A  =  —  |.  Substituting  in  (33) 
we  obtain 

(36)  y  =  v  -  -  \  xe~x. 

Third  Step.  The  complete  solution  of  (31)  is,  therefore, 

y  —  u  +  v  =  c\ezx  +  c2e~x  —  §  xe~x.  Ans. 
ILLUSTRATIVE  EXAMPLE  6.   Determine  the  particular  solution  of 

(37)  +  4s  = 


ds 

such  that  s  =  0  and  —  =  2  when  t  =  0. 

at 

Solution.  Find  the  complete  solution  first. 
First  Step.  Solving 

(38)  ~  +  4  s  =  0, 

we  find  the  complementary  function 

(39)  s  =  u  =  Ci  cos  2  t  +  C2  sin  2  f. 

Second  Step.  Considering  the  right-hand  member  in  (37),  we  observe  that 
s  =  2  cos  2  2  is  a  particular  solution  of  (38)  resulting  from  (39)  when  Ci  =  2,  ca  =  0. 
Hence  for  a  particular  solution  s  =  v  of  (37)  assume 

(40)  s  =  v  =  t(Ai  cos  2  t  +  A2  sin  2  0. 
Differentiating  (40),  we  obtain 

1^  =  Ai  cos  2  t  +  A2  sin  2  t  -  2  Z(Ai  sin  2  Z  -  A2  cos  2  0. 

(41)  J    *g 

-rr|  =  —  4  Ai  sin  2  i  +  4  A2  cos  2  t  —  4  i(Ai  cos  2  f  +  A2  sin  2  t). 
[at2 


Substituting  from  (40)  and  (41)  in  (37),  and  simplifying,  the  result  is 

(42)  -  4  Ai  sin  2  t  +  4  A2  cos  2  t  =  2  cos  2  t. 

This  equation  becomes  an  identity  when  AI  =  0,  A2  =  f .    Substituting  in  (40), 
we  get 

(43)  s  =  v  =  \  t  sin  2  t. 

Third  Step.  By  (39)  and  (43)  the  complete  solution  of  (37)  is 

(44)  s  =  ci  cos  2  t  +  cz  sin  2  £  +  f  £  sin  2  f. 
We  must  now  determine  ct  and  C2  so  that 

(45)  s  =  0  and  ^  =  2  when  *  =  0. 

at 

Differentiating  (44), 

ds 

(46)  ^  =  -  2  ci  sin  2  f  +  2  c2  cos  2  <  +  |  sin  2  *  +  t  cos  2  t. 

Substituting  the  given  conditions  (45)  in  (44)  and  (46),  the  results  are 

0  =  ci,  2  =  2  cs.     .-.  Ci  =  0,  c2  =  1. 
Putting  these  values  back  in  (44),  the  particular  solution  required  is 

(47)  s  =  sin  2  t  +  \i  sin  2  i.  Am. 

PROBLEMS 

Find  the  complete  solution  of  each  of  the  following  differential  equa- 
tions. 

d2x 
1.  -JTJ  +  x  =  at  +  b.  Ans.   x  =  ci  cos  t  +  cz  sin  t  +  at  +  b. 

rtzf  ncbt 

Z.~  +  x  =  ae^.  x  =  cicost  +  c2smt+    ae 


1 

d2a; 

3.  -JTJ  +  x  =  4  cos  i.  a;  =  ci  cos  i  +  c2  sin  i  +  2  t  sin  i. 

d2z 

4.  ~  +  x  =  4  sin  2  i.  a;  =  Ci  cos  i  +  c2  sin  i  —  f  sin  2  i. 

5.  §  -  4  s  =  at  +  b.  s  =  Cle2t  +  c2e~2t  -  $(at  +  6). 
at* 

6.^-48  =  26'.  s  =  ci€2<  +  c2e-2{-|e(. 

at'' 

7.  ^  _  4  s  =  e*t,  s  =  aezt  +  c2e~2t  +  i  tezt. 
dt2 

8.  ^  _  4  s  =  2  cos  2  i.  s  =  cie2{  +  c2<?-2'  -  i  cos  2  i. 

0<2 

9.  4^  +  9  t/  =  5  z2.  y  =  d  cos  3  x  +  c2  sin  3  x  +  f  z2 


~  4     +  3  s  =  6 


13.         +  2       +  2s  =  8  e2'.  s  =  e-  <(Cl  cos  i  +  c2  sin  0  +  f  eat. 

U.~-4^j+3x  =  4e*.  3  =  de'  +  c2e^  -  2  te*. 

15-  ^Jf  ~  2  ^  +  5  0  =  3  cos  t.        y  =  ee(Cl  cos  2  t  +  c2  sin  2  f) 

+  %  cost  —  T3o  sin  i. 

r/  2^y  (^/7/ 

16<  "^  ~  2  ^  +  5  y  =  3  sin  2  L      y~  et(c±  cos  2  t  +  c2  sin  2  0 

+  ff  cos  2  ^  +  T3T  sin  2  f. 


23.        +  3       +  2  s  ^  2  sin  t 


01 1_  O  ff  —  42  O  no    @>  S    .    n  US    .    *  r.  _     ,      _ 

dt2  26-  ^p-  +  6  ^-  +  10  s  =  5  sm  2  t. 

In  the  following  problems  find  the  particular  solution  which  satisfies 
the  given  conditions. 

27^  +  93=^  +  1.     _  JL,  ^§  =  !, 

»"•  ji2"  ~rys^96    ;s  =  l,  —  =  ~>  when  i  =  0. 


s.   s  =  A(COS  3  f  H-  e3«)g 

29.  ^  +  9  s  =  5  cos  2  <;  s  =  1,  ^  =  3,  when  <  =  0. 
t*c  o!j 

Ans.  s  =  sin  3  t  +  cos  2 «. 

30.  ~  +  9  s  =  3  cos  3  t;  s  =  0,~=6,  when  t  =  0. 
**'  cw 

Aws.   s  =  2  sin  3  J  +  A  i  sin  3  <. 


~  6  f +  1). 


32.  -  6       +  13  x  =  39  ;  x  =  4,       =  3,  when  Z  ='0. 

ar          at  at  ,<  ,,         n  ,  .   _ 

Ans.   x  =  ezi  cos  2  t  +  3. 

33.  ~  +  9  s  =  4  -  3  t-,  s  =  0,  g  =  0,  when  i  =  0. 

34.  ^  -  9  s  =  6  t  ;  s  =  0,  ^  =  0,  when  <  =  0. 
or  at 


36.  ~~  +  x  =  2  cos  2  «;  x  =  0,  ^  =  2,  when  t  =  0. 
or  at 

37.  ^  +  4s  -2  cos  2  i;  s  =  0,  ~  =  2,  when  i  -  0. 

38.  ^f  -  2  ^  +  2  x  =  2  sin  i;  a;  =  0,  ^  =  0,  when  <  =  0. 
dt2         dt  dt 

39.  ^|  +  5  ^  +  4  0  =  2  e*;  y  =  1,  ^  =  0,  when  x  =  0. 
dx2        dx  dx 

40  ^-1  4-4^  +  4«=:4e2a:-'y  =  0   ^=9   when  T  —  0 
do;2         da;         ^  '  y        '  dx        ' 

207.  Applications.  Compound-interest  law.  A  simple  application  of 
differential  equations  is  afforded  by  problems  in  which  the  rate  of 
change  of  the  function  with  respect  to  the  variable  (Art.  50)  for  any 
value  of  the  variable  is  proportional  to  the  corresponding  value  of 
the  function.  That  is,  if  y  =  f(x), 

/IN  dy      .    . 

a)  £-*». 

where  k  is  a  constant.  In  this  differential  equation  the  variables  are 
separable  as  in  Type  I,  p.  379.  Solving,  we  get 

(2)  y  =  cekx, 

where  c  is  an  arbitrary  constant.  Thus  the  function  y  is  an  expo- 
nential function  (Art.  62).  Conversely,  given  (2),  it  is  easily  shown 
by  differentiation  that  y  satisfies  (1).  The  connection  of  (1)  with  the 
name  "compound-interest  law"  is  shown  as  follows: 

Let     y  =  a  sum  of  money  in  dollars  accumulating  at  compound  interest  ; 

i  =  interest  in  dollars  on  one  dollar  for  a  year  ; 
Ai  =  an  interval  of  time  measured  in  years  ; 
Ay  =  the  interest  of  y  dollars  for  the  interval  of  time  A£. 
Then  Ay  =  iy  At.   Therefore       . 

(3)  £-». 

Equation  (3)  states  that  the  average  rate  of  change  of  y  (Art.  50)  for  the  period 
of  time  At  is  proportional  to  y  itself.  In  business,  interest  is  added  to  the  principal 
at  stated  times  only,  —  yearly,  quarterly,  etc.  In  other  words,  y  changes  dis- 


continuously  with  t.  But  in  nature,  changes  proceed  on  the  whole  in  a  continue 
manner.  So  that  to  adapt  equation  (3)  to  natural  phenomena  we  must  imagii 
the  sum  y  to  accumulate  continuously;  that  is,  assume  the  interval  of  time  t 
to  be  infinitesimal.  Then  equation  (3)  becomes 

—  =  iv 
dt 

and  the  rate  of  change  of  y  is  proportional  to  y,  agreeing  with  (1)  if  k  =  i. 

In  (1)  the  function  y  is  said  to  change  according  to  the  compoum 
interest  law. 

A  second  example  is  afforded  by  the  complete  solution  of  tl 
equation 

where  k  and  c  are  constants  not  equal  to  zero.  For  let  c  =  ak.  The 
(4)  may  be  written 

This  equation  states  that  the  function  y  +  a  changes  according  1 
the  compound-interest  law.  The  differential  equation  (4),  or  (5 
is  solved  as  in  Type  I,  p.  379.  The  solution  is 

(6)  y  =  cekx  -  a. 

ILLUSTRATIVE  EXAMPLE  1.  The  function  y  of  x  changes  according  to.  tl 
compound-interest  law.  When  x  =  1,  y  =  4 ;  when  x  =  2,  y  =  12.  Find  the  lai 

Solution.  By  (1)  we  have 

(7)  ^  =  Icy. 

dx 

Separating  the  variables  and  integrating,  we  get 

In  y  =  kx  +  C. 

We  have  to  find  the  values  of  k  and  C.  Substitute  the  given  values  of  x  and 
Then  In  4  =  k  +  C,  In  12  =  2  fc  +  C. 

Solving,        k  =  In  12  -  In  4  =  In  3  =  1.0986,     C  =  In  4  -  In  3  =  In  f . 
Therefore  In  y  =  1.0986  x  +  In  t,    and    y  -  f  e1-0986*.  Ans. 

ILLUSTRATIVE  EXAMPLE  2.  Washing  down  a  solution.  Water  is  run  into 
tank  containing  a  saline  (or  acid)  solution  with  the  purpose  of  reducing  its  strengt' 
The  volume  v  of  the  mixture  in  the  tank  is  kept  constant.  If  s  =  quantity  of  sa 
(or  acid)  in  the  tank  at  any  time,  and  x  =  amount  of  water  which  has  run  through 
show  that  the  rate  of  decrease  of  s  with  respect  to  x  varies  as  s,  and,  in  fact,  th; 

dx  ~     v 

Solution.  Since  s  =  quantity  of  salt  in  the  mixture  of  total  volume  v,  tl 
quantity  of  salt  in  any  other  volume  u  of  the  mixture  is  -  u. 


of  salt  thus  dipped  out  will  be  -  Ax,  and  hence  the  change  in  the  amount  of  salt 
in  the  tank  is  given  by  v 

(8)  As  =  -  -  Ax. 

Suppose  now  that  a  volume  of  water  Ax  is  added  to  fill  the  tank  to  its  original 
volume  v.  Then  from  (8)  the  ratio  of  the  amount  of  salt  removed  to  the  volume 
of  water  added  is  given  by  ^s 

Ax          v 

When  Ax  — >  0  we  obtain  the  instantaneous  rate  of  change  of  s  with  respect 
to  x,  namely,  «<«__£ 

dx         v 

Hence  s  changes  according  to  the  compound-interest  law. 

PROBLEMS 

1.  The  rate  of  change  of  a  function  y  with  respect  to  x  equals  %  y,  and 
y  =  4  when  x  =  —  1.   Find  the  law  connecting  x  and  y.   Ans.  y  =  5.58  e»x. 

2.  The  rate  of  change  of  a  function  y  with  respect  to  x  equals  2  —  y, 
and  y  =  8  when  x  =  0.   Find  the  law*.  Ans.  y  —  6  e~x  +  2. 

3.  In  Illustrative  Example  2,  if  v  =  10,000  gal.,  how  much  water  must 
be  run  through  to  wash  down  50  per  cent  of  the  salt  ?        Ans.   6931  gal. 

4.  Newton's  law  of  cooling.   If  the  excess  temperature  of  a  body  above 
the  temperature  of  the  surrounding  air  is  x  degrees,  the  time-rate  of  de- 
crease of  x  is  proportional  to  x.    If  this  excess  temperature  was  at  first 
80  degrees,  and  after  1  min.  is  70  degrees,  what  will  it  be  after  2  min.  ? 
In  how  many  minutes  will  it  decrease  20  degrees  ? 

5.  Atmospheric  pressure  p  at  points  above  the  earth's  surface  as  a 
function  of  the  altitude  h  above  sea  level  changes  according  to  the  com- 
pound-interest law.  Assuming  p  =  15  Ib.  per  sq.  in.  when  h  ~  0,  and  10  Ib. 
when  h  =  10,000  ft.,  find  p  (a)  when  h  -  5000  ft. ;  (b)  when  h  =  15,000  ft. 

Ans.    (a)  12.2  Ib. ;   (b)  8.15  Ib. 

6.  The  velocity  of  a  chemical  reaction  in  which  x  is  the  amount  trans- 
formed in  time  t  is  the  time-rate  of  change  of  x. 

Reaction  of  the  first  order.    Let  a  =  concentration  at  the  beginning  of 

the  experiment.   Then  ~  =  fc(a  —  x),  since  the  rate  of  change  is  propor- 
at 

tional  to  the  concentration  at  that  instant.    (Note  that  a  ~  x,  the  concen- 
tration, changes  according  to  the  compound-interest  law.) 

Prove  that  k,  the  velocity  constant,  is  equal  to  -  In 


t      a  —  x 

7.  In  the  inversion  of  raw  sugar,  the  time-rate  of  change  varies  as  the 
amount  of  raw  sugar  remaining.  If,  after  10  hr.,  1000  Ib.  of  raw  sugar 
have  been  reduced  to  800  Ib.,  how  much  raw  sugar  will  remain  at  the 
expiration  of  24  hr.  ?  Ans.  586  Ib. 


the  circuit,  and  (2)  the  inductance  L,  the  equation  being 

E  =  Ri+L%.,     or     %  =  ±(E-Ri). 
at  at      L 

This  process  therefore  comes  under  equation  (4)  above,  E,  R,  L  being 
constants.  Given  L  =  640,  R  =  250,  E  =  500,  and  i  =  0  when  t  -  0,  show 
that  the  current  will  approach  2  amperes  as  t  increases.  Also  find  in  how 
many  seconds  i  will  reach  90  per  cent  of  its  maximum  value.  Ans.  5.9  sec. 

9.  In  a.  condenser  discharging  electricity,  the  time-rate  of  change  of 
the  voltage  e  is  proportional  to  e,  and  e  decreases  with  the  time.  Given 
k  =  40,  find  t  if  e  decreases  to  10  per  cent  of  its  original  value.  Ans.  92  sec. 

10.  Building  up  a  saline  (or  acid)  solution  by  adding  salt  (or  acid), 

maintaining  constant  volume,  leads  to  the  equation  ~r  =  -  (v  —  y),  where 

doc      v 

v  —  the  constant  volume,  y  =  salt  (or  acid)  in  the  tank  at  any  moment, 
x  =  salt  (or  acid)  added  from  the  beginning.  Derive  this  result  and  com- 
pare with  Illustrative  Example  2  above. 

208.  Applications  to  problems  in  mechanics.  Many  important  prob- 
lems in  mechanics  and  physics  are  solved  by  the  methods  explained 
in  this  chapter.  For  example,  problems  in  rectilinear  motion  often 
lead  to  differential  equations  of  the  first  or  second  order,  and  the  solu- 
tion of  the  problems  depends  upon  solving  these  equations. 

Before  giving  illustrative  examples  it  is  to  be  recalled  (Arts.  51 

and  59)  that 

,.,,.  ds  d2s      dv        dv 

(1)  v  =  17'     a  =  ~J^  —  ~Ti  =  v  T' 

dt  dt2      dt        ds 

where  v  and  a  are,  respectively,  the  velocity  and  acceleration  at  any 
instant  of  time  (=  £),  and  s  equals  the  distance  of  the  moving  point 
at  this  time  from  a  fixed  origin  on  the  linear  path. 

ILLUSTRATIVE  EXAMPLE  1.  In  a  rectilinear  motion  the  acceleration  is  inversely 
proportional  to  the  square  of  the  distance  s,  and  equals  —  1  when  s  =  2.  That  is, 

(2)  Acceleration  =  a  = • 

S 

Also,  v  =  5,  $  =  8,  when  t  =  0. 
(a)  Find  v  when  s  =  24. 

Solution.   From  (2),  using  the  last  form  for  a,  we  obtain 

<»  •!=-?• 

Multiplying  both  members  by  ds  and  integrating,  the  result  is 
(4)  T  =  -  +  C>     <»    *2  =  -  +  C'. 

u          S  S 


Substituting  in  (4)  the  above  conditions  v  =  5,  s  =  8,  we  find  C"  =  24.    Hence 
(4)  becomes 

(5) 


From  this  equation,  if  s  =  24,  0  =  %  V219  =  4.93.   Ans. 

(b)  Find  the  time  which  elapses  when  the  point  moves  from  s  =  8  to  s  =  24. 

Solution.  Solving  (5)  for  v,  we  get 
(6)  =  ,= 


s 


Separating  the  variables  s  and  t  and  solving  for  2  with  limits  as  given,  s  =  8, 
s  =  24,  we  find,  for  the  elapsed  time, 


fl7\  J   ^ra 

~  2 

NOTE.  Using  the  first  form  in  (1)  for  a,  (2)  is 

di2  =~^' 

which  is  of  the  form  (F),  Art.  205.  The  method  of  integration  here  is  the  same  as 
in  Art.  205. 

An  important  type  of  rectilinear  motion  is  that  in  which  the  ac- 
celeration and  the  distance  are  in  a  constant  ratio  and  differ  in  sign. 

Then  we  may  write 

(8)  a  =  -  k2s, 

where  k2  =  magnitude  of  a  at  unit  distance. 

Remembering  that  a  force  and  the  acceleration  caused  by  it  differ 
in  magnitude  only,  we  see  in  the  above  case  that  the  effective  force 
is  directed  always  toward  the  point  s  =  0  and  is,  in  magnitude,  di- 
rectly proportional  to  the  distance  s.  The  motion  is  called  simple 
harmonic  vibration. 

From  (8),  we  have,  using  (1), 

^  '  fjf%  ^^    '          ' 

a  linear  equation  in  s  and  t  of  the  second  order  with  constant  coeffi- 
cients. Integrating  (see  Illustrative  Example  2,  Art.  206),  we  obtain 
the  complete  solution, 

(10)  s  =  ci  cos  kt  +  C2  sin  kt. 
From  (10),  by  differentiation, 

(11)  v  =  k(—  Ci  sin  kt  +  02  cos  kt). 

It  is  easy  to  see  that  the  motion  denned  by  (10)  is  a  periodic 
oscillation  between  the  extreme  positions  s  =  b,  and  s  =  —  b,  de- 
termined by 


(12)  6  =  Vc!2  +  c22,    period  = 


27T 


In  fact,  we  may  replace  the  constants  c\  and  02  in  (10)  by  oth 
constants  &  and  A,  such  that 

(13)  Ci  =  b  sin  A,    02  =  b  cos  A. 
Substituting  these  values  in  (10),  it  reduces  to 

(14)  s  =  b  sin  (kt  +  A),  by  (4),  Art, 

and  now  the  truth  of  the  above  statement  is  manifest. 

In  the  following  examples  we  give  cases  when  the  simple  harmor 
motion  is  disturbed  by  other  forces.  In  all  cases  the  problem  c 
pends  upon  the  solution  of  an  equation  of  the  form  (G)  and  (P. 

discussed  above. 

ILLUSTRATIVE  EXAMPLE  2.  In  a  rectilinear  motion 
"(15)  a=  —  fs-0. 

Also,  v  =  2,  s  =  0,  when  i  —  0. 

(a)  Find  the  equation  of  motion  (s  in  terms  of  f). 

Solution.  Using  (1),  we  have,  from  (15), 

/i  c\  d2s  ,ds     5 

(16)  W+Tt+lS  =  Q> 

an  equation  of  the  form  (G).  The  roots  of  the  auxiliary  equation  r2  +  r  -f-  1  =  0  j 

7*1  =  —  f  +  V  —  1,      T2  =  —  2  —   v  —  1. 

Hence  the  complete  solution  of  (16)  is 

(17)  s  =  e~^l(ci  cos  t  +  c2  sin  0. 

By  the  given  conditions,  s  =  0  when  t  =  0.  Substituting  these  values  in  (1 
we  find  GI  =  0,  and  hence 

(18)  s  =  c2e~^sink 
Differentiating  to  find  v,  we  get 

(19)  v  =  c2e~^t(~  Jsinf  +  cosi). 


Substituting  the  given  values  v  =  2  when  t  =  0,  we  have  2  =  eg. 
With  this  value  of  cz,  (18)  becomes 

(20)  8  =  26-*  'sink  Ans. 
(b)  For  what  values  of  t  will  v  —  0? 

Solution.  When  v  —  0,  the  expression  in  the  parenthesis  of  the  right-ha 
member  of  (19)  must  vanish.   Setting  this  equal  to  zero,  we  readily  obtain 

(21)  tan  t  =  2. 

For  any  value  of  t  satisfying  (21),  v  will  vanish.  These  values  are 

(22)  «  =  1.10  +  JMr.  (n  =  an  integer).  At 


Successive  values  of  t  from  (22)  differ  by  the  constant  interval  of  time  TT. 
Discussion.    This  example  illustrates  damped  harmonic  vibration.    In  fact,  in 
(15)  the  acceleration  is  the  sum  of  two  components 

(23)  al  =  -&s,     aa  =  -». 

The  simple  harmonic  vibration  corresponding  to  the  component  ci  is  now  dis- 
turbed by  a  damping  force  with  the  acceleration  c2,  that  is,  by  a  force  proportional 
to  the  velocity  and  opposite  to  the  direction  of  motion.  The  effects  of  this  damping 
force  are  twofold. 

First,  the  interval  of  time  between  successive  positions  of  the  point  where  v  =  0 
is  lengthened  by  the  damping  force.  In  fact,  for  the  simple  harmonic  vibration 

(24)  0!  =  --^, 


we  have,  by  comparison  with  (8),  k  =  \ V 5  =  1.12,  and  the  half-period,  by  (12),  is 
0.89  TT.  As  we  have  seen  above,  for  the  damped  harmonic  vibration  the  correspond- 
ing interval  is  IT. 

Second,  the  values  of  s  for  the  successive  extreme  positions  where  0  =  0,  instead 
of  being  equal,  now  form  a  decreasing  geometric  progression.   Proof  is  omitted. 

ILLUSTRATIVE  EXAMPLE  3.  In  a  rectilinear  motion 
(25)  a  =  -  4  s  +  2  cos  2  t. 

Also,  s  =  0,  v  =  2,  when  t  =  0. 

(a)  Find  the  equation  of  motion. 
Solution.  By  (1),  we  have,  from  (25), 

The  particular  solution  required  was  found  in  Illustrative  Example  6,  Art.  206, 
and  is  given  by  equation  (47),  p.  397.  Hence 

(27)  s  =  sin  2  t  +  f 1  sin  2  t.  Ans. 

(b)  For  what  values  of  t  will  v  —  0  ? 

Solution.  Differentiating  (27)  to  find  v,  and 
setting  the  result  equal  to  zero,  we  get 

(28)  (2  +  «)cos  2  t  +  |  sin  2  t  =  0 ; 
or,  dividing  (28)  through  by  cos  2  t, 

(29)  |  tan  2  t  +  2  +  t  =  0. 

The  roots  of  this  equation  may  be  found  as  ex- 
plained in  Arts.  87-89.  The  figure  shows  the  curves 
(see  Art.  88) 

(30)  y  =  \  tan  2  t,    y  =  -2-t, 

and  the  abscissas  of  the  points  of  intersection  are,  approximately, 

t  =  0.88,  2.36,  etc.   Ans. 

Discussion.  This  example  illustrates  forced  harmonic  vibration.  In  fact,  in  (25) 
the  acceleration  is  the  sum  of  two  components 

(31)  a:  =  -  4  s,     a2  =  2  cos  2  L 

The  simple  harmonic  vibration  corresponding  to  the  component  a\  with  the 

nO/Pinr)    *r  ia   -nrvTTT   /4ie--<-iiT>1ir>r1    V,ir  a    Irvrna  -nritVl    t.VlO   9l  CC pIpraHflTI    fl.n.   tVlflt  TS. 


force  whose  period  (=  TT)  is  the  same  as  the  period  of  the  undisturbed  sim 
harmonic  vibration.  The  effects  of  this  disturbing  force  are  twofold. 

First,  the  interval  of  time  between  successive  positions  of  the  point  wh 
v  =  0  is  no  longer  constant,  but  decreases  and  approaches  £  TT.  This  is  clear  fr 
the  above  figure. 

Second,  the  values  of  s  for  the  successive  extreme  positions  where  v  —  0  n 
increase  and  eventually  become,  in  numerical  value,  indefinitely  great. 


PROBLEMS 

In  each  of  the  following  problems  the  acceleration  and  initial  conditic 
are  given.    Find  the  equation  of  motion. 

1.  a  =  —  k2s;  s  =  0,  v  =  vo,  wheni  =  0.  Ans.   s  =  ~smkt. 

fc 

2.  a  =  —  k2s ;  s  =  s0,v  =  Q,  when  t  =  0.  s  =  s0  cos  kt. 

3.  a  =  —  k2s ;  s  =  s0,  v  =  v0,  when  t  —  0. 

4.  a  =  6-s;  s  =  0,  v  =  0,  whenf  =  0.  s  =  6(1  —  COB  0- 

5.  a  =  sin  2t  —  s;  s  =  Q,v  =  Q,  when  t  =  0.  s  =  f  sin  t  —  %  sin ! 

6.  a  =  2  cos  t  —  s ;  s  =  2,  v  =  0,  when  t  =  0.  s  =  2  cos  t  +  t  sin  i 

7.  a  =  —  2v  —  2s;  s  =  3,v  =  —  3,  when  t  =  0.          s  =  3  e~ l  cos  L 

8.  a  =  -  kzs  +  & ;  s  =  0,  v  =  0,  when  t  =  0. 

9.  a  =  —  nv ;  s  =  Q,v  =  n,  when  i  =  0. 

10.  a  =  8  t  —  4  s ;  s  =  0,  v  =  4,  when  t  =  0. 

11.  a  =  4  sin  t  —  4  s ;  s  =  0,  v  —  0,  when  i  =  0. 

12.  a  =  2  sin  2  f  —  4  s ;  s  =  0,  v  =  0,  when  i  =  0. 
IB,  a  =  —  2  v  — 5s;  s  =  1,0  =  1,  when  t  =  0. 

14.  Given  a  =  8  —  4  s,  and  i>  =  0,  s  =  0,  when  t  =  0.    Show  that  1 
motion  is  a  simple  harmonic  vibration  with  the  center  at  s  =  2,  with 
amplitude  2  and  a  period  TT. 

15.  The  acceleration  of  a  particle  is  given  by 

a  =  5  cos  2  t  —  9  s. 

(a)  If  the  particle  starts  from  rest  at  the  origin,  find  its  equation 
motion.  Ans.   s  —  cos  2  t  —  cos  i 

What  is  the  greatest  distance  from  the  origin  reached  by  the  partic 

(b)  If  the  particle  starts  from  the  origin  with  velocity  v  =  6,  find 
equation  of  motion.  Ans.   s  =  cos  2  t  +  2  sin  3  t  —  cos ; 

What  is  the  greatest  distance  from  the  origin  reached  by  the  partic 

16.  Answer  the  questions  of  the  preceding  problem  if  the  accelerat: 
is  given  by  a  =  3  cos  3  i  -  9  s. 

Ans.    (a)  s  =  \  t  sin  3  t ;  (b)  s  =  £  t  sin  3  t  +  2  sin 


17.  A  body  falls  from  rest  under  the  action  of  its  weight  and  a  small 
resistance  which  varies  as  the  velocity.    Prove  the  following  relations  : 

a  =  g  —  kv. 

t;  =  2(l-e-*'). 

tC 


ks  +  v  +  f  In   l  -        =  0. 
k      \        gi 

18.  A  body  falls  from  rest  a  distance  of  80  ft.    Assuming  a  =  32  —  v, 
find  the  time.  Ans.   3.47  sec. 

19.  A  boat  moving  in  still  water  is  subject  to  a  retardation  propor- 
tional to  its  velocity  at  any  instant.    Show  that  the  velocity  t  sec.  after 
the  power  is  shut  off  is  given  by  the  formula  v  =  ce~l>t,  where  c  is  the  ve- 
locity at  the  instant  the  power  is  shut  off. 

20.  At  a  certain  instant  a  boat  drifting  in  still  water  has  a  velocity  of 
4  mi.  per  hour.    One  minute  later  the  velocity  is  2  mi.  per  hour.    Find 
the  distance  moved. 

21.  Under  certain  conditions  the  equation  defining  the  swing  of  a 
galvanometer  is  J0/1  ,a 


Show  that  it  will  not  swing  through  the  zero  point  if  /i  >  k.    Find  the 
complete  solution  if  fj,  <  k. 

209.  Linear  differential  equations  of  the  nth  order  with  constant  coef- 
ficients.   The  solution  of  the  linear  differential  equation 


in  which  the  coefficients  pi,  p2,  •  •  •,  pn  are  constants,  will  now  be  dis- 
cussed. 

The  substitution  of  erx  for  y  in  the  first  member  gives 

(rn  +  pirn~l  +  p2rn~2  H  -----  F  Pn)erx. 

This  expression  vanishes  for  all  values  of  r  which  satisfy  the 
equation 

(1)  rn  +  ptf"-1  +  pzrn~2  +  ----  h  Pn  =  0  ; 

and  therefore  for  each  of  these  values  of  r,  erx  is  a  solution  of  (7). 
Equation  (1)  is  called  the  auxiliary  equation  of  (/).  We  observe  that 
the  coefficients  are  the  same  in  both,  the  exponents  in  (1)  correspond- 
ing to  the  order  of  the  derivatives  in  (/),  and  y  being  replaced  by  1. 


408  DIFFERENTIAL  AND  INTEGRAL  CALCULUS 

From  the  roots  of  the  equation  we  may  write  down  particular 
solutions  of  the  differential  equation  (/).  The  results  are  those  of 
Art.  206  extended  to  cases  when  the  order  exceeds  two,  and  are 
proved  in  more  advanced  textbooks. 

Rule  to  solve  the  equation  (/) 

FIRST  STEP.   Write  down  the  corresponding  auxiliary  equation 

(1)  rn  +  pirn~l  +  P2rn~2  -\  -----  f-  P»  =  0. 

SECOND  STEP.   Solve  completely  the  auxiliary  equation* 
THIRD  STEP.  From  the  roots  of  the  auxiliary  equation  write  down  the 
corresponding  particular  solutions  of  the  differential  equation  as  follows: 

AUXILIARY  EQUATION  DIFFERENTIAL  EQUATION 

(a)  Each    distinct    real^  ^  ^  particuiar  soiution  er>x. 
root  ri  J 

(b)  Each    distinct    pair}      .       f  two  particular  solutions  eax  cos  bx, 
of  imaginary  roots  a±bi     j   gi   s  \    eax  sin  bx. 

(s  (or  2  s)  particular  solutions  ob- 
tained by  multiplying  the  par- 
ticular solutions  (a)  (or  (b))  by 
l,x,  x2,  •  •  •,  a?-1. 

FOURTH  STEP.  Multiply  each  of  the  n*  independent  solutions  thus 
found  by  an  arbitrary  constant  and  add  the  results.  This  result  set  equal 
to  y  gives  the  complete  solution, 

dPii        d^ii 
ILLUSTRATIVE  EXAMPLE  1.  Solve  ^i~3^  +  4y  =  0- 

Solution.   Follow  the  above  rule. 

First  Step,  r3  -  3  r2  4-  4  =  0,  auxiliary  equation. 
Second  Step.  Solving,  the  roots  are  -  1,  2,  2. 
Third  Step,   (a)  The  root  -  1  gives  the  solution  e  *. 

(c)  The  double  root  2  gives  the  two  solutions  ezx,  xe2x. 
Fourth  Step.  The  complete  solution  is 

c3xe2*.  Ans. 


ILLUSTRATIVE  EXAMPLE  2.  Solve       - 
Solution.  Follow  the  above  rule. 


(c)  The  double  root  1  gives  the  two  solutions  ex,  xex. 
Fourth  Step.  The  complete  solution  is 

y  =  ciex  +  c2xex  +  czex  cos  2  x  +  c±ex  sin  2  x, 
or  y  =  (ci  +  cgcc  +  c3  cos  2  a;  +  c4  sin  2  x)e:r.  Ans. 

The  linear  differential  equation 


in  which  pi,  pa,  ••-,£«  are  constants,  and  X  is  a  function  of  x  or  a 
constant,  is  solved  by  methods  like  those  used  in  Art.  206  for  equa- 
tion (H).  The  three  steps  described  on  page  394  are  to  be  followed 
here  also.  That  is,  we  solve  first  the  equation  (/),  obtaining 

(2)  y  =  u, 

the  complete  solution  of  (/).  Then  u  is  the  complementary  function 
for  (7). 

Next  we  find  in  any  manner  a  particular  solution  of  (7), 

(3)  y  =  v. 
Then  the  complete  solution  of  (7)  is 

(4)  y  =  u  +  v. 

In  finding  (3),  methods  of  trial  may  be  used  analogous  to  those 
given  on  page  395  for  n  =  2.  The  rules  given  there  for  the  general 
case  apply  also  for  any  value  of  n.  In  any  case  we  may  follow  the 

Rule  to  find  a  particular  solution  of  (7) 

FIRST  STEP.  Differentiate  successively  the  given  equation  (7)  and 
obtain,  either  directly  or  by  elimination,  a  differential  equation  of  a 
higher  order  of  Type  (/). 

SECOND  STEP.  Solving  this  new  equation  by  the  rule  on  page  408, 

we  get  its  complete  solution 

y  =  u  +  v, 

where  the  part  u  is  the  complementary  function  of  (7)  already  found 
in  the  first  step,*  and  v  is  the  sum  of  the  additional  terms  found. 

THIRD  STEP.  To  find  the  values  of  the  constants  of  integration  in 
the  particular  solution  v,  substitute 

y-v 

*  From  the  method  of  derivation  it  is  obvious  that  every  solution  of  the  original 
equation  must  also  be  a  solution  of  the  derived  equation. 


and  its  derivatives  in  the  given  equation  (/).  In  the  resulting  identity 
equate  the  coefficients  of  like  terms,  solve  for  the  constants  of  integration, 
and  substitute  their  values  back  in 

y  =  u  +  v, 

giving  the  complete  solution  of  (/). 

This  method  will  now  be  illustrated  by  means  of  examples. 

NOTE.  The  solution  of  the  auxiliary  equation  of  the  new  derived  differential 
equation  is  facilitated  by  observing  that  the  left-hand  member  of  that  equation  is 
exactly  divisible  by  the  left-hand  member  of  the  auxiliary  equation  used  in  rinding 
the  complementary  function. 

ILLUSTRATIVE  EXAMPLE.  Solve 

(5)  y"  -  3  y'  +  2  y  =  xe*. 

Solution.  We  first  find  the  complementary  function  u.  Solving 

(6)  y"  -3y'  +  2y  =  0, 
the  result  is 

(7)  y  =  u  =  Cie2x  4-  c2e*. 
First  Step.  We  now  differentiate  (5),  obtaining 

(8)  y'"  —  3y"  +  2y'~  xex  +  e*. 
Subtracting  (5)  from  (8),  the  result  is 

(9)  y'"  -  4  y"  +  5  y'  -  2  y  =  ex. 
Differentiating  (9),  we  obtain 

(10)  y™  -  4  y'"  -1-  5  y"  -2y'  =  ex. 
Subtracting  (9)  from  (10),  we  get 

(11)  y^-5y"f  +  9y"  -7y'  +  2y  =  Q, 

an  equation  of  Type  (7). 

Second  Step.  Solve  (11).  The  auxiliary  equation  is 

(12)  r4  -  5  r3  +  9  r2  -  1  r  +  2  =  0. 

The  left-hand  member  must  be  divisible  by  r2  —  3  r  +  2,  since  the  auxiliary 
equation  for  (6)  is  r2  —  3  r  +  2  =  0.  In  fact,  we  find  that  (12)  may  be  written 

(13)  (r2-3r  +  2)(r- 1)2  =  0. 

The  roots  are  r  =  1,1,  1,  2.   Hence  the  complete  solution  of  (11)  is 

(14)  y  =  ciezx  +  ex(c2  +  c3x  +  c4z2). 
Third  Step.   Comparing  (7)  and  (14),  we  see  that 

(15)  y  =  v  =  ex(c3x  +  c4z2) 

•will  be  a  particular  solution  of  (5)  for  suitable  values  of  the  constants  eg  and  c4. 
Differentiating  (15),  we  obtain 

(16)  y'  =  ex(c3  +  (c3+2cjx  +  c4x2), 
y"  =  ex(2(cs  +  c4)  +  (cs  +  4  c4)cc 


Substituting  in  (5)  from  (15)  and  (16),  dividing  both  members  by  ex  and  reduc- 
ing, the  result  is 

(17)  2c4-c3  —  2  c4o;  =  .r. 

Equating  coefficients  of  like  powers  of  x,  we  obtain  —  2  c4  =  1,  2  c4  —  cs  =  0, 
whence  we  find  CM  =  —  1,  c4  =  —  £.  Substituting  these  values  in  (15),  the  particular 
solution  is 

(18)  y  =  »  =  «*(-»  -Jo;*), 
and  the  complete  solution  is 

ex  —  ex(x  +  \  x2).  Ans. 


PROBLEMS 

Find  the  complete  solution  of  each  of  the  following  differential  equa- 
tions. 


1.  -T-|  +  4  -j*-  =  0.  Ans.   y  =  ci+c2  cos  2  x  +  c3  sin  2  a;. 

d4/y         d2/w 

2.  3-^  +  4  -7-^  =0.  y  =  ci  +  czx  +  c3  cos  2  x  +  c4  sin  2  x. 
ax*        ax^ 

($11      dii 

3.  ~.  —  —  =  0.  y  =  ci  •+•  C2,ex  +  cse~x  +  c*  cos  x  +  GS  sin  x. 
ax5      ax 


4.  3^  +  3^-4s  =  0.  s  =  Cie*  +  c2e~'  +  c3  cos  2  <  +  c4  sin  2  «. 

at*         at* 

5  rf%     ^3y  .  Q  d*y     Q  dy  =  Q 
'  drc4      <ix3         dec2         cto 

A?zs.   ?/  =  ci  +  ctfx  +  ^s  cos  3  x  +  c4  sin  3  x. 

/74o  /72o 

6-        +  8+16s  =  °- 


8.  i-s  =  ^3  +  3i 
ar 

9.  ^E  _  4  ^  =  2  x 
dx3         dx 

°-         ~    -    =  4  ^ 


Ans.   x  =  e~ 


. 
at*         at 

W2o 

13.        +  4  s  =  t  sin2  «. 


.  0  .  ,        .    0  ,  ,    t      tcosZt      t2  sin  2 

Arcs,   s  =  d  cos  2  i  +  C2  sin  2  i  +  o  --  rr 


lo 
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dx2 


15. 


MISCELLANEOUS  PROBLEMS 

Find  the  complete  solution  of  each  of  the  following  differential  equations. 
1.  83=  27  y.  Ans.  y=(t  +  c)1. 


4.  (1  +  ic2)d?/  =  Vl-?/2  dx. 

5.  (a;  +  7/)da;  =  (x  —  y~)dy. 


I  , 
y  =  x    +  C. 


—    z      1  —  ca; 


In  (x2  +  2/2)  —  2  arc  tan  -  =  c. 


r-f-4l+3s=°- 

0  d2s      ,  ds  ,    ,         A 


/7  2o  /7  Q 

9.  ~f-437+8s  =  C 
dt2         dt 

r72T 

11.  ^J  +  fc2x  =  at  +  6. 


12. 


13.  -  A;2x  =  a  cos 
dtj 

d2x 

14.  -r-r-  +  fc2x  =  a  sin 


s  —  c\el  + 


Ans.  s  =  e2t(ci  cos  2  <  +  C2  sin  2  £). 

o^l  /  -j        o  * 

x  =  ex  cos  Jfci  +  c2  sin  Jki  +  ^^ — 

k2 


ae 


=  ci  cos  kt  +  c%  sin  kt  + 


x  =  ciekt  +  c2e~kt  ~  -:  cos  kt. 


=  ci  cos  kt  +  c2  sin  kt  —  ~  t  cos  kt. 
2k 


15.  (x2  -  2  7/^dx  +  2  x?y  dv  =  0.         -w2  4-  x2  In  KT.  =  0. 


Ans.   s  =  d  cos  t  +  C2  sin  /  +  03  cos  2  2  +  c4  sin  2  f. 

19.  xy2  dy  =  (x3  +  y3)dx.  23.  —  +  4  x  =  e~ {. 

20.  dy  +  xy(l-  x2y2)dx  =  0.  '  dt* 

2i.Sg£_8$£  +  25*  =  0.  24.  ^|  +  4  x  =  6  cos  3  t 

<2i!2          d£  "? 

22-  3;?  +  4  x  =  8  t  +  2.  25.  ^  +  4  x  =  2  cos  2  «. 

a£2  at'3 

Solve  each  of  the  following  differential  equations  by  making  the  trans- 
formation suggested. 

flu  f%  /4  /3 

26.  £2  37  -  2  si  -  s3  =  0.   Let  s  =  -•  Ans.  ^  +  -z  =  c- 

ut  V  Z  S         o 

27.  (t2  +  £)ds  =  (t2  +  2  st  +  s)dt.   Let  s  =  vt.        Ans.   s  =  ct(l  +  «)-<• 

28.  (3  +  2  sQs  d«  =  (3  -  2  s0Z  ds.   Let  si  =  v. 

29.  (x  +  t/)2  ^  =  2  jc  +  2  0  +  5.   Let  07  +  #  =  v. 

(XX 

ADDITIONAL  PROBLEMS 

1.  For  a  certain  curve  the  area  bounded  by  the  curve,  the  £-axis,  and 
any  two  ordinates  is  k  times  the  length  of  arc  intercepted  between  the 
ordinates,  and  the  curve  passes  through  the  point  (0,  k).    Show  that  the 
curve  must  be  a  catenary. 

2.  The  acceleration  of  a  man  dropping  in  a  parachute  from  a  stationary 
balloon  is  32  —  £  v2  ft.  per  second  per  second,  where  v  is  the  velocity  in 
feet  per  second.    If  he  reaches  the  ground  in  one  minute,  prove  that  the 
height  of  the  balloon  is  a  little  more  than  950  ft. 

3.  A  point  moving  on  the  re-axis  is  subject  to  an  acceleration  directed 
toward  the  origin  and  proportional  to  its  distance  from  the  origin  and  to 
a  retardation  proportional  to  its  velocity.    Given  that  the  differential 
equation  for  x  is  of  the  form 

^f+m§+w  =  0, 
at2          at 

where  m  and  n  are  positive,  and  given  the  initial  conditions  x  =  10, 

nr  =  0,  when  t  =  0,  find  in  each  of  the  following  cases  x  and  -£  and  dis- 
dt  dl> 

cuss  the  motion. 

(a)  m  =  4,  n  =  5  ;  (b)  m  =  4,  n  -  4 ;  (c)  m  =  4,  n  =  3. 


CHAPTER  XXII 
HYPERBOLIC  FUNCTIONS 

210.  Hyperbolic  sine  and  cosine.  Certain  simple  expressions  in- 
volving exponential  functions  (Art.  62)  occur  frequently  in  applied 
mathematics.  They  are  called  hyperbolic  functions.  The  justifica- 
tion for  this  name  is  brought  out  below  in  Art.  215;  Two  of  these 
functions,  the  hyperbolic  sine  and  hyperbolic  cosine  of  a  variable  v, 
written,  respectively,  sinh  v  and  cosh  v,  are  defined  by  the  equations 

QV    Q  —  V  V   _1_          —  V 

(A)  sinh  v  —  — >     cosh  v  = 


2 

where  e  is,  as  usual,  the  Napierian  base  (Art.  61).    These  functions 
are  not,  however,  independent,  for  we  have  from  (A) 

(B)  cosh2  v  —  sinh2  v=l. 

r                                                     e2v  +  2  +  e~2v                     e2"  —  2  +  e~2v 
From  (A),  squaring,  cosh2  v  = r >  sinh2  v  = 

[_Hence,  by  subtraction,  cosh2  v  —  sinh2  v  =  1. 

From  (A),  by  solving  for  the  exponential  functions,  we  get 
(1)  ev  =  cosh  v  +  sinh  v,    e~v  =  cosh  v  —  sinh  v. 

ILLUSTRATIVE  EXAMPLE.  Show  that  the  complete  solution  of  the  differential 
equation 


may  be  written  y  =  A  sinh  ax  +  B  cosh  ax, 

where  A  and  B  are  constants. 

Solution.  By  Art.  206  the  auxiliary  equation  for  (2)  is  r2  —  a2  =  0,  whose  roots 
are  a  and  —  a.   Therefore  the  complete  solution  of  (2)  is 

y  —  cie0*  +  C2e~ax. 
The  values  of  eax  and  e~ax  are  found  from  (1)  by  taking  v  =  ax.   Hence 

ea*  =  cosh  ax  +  sinh  ax,  e~ax  =  cosh  ax  —  sinh  ax, 
y  =  ci  (cosh  ax  +  sinh  ax)  -J-  caCcosh  ax  —  sinh  ax) 
=  (ci  +  c2)cosh  ax  +  (ci  —  C2)sinh  ax. 

Letting  Ci  —  c2  =  A,  c\  +  cz  =  B,  we  obtain  the  desired  form. 
The  result  should  be  compared  with  Illustrative  Example  2,  p.  391. 
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1.  Other  hyperbolic  functions.   The  hyperbolic  tangent,  tanh  v,  is 
id  by 

IN  ,     ,          sinh  v      ev  —  e~v 

)  tanh  v  =  —  :  —  =  —  ;  -- 

cosh  v      ev  -f-  e~v 

le  equations 
)      ctnhfl= 


r 
tanh  v  cosh  v  sinh  v 

3,  respectively,  the  hyperbolic  cotangent,  hyperbolic  secant,  and 
bolic  cosecant.    The  ratios  used  in  (C)  and  (1)  are  the  same  as 
in  (2),  p.  2,  for  the  corresponding  trigonometric  functions. 
le  following  relations  hold  : 

)  1  —  tanh2  v  —  sech2  v,    ctnh2  v  —  1  =  csch2  v, 

gous  to  formulas  in  (2),  p.  2.   The  proof  of  the  first  formula  is 
below. 

le  following  statements  hold  for  the  values  of  the  hyperbolic 
ions.  They  should  be  verified.  ^ 

ik  v  can  have  any  value  ;  cosh  v,  any  positive  value  not  less 
1  ;  sech  v,  any  positive  value  not  exceeding  1  ;  tanh  v,  any  value 
rically  less  than  1  ;  ctnh  v,  any  value  numerically  greater  than  1  ; 
,  any  value  except  zero.  Also,  from  the  definitions,  we  have 

sinh   (—  0)  =  —  sinh  v,  csch  (—  t>)  =  —  csch  v, 

)      cosh  (—  v)  =  cosh  v,  sech  (—  v)  =  sech  v, 

tanh  (—  v}  =  —  tanh  v,  ctnh  (—  t?)  =  —  ctnh  v. 

•USTRATIVE  EXAMPLE.  Given  tanh  x  =  f.  Find  the  values  of  the  other 
lolic  functions. 

ution.   In  (£)  divide  each  term  by  cosh2  x.   Then  we  get 

i  _  sinh2  x  _      1 
cosh2  x      cosh2  x 

ore  1  -  tanh2  x  =  sech2  x.  By  (C)  and  (1) 

fcanh  x  =  f  ,  this  equation  gives  sech  x  =  f,  the  negative  value  being  in- 

ible.   Then 

1          5 

cosh  x  =  —  r—  =  «•  by  (1) 

sech  x     3 

sinh  x  =  cosh  x  tanh  x  =  |,  by  (C) 

ctnh  x  =  f,  and  csch  x  =  f  .  By  (1) 

J.  Table  of  values  of  the  hyperbolic  sine,  cosine,  and  tangent. 

.s.  A  table  giving  the  values,  to  four  significant  figures,  of 
,  cosh  v,  tanh  v  for  values  of  v  from  0  to  5.9  is  shown  on  p.  416. 
egative  values  of  v,  use  the  relations  (3),  Art.  211. 
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V 

Sinh  v 

Coshw 

Tanhu 

V 

Sinh  v 

Coshzi 

Tanhv 

V 

Sinh  v 

Cosh  v 

Tanhv 

.00 

.0000 

1.000 

.0000 

.50 

.5211 

1.128 

.4621 

1.0 

1.175 

1.543 

.7616 

.01 

.0100 

1.000 

.0100 

.51 

.5324 

1.133 

.4700 

1.1 

1.336 

1.669 

.8005 

.02 

.0200 

1.000 

.0200 

.52 

.5438 

1.138 

.4777 

1.2 

1.509 

1.811 

.8337 

.03 

.0300 

1.000 

.0300 

.53 

.5552 

1.144 

.4854 

1.3 

1.698 

1.971 

.8617 

.04 

.0400 

1.001 

.0400 

.54 

.5666 

1.149 

.4930 

1.4 

1.904 

2.151 

.8854 

.05 

.0500 

1.001 

.0500 

.55 

.5782 

1.155 

.5005 

1.5 

2.129 

2.352 

.9052 

.06 

.0600 

1.002 

.0599 

.56 

.5897 

1.161 

.5080 

1.6 

2.376 

2.577 

.9217 

.07 

.0701 

1.002 

.0699 

.57 

.6014 

1.167 

.5154 

1.7 

2.646 

2.828 

.9354 

.08 

.0801 

1.003 

.0798 

.58 

.6131 

1.173 

.5227 

1.8 

2.942 

3.107 

.9468 

.09 

.0901 

1.004 

.0898 

.59 

.6248 

1.179 

.5299 

1.9 

3.268 

3.418 

.9562 

.10 

.1002 

1.005 

.0997 

.60 

.6367 

1.185 

.5370 

2.0 

3.627 

3.762 

.9640 

.11 

.1102 

1.006 

.1096 

.61 

.6485 

1.192 

.5441 

2.1 

4.022 

4.144 

.9705 

.12 

.1203 

1.007 

.1194 

.62 

.6605 

1.198 

.5511 

2.2 

4.457 

4.568 

.9757 

.13 

.1304 

1.008 

.1293 

.63 

.6725 

1.205 

.5581 

2.3 

4.937 

5.037 

.9801 

.14 

.1405 

1.010 

.1391 

.64 

.6846 

1.212 

.5649 

2.4 

5.466 

5.557 

.9837 

.15 

.1506 

1.011 

.1489 

.65 

.6967 

1.219 

.5717 

2.5 

6-050 

6.132 

.9866 

.16 

.1607 

1.013 

.1587 

.66 

.7090 

1.226 

.5784 

2.6 

6.695 

6.769 

.9890 

.17 

.1708 

1.014 

.1684 

.67 

.7213 

1.233 

.5850 

2.7 

7.406 

7.473 

.9910 

.18 

.1810 

1.016 

.1781 

.68 

.7336 

1.240 

.5915 

2.8 

8.192 

8.253 

.9926 

.19 

.1911 

1.018 

.1878 

.69 

.7461 

1.248 

.5980 

2.9 

9.060 

9.115 

.9940 

.20 

.2013 

1.020 

.1974 

.70 

.7586 

1.255 

.6044 

3.0 

10.02 

10.07 

.9951 

.21 

.2115 

1.022 

.2070 

.71 

.7712 

1.263 

.6107 

3.1 

11.08 

11.12 

.9960 

.22 

.2218 

1.024 

.2165 

.72 

.7838 

1.271 

.6169 

3.2 

12.25 

12.29 

.9967 

.23 

.2320 

1.027 

.2260 

.73 

.7966 

1.278 

.6231 

3.3 

13.54 

13.57 

.9973 

.24 

.2423 

1.029 

.2355 

.74. 

.8094 

1.287 

.6291 

3.4 

14.97 

15.00 

.9978 

.25 

.2526 

1.031 

.2449 

.75 

.8223 

1.295 

.6352 

3.5 

16.54 

16.57 

.9982 

.26 

.2629 

1.034 

.2543 

.76 

.8353 

1.303 

.6411 

3.6 

18.29 

18.31 

.9985 

.27 

.2733 

1.037 

.2636 

.77 

.8484 

1.311 

.6469 

3.7 

20.21 

20.24 

.9988 

.28 

.2837 

1.039 

.2729 

.78 

.8615 

1.320 

.6527 

3.8 

22.34 

22.36 

.9990 

.29 

.2941 

1.042 

.2821 

.79 

.8748 

1.329 

.6584 

3.9 

24.69 

24.71 

.9992 

.30 

.3045 

1.045 

.2913 

.80 

.8881 

1.337 

.6640 

4.0 

27.29 

27.31 

.9993 

.31 

.3150 

1.048 

.3004 

.81 

.9015 

1.346 

.6696 

4.1 

30.16 

30.18 

.9995 

.32 

.3255 

1.052 

.3095 

.82 

.9150 

1.355 

.6751 

4.2 

33.34 

33.35 

.9996 

.33 

.3360 

1.055 

.3185 

.83 

.9286 

1.365 

.6805 

4.3 

36.84 

36.86 

.9996 

.34 

.3466 

1.058 

.3275 

.84 

.9423 

1.374 

.6858 

4.4 

40.72 

40.73 

.9997 

.35 

.3572 

1.062 

.3364 

.85 

.9561 

1.384 

.6911 

4.5 

45.00 

45.01 

.9998 

.36 

.3678 

1.066 

.3452 

.86 

.9700 

1.393 

.6963 

4.6 

49.74 

49.75 

.9998 

.37 

.3785 

1.069 

.3540 

.87 

.9840 

1.403 

.7014 

4.7 

54.97 

54.98 

.9998 

.38 

.3892 

1.073 

.3627 

.88 

.9981 

1.413 

.7064 

4.8 

60.75 

60.76 

.9999 

.39 

.4000 

1.077 

.3714 

.89 

1.012 

1.423 

.7114 

4.9 

67.14 

67.15 

.9999 

.40 

.4108 

1.081 

.3800 

.90 

1.027 

1.433 

.7163 

5.0 

74.20 

74.21 

.9999 

.41 

.4216 

1.085 

.3885 

.91 

1.041 

1.443 

.7211 

5.1 

82.01 

82.01 

.9999 

.42 

.4325 

1.090 

.3969 

.92 

1.055 

1.454 

.7259 

5.2 

90.63 

90.64 

.9999 

.43 

.4434 

1.094 

.4053 

.93 

1.070 

1.465 

.7306 

5.3 

100.17 

100.17 

1.0000 

.44 

.4543 

1.098 

.4136 

.94 

1.085 

1.475 

.7352 

5.4 

110.70 

110.71 

1.0000 

.45 

.4653 

1.103 

.4219 

.95 

1.099 

1.486 

.7398 

5.5 

122.34 

122.35 

1.0000 

.46 

.4764 

1.108 

.4301 

.96 

1.114 

1.497 

.7443 

5.6 

135.21 

135.22 

1.0000 

.47 

.4875 

1.112 

.4382 

.97 

1.129 

1.509 

.7487 

5.7 

149.43 

149.44 

1.0000 

.48 

.4986 

1.117 

.4462 

.98 

1.145 

1.520 

.7531 

5.8 

165.15 

165.15 

1.0000 

.49 

.5098 

1.122 

.4542 

.99 

1.160 

1.531 

.7574 

5.9 

182.52 

182.52 

1.0000 

drawn  by  making  use  of  the  table. 


o  x 

sinh  a; 


FIG.  1 


FIG.  2 


FIG.  3 


213.  Hyperbolic  functions  of  v  +  w.  Formulas  for  hyperbolic  func- 
tions, corresponding  to  two  of  (4),  p.  3,  are 

(D)  sinh  (v  -f-  w)  =  sinh  v  cosh  w  -f  cosh  v  sinh  w, 

(£)  cosh  (y  +  w)  =  cosh  v  cosh  u>  +  sinh  v  sinh  w. 

Proof  of  (D).  From  the  definition  (A),  replacing  v  by  v +w,  we  have 

6          —  € 


(D 

(2) 


sinh  (v  +  « 
cosh  (v  +  w]  — 


er' 


The  right-hand  member  of  (1)  is  transformed  as  follows,  making 
use  of  (1),  Art.  210. 


—  e 


2  2 

_  (cosh  v  +  sinh  v)  (cosh  w  +  sinh  w)  —  (cosh  v  —  sinh  «)  (cosh  w  —  sinh  w) 

2 

Multiplying  out  and  reducing,  we  get  (D).  Formula  (£)  is  proved 
in  the  same  way. 

If  we  set  w  =  v  in  (Z>)  and  (E),  we  have 

(3)  sinh  2  v  =  2  sinh  v  cosh  v, 

(4)  cosh  2v  =  cosh2  p  +  sinh2  ». 


These  are  analogous  to  the  formulas  for  sin  2  x  and  cos  2  x,  re- 
spectively, of  (5),  p.  3.  From  (#)  and  (4),  we  get  results  which 
correspond  to  the  formulas  for  sin2  x  and  cos2  x  in  (5),  p.  3.  These  are 

(5)        sinh2  v  =  %  cosh  2  v  —  %,    cosh2  v  =  %  cosh  2  w  +  \. 

Other  relations  for  hyperbolic  functions,  which  may  be  compared 
with  those  on  page  3  for  trigonometric  functions,  are  given  in  the 
problems. 

ILLUSTRATIVE  EXAMPLE.   Derive  the  formula 

sinh  2  v 


(6)  tanh  v  — 


cosh  2  v  +  1 
(7)  tanh2  v  = 


Solution.   From  (5),  by  division,  we  get 

cosh  2  v  —  1 


cosh  2  v  +  1 
cosh  2  v  —  1      cosh  2  v  +  1       cosh2  2  v 


N°W  cosh  2  w  +  1      cosh  2  t;  +  1       (cosh  2  i>  +  I)2 

By  (5),  cosh2  20  —  1=  sinh2  2  ».   Hence  (7)  becomes 

sinh2  2  w 


(8)  tanh2  v  = 


and  therefore  tanh  0  =  ± 


(cosh2»  +  l 
sinh  2  » 


cosh  2  «  +  1 


The  sign  before  the  right-hand  member  must  now  be  examined.    From  (3) 
we  have  o    •  T. 

sinh  2v=        ,    ®  cosh2  v  =  2  tanh  »  cosh2  v. 
cosh  9 

Therefore  sinh  2  «  and  tanh  w  will  always  agree  in  sign.    Also  cosh  2  v  +  1  is 
always  positive.   Hence  the  positive  sign  must  be  used,  and  we  get  (6). 
If  v  is  replaced  by  |  v,  (6)  becomes 

,n\  x    u  " 

(9)  tanh  -  = 

v  ' 


2      cosh  # 


PROBLEMS 

1.  The  value  of  one  hyperbolic  function  is  given.    Find  the  values  of 
the  others  and  check  as  far  as  possible  by  the  table  on  page  416. 

(a)  cosh  x  —  1.25.  (c)  sinh  x  =  10. 

(b)  csch  x  =  -  0.75.  (d)  ctnh  x  =  -  2.5. 

Prove  each  of  the  formulas  in  Problems  2-7,  and  compare  with  the 
corresponding  formula  (if  any)  in  (2),  (4)-(6),  pp.  2,  3. 

2.  1  —  ctnh2  v  =  —  csch2  v. 

3.  sinh  (v  —  w)  —  sinh  v  cosh  w  —  cosh  v  sinh  w, 
cosh  (v  —  w}  —  cosh  v  cosh  w  —  sinh  v  sinh  w. 


„    ,     n    ,    ,      x        tanh  v  ±  tanh  w 
4.  tanh  (v  ±w)  = 


1  ±  tanh  v  tanh  w 
5.  sinh     =  ± 


6.  sinh  v  +  sinh  w  =  2  sinh  %(v  +  w)  cosh  -|(»  —  w), 
cosh  v  +  cosh  w  =  2  cosh  %(v  +  w)  cosh  J(»  —  w). 


cosh 

8.  Show  that  the  equation  of  the  catenary  (figure,  p.  532)  may  be 

written  y  =  a  cosh  -• 
a 

dzn 

9.  Solve  the  differential  equation  -~  —  y  =  Q  in  terms  of  hyperbolic 

CvJ./ 

functions,  given  that  y  =  3  when  x  =  0,  and  y  —  0  when  tanh  x  =  f. 

Ans.   ?/  =  3  cosh  a;  —  3.75  sinh  a;. 

10.  Show    that    sech  (—  a?)  =  sech  a;.     Draw    the    graph    and    prove 
lim  sech  x  =  0. 

a;->  oo 

11.  Show  that  ctnh  (—  a;)  =  —  ctnh  x.    Draw  the  graph  and  prove 
lim  ctnh  x  —  1. 

Z->  +00 

12.  Show  that   csch  (—  a;)  =  —  csch  x.     Draw  the  graph  and  prove 
lim  csch  x  ~  0. 

£-»  00 

13.  Prove  (a)  sinh  3^  =  3  sinh  u  +  4  sinh3  u  ; 

(b)  cosh  3  u  =  4  cosh3  u  —  3  cosh  u. 

14.  Show  that  (sinh  x  +  cosh  x}n  —  sinh  nx  +  cosh  nx.    (n  any  positive 
integer.) 

15.  Prove  that  sinh2  x  —  sinh2  y  =  sinh  (a;  +  y)  sinh  (x  —  y}. 

16.  Simplify  cosh2u+cosh4^  A^   ctnh(M  +  2i;). 

smh  2  w  +  sinh  4  v 

17.  Parametric  equations  for  the  tractrix  may  be  written 

x  =  t  —  a  tanh  ->    y  =  a  sech  — 
a  a 

The  parameter  is  £,  and  a  is  a  constant.  Plot  the  curve  when  a  =  4.  (The 
tractrix  is  the  curve  for  which  the  length  of  the  tangent  (Art.  43)  is  con- 
stant and  equal  to  a.  Figure  in  Chapter  XXVI.) 

18.  Solve  0  =  nz(y  -  mz2). 

Ans.  y—  A  cosh  nx  +  B  sinh  nx  +  mx2  •]  —  - 


214.  Derivatives.  The  formulas,  in  which  v  is  a  function  of  x,  are 
follows. 

d     .  ,  i.     dv 

XXVII  jfc  smh  v  =  cosh  v  -^  • 

XXVIII  ~  cosh  v  =  sinh  v  -2  . 


XXIX  tanh  v  =  sech2  y 


2 

XXX  ^-ctnhv  =  -csch2i;-^- 

d  ^    ^     dv 

XXXI  -7-  sech  y  =  —  sech  v  tanli  v  -T-- 
dx  "* 

XXXn  ~  csch  u  =  -  csch  v  ctnh  v  -r-  - 

dx  ax 

Proof  of  XXVII.   By  (A),  sinh  v  = 


e 

m,  d    .  ,  (to    _  dx 

Then  -  sinh  v  =  -  - 


BV 


i, 
=  cosh  v  -j-> 

using  (A).  . 

Formula  XXVIII  is  proved  in  a  similar  manner.  Ihe  prool 
XXIX  is  analogous  to  that  given  in  Art.  72  for  the  derivative 
tan  v.  To  prove  XXX-XXXII,  differentiate  the  forms  as  given  in 
Art.  211.  The  details  are  left  as  exercises. 

215.  Relations  to  the  equilateral  hyperbola.   The  curve  for  whic 

(1)  x  =  a,  cosh  v,    y  =  a  sinh  v 

are  parametric  equations  is  the  equilateral  hyperbola  x2  -  y2  = 
For,  eliminating  the  parameter  v  by  squaring  and  subtracting, 
have  2-2  =  a2cosh2fl-sinh2fl)  =  a2.  By 


Fig.  2,  p.  421,  shows  a  hyperbolic  sector  OAPi  bounded  by 
arc  APi  of  (1),  the  semitransverse  axis  OA,  and  the  radius  ve 


Theorem.   The  area,  of  the  hyperbolic  sector  OAP\  equals  %  a2Vi. 

Proof.  Let  (p,  6)  be  the  polar  coordinates  of  any  point  on  the  arc 
•APi.   Then  the  element  of  area  is  (Art.  159)  dA  =  %  p2  d6. 


PIG.  1  .  FIG.  2 

2  —  x2  +  y2  =  a2 (cosh2  v  +  sinh2  if).  Using  (1) 


But  p 

Also  by  (5),  p.  4, 

6  =  arc  tan  -  =  arc  tan  (tanh  v). 

dO         sech2  v 


By  a) 


Therefore 


tanh2t>' 


Using  (C)  and  (1),  Art.  211,  we  get 

dv 


By  XXII,  p.  87,  and  XXIX 


dd  = 


Q.E.D. 


cosh2  v  +  sinh2  v 
and  therefore  dA  =  \  a2  dv. 

The  theorem  follows  by  integration,  since  v  =  0  at  A. 
The  parametric  equations  of  the  circle  in  Fig.  1  are 

x  =  r  cos  t,    y  =  r  sin  t.  Art.  81 

The  parameter  t  equals  ti  at  PI,  and  ti  is  the  measure  of  the  central 
angle  AOPi  in  radians.  Hence  the  area  of  the  circular  sector  AOPi 
is  |  r2ti. 

Let  r  =  a  =  1.   Then  in  Fig.  1,  for  P(x,  y)t 

x  =  cos  t,    y  =  sin  t,    \t  —  area  AOP. 
In  Fig.  2,  for  P(sc,  y\ 

x  =  cosh  #,     ^  =  sinh  y,     J  y  =  area  AOP. 

Hyperbolic  functions,  therefore,  have  the  same  relations  to  the 
equilateral  hyperbola  as  the  trigonometric  functions  do  to  the  circle. 


PROBLEMS 

1.  Show  that  the  element  of  length  of  arc  for  the  catenary  y  =  a  cosh  — 

x  a 

is  given  by  ds  =  cosh  -  dx. 

2.  In  the  catenary  of  Problem  1  prove  that  the  radius  of  curvature 
equals  —  • 

Verify  the  following  expansions  of  functions  by  Maclaurin's  series,  and 
determine  for  what  values  of  the  variable  they  are  convergent. 

3.  sinh  x  =  x-i-^-+r^+---  +  r£ r  +  •  •  •.  Ans.   All  values 


18   '   [5 

X2        X^  X2n 

4.  cosh  £=l-f-77r  +  T+'<'  +  m — h  •  •  ••  Ans.   All  values. 

24  2  n 


Verify  the  following  expansions,  using  the  series  in  Problems  3  and  4 
and  the  methods  explained  in  Art.  195. 

5.  sech  x  =  1  -  i  x2  +  21  cc4  -  TVo  z6  +  •  •  •. 

6.  tanh  x  =  x  —  %  x3  +  -fg  x5  —  ^jj  x7  +  •  •  -. 

7.  Test  the  function  5  cosh  x  +  4  sinh  x  for  maximum  or  minimum 
values.  Ans.   Minimum  value,  3. 

8.  Test  the  function  A  sinh  x  +  B  cosh  x  for  maximum  or  minimum 


values.  Ans.    If  B2  >  A2,  a  maximum  value  -      s2  -  A2  if  B  <  0  ; 

a  minimum  value  +  Vs2  —  A2  if  B  >  0. 

9.  Derive  the  series  in  Problems  3  and  4  from  the  series  for  ex  and  e~x 
by  subtraction  and  addition.    (Use  (A)  and  Art.  195.) 

10.  Let  ds  =  length  of  the  element  of  arc  ;  let  p  =  V#2  +  y2  =  radius 
vector  of  P(x,  y)  for  the  circle  or  equilateral  hyperbola  of  Art.  215,  and 
take  limits  of  integration  for  the  arc  APi  in  Figs.  1  and  2,  p.  421.    Prove 

(a)  f~  =  ti  for  the  circle;   (b)  f—  =  Vi  for  the  hyperbola. 
J  P  J  P 

11.  Prove  lim  (cosh  x  —  sinh  x)  =  0. 

X-*  +  00 

12.  Evaluate  each  of  the  following  indeterminate  forms. 


a?  JB-.O 


,  ^  v     1  —  cosh  a;  /i 

(c)  Jim  -  5  -  •  •  Ans. 


13.  Given  tan  <6  =  sinh  x.  Prove  -    =  sech  x. 
^  dx 


HYPERBOLIC  FUNCTIONS 


423 


14.  Derive  the  expansion 

arc  tan  (sinh  x)  =  x  —  |-  x3  + 
by  integration  as  in  Art.  196,  using  the  result 
in  Problem  5. 

15.  Prove  the  following  theorems  for  the 
tractrix  (see  figure) 

x  =  t  —  a  tanh  ->     y  —  a  sech  — 
a  c 

(a)  The  parameter  t  equals  the  intercept  of 
the  tangent  on  the  z-axis. 

(b)  The  constant  a  equals  the  length  of  the 
tangent  (Art.  43). 

(c)  The  evolute  is  the  catenary  8  =  a  cosh  — • 

t  a 

(d)  The  radius  of  curvature  PC  is  a  sinh  — 


216.  Inverse  hyperbolic  functions.   The  relation 

(1)  y  =  sinh  v 

is  also  written 


(2)  v 

and  read  "v  equals  the  inverse  hyperbolic  sine  of  y."    Therefore 
sinh  v  and  sinbr1  y  are  inverse  functions  (Art.  39).   The  same  nota- 
tion and  nomenclature  are  used  for  the  other  inverse  hyperbolic 
functions,  cosh"1  v  ("  inverse  hyperbolic  cosine  of  v  "),  etc. 
The  curves 

(3)  y  =  sinh  x,    y  —  cosh  x,    y  =  tanh  x 

are  shown  again  on  page  424.  Assume  now  that  y  is  given. 

In  Fig.  1,  y  may  have  any  value,  positive  or  negative,  and  then 
the  value  of  x  is  uniquely  determined. 

In  Fig.  2,  y  may  have  any  positive  value  not  less  than  1.  When 
y  >  1,  x  has  two  values  equal  numerically  and  differing  in  sign. 

In  Fig.  3,  y  may  have  any  value  numerically  less  than  1,  and  then 
the  value  of  x  is  uniquely  determined. 

Summarized,  the  results  are 

The  function  sinh"1  v  is  uniquely  determined  for  any  value  of  v. 
Also  sinh""^—  v)  =  —  sinh"1  v. 

The  function  cosh"1  v,  when  v  >  1.  has  two  values  differing  only 


FIG.  1 


FIG.  2 


FIG.  3 


Hyperbolic  functions  were  defined  in  Art.  210  in  terms  of  ex- 
ponential functions.  The  inverse  hyperbolic  functions  are  expressible 
in  terms  of  logarithmic  functions.  The  relations  are 

sinh-1  x  =  In  (x  -f- 


CD 


+  l). 


(Anyx) 


cosh-1  *  =  In  (x  ±  Vx2  -  l). 


Proof  of  (F ).  Let  v  =  sinh-1 
(4)  'x  =  sinh  v  = 


I  —  x 

Then 

ev  —  e~v 


By 


To  solve  (4)  for  v,  write  it  as  follows : 

ev  ~  \  -  2  x  =  0,    or    e2*  -  2  ze1'  -  1  =  0. 
e° 

This  is  a  quadratic  equation  in  ev.  Solving,  ev  =  x  ±  Vz2  +  1. 
Since  ev  is  always  positive,  the  negative  sign  before  the  radical 
must  be  discarded.  Hence,  using  Napierian  logarithms,  we  have  (F). 


Proof  of  (G).  Let  v  =  cosh"1  x.   Then 
(5)  x  —  cosh  v  =  — ~ 


By  01) 


Clearing  and  reducing,  we  have  e2v  —  2  xev  + 1  =  0. 

Solving,  ev  —  x  ±  Vz2  —  1. 

Both  values  must  be  retained.   Taking  logarithms  gives  (G). 


Proof  of  (If).  Let  y  =  tanh"1  x.   Then 

(6)  x  =  twhv  =  ^^.  By(C) 
Clearing  of  fractions  and  simplifying,  the  result  is 

(x  -  l}ev  +  (x  +  l)e-»  =  0.  Hence  e2v  =  f1^- 

J.  —  x 

Taking  logarithms,  we  have  (H). 

ILLUSTRATIVE  EXAMPLE.   Transform 

(7)  5  cosh  x  +  4  sinh  x 

into  the  form  C  cosh  (x  +  a),  where  C  and  a  are  constants,  and  find  C  and  a. 
Solution.   By  (E),  Art.  213,  we  have 

(8)  '  C  cosh  (x  +  a)  =  C  cosh  x  cosh  a  +  C  sinh  x  sinh  a. 
Hence  (7)  will  have  the  desired  form  if  C  and  a  satisfy  the  equations 

(9)  C  cosh  a  =  5,    C  sinh  a  =  4. 

Squaring,  subtracting,  and  using  (£),  Art.  210,  we  get  C2  =  9.  Then  C  =  +  3, 
since  cosh  a  must  be  positive.  Also,  by  division,  tanh  a  =  f .  Hence 

a  =  tanh-1  0.8  =  4  In  9.  By  (ff) 

Therefore  a  =  1.099  and 

(10)  5  cosh  x  +  4  sinh  x  =  3  cosh  (x  +  1.099). 

The  graph  of  the  function  5  cosh  x  +  4  sinh  x  may  be  obtained  from  the  graph 
of  5  cosh  x  by  translating  the  #-axis  to  the  new  origin  (1.099,  0).  (Compare  with 
Illustrative  Example  2,  p.  391.) 

When  x  is  given,  the  values  of  sinh"1  x,  cosh"1  x,  or  tanh"1  x  can 
be  determined  by  the  table  on  page  416  to  not  more  than  three  signifi- 
cant figures.  For  example,  sinh"1  0.25  =  0.247;  cosh"1  3  =  ±  1.76. 
For  greater  accuracy  (F),  (G),  or  (H)  may  be  used  if  tables  of 
Napierian  logarithms  are  at  hand.* 

217.  Derivatives  (continued).  The  formulas,  in  which  v  is  a  function 
of  x,  are  as  follows.  ^v 

XXXIII  sinh-1^     , dx      •  (Any  u) 


XXXIV  4~  cosh-1  v  = (v  >  1) 

dx 


XXXV  4"  ta^"1  v  =  •  < 

ax 

*  The  Smithsonian  Mathematical  Tables,  "Hyperbolic  Functions"  (1909),  give  the 
values  of  sinh  u.  cosh  u.  tanh  «..  ptnh  11.  t.n  five  significant  figures.    Values  of  the  norresnonrl- 


Proof  of  XXXIII.    (Compare  Art.  75.)   Let 

y  =  sinh"1  v; 
then  v  =  sinh  y. 

Differentiating  with  respect  to  y,  by  XXVII, 


coehv; 


By  (C),  Art. 


Since  v  is  a  function  of  x,  this  may  be  substituted  in  (4),  Art. 

du  =  __L_  rf?; 
cfcc  ~"  cosh  y  dx 


[cosh  j/  = 


_ 
z)2  +  1  cfe 

+  1  =  VC2  +  1,  by  (B).] 


The  proofs  of  XXXIV  and  XXXV  are  similar.   Other  formulas 
the  following. 


0) 
CO 

<*) 

xxxvi 

XXXVII 
XXXVIH 


ctnh-ix  =  |ln£i| 


(0< 


csch"1  x  = 


—  ctnh"1  v  — 
dx 


dv 
dx 


— 
dx 


sechr1  v  — 


dv 
dx 


(u2  : 
(0<i;  < 


-r-  csch"1  v  = 
dx 


dv 
dx 


*>/!+£ 
Details  of  the  proofs  are  called  for  in  Problems  5-8  on  the 


PROBLEMS 

1.  Show  that  the  two  values  of  cosh"1  x  in  (G)  differ  only  in  sign. 

2.  Draw  the  graph  of  y  =  \  sinh"1  x.    Check  in  the  figure  the  values 
of  y  and  y'  when  x  =  2.  Ans.   y  =  0.72,  y1  —  0.2236. 

3.  Prove  XXXIII  directly  by  differentiating  (F). 

4.  Draw  the  graph  of  each  of  the  following  and  check  in  the  figure 
the  values  of  y  and  y'  for  the  given  value  of  x. 

(a)  y  =  cosh"1  x;  x  =  2. 

(b)  y  =  ta.nh~l  x;  z  =  -0.75. 


5.  Prove  XXXIV  and  XXXV. 

6.  Derive  (/)  and  XXXVI. 

7.  Derive  (7)  and  XXXVII. 

8.  Derive  (£)  and  XXXVIII. 

9.  Derive  the  expansion 


by  Art.  195. 

10.  Given  sinh  x  =  tan  </>.   Prove 

dx 
(a)  x  =  In  (sec  0  +  tan  <j>)  ;    (b)  —  =  sec  <b. 


11.  Show  that  csch"1  v  =  sinh~1  _•    Derive  XXXVIII  from  XXXIII, 

V 

using  this  relation. 

12.  Evaluate  lim  x  ctnh~ *  x.  Ans.   1. 

X  =  oo 

13.  Evaluate  lim  x  csch"1  x. 

14.  Derive  the  expansion 

1  1  •  3  f5 

»  1  -I  J.  Q  I  J-  (J       •(/ 

smh-^  =  x--x3  +  ^l5   -•••• 

15.  Evaluate  lim  (sinh""1  x  —  In  x}.  Ans.   In  2 

16.  Show  that  ctnh"1  v  =  tanh"1  -»  sech"1  v  —  cosh"1  -»  and  verify 

v  v  J 

XXXVI  and  XXXVII  from  these  relations. 

i«  -D          d  4.     i.   1   tanhatanx  s'nh  a 

17.  Prove  —  tanh^1  — - — • =  — r 

ax  sech  a  +  sec  x      1  +  cosh  a  cos  x 

18.  Draw  the  graphs  of  (a)  y=  ctnh"1  x;  (b)y=sech~1x;  (c)  y=csch~1x, 
using  the  theorem  of  Problem  28,  p.  41. 


»j.o.  leiegrapn.  line.   Assume  m  a  ceiegrapn  line  mat  a      steady 
state  "  of  flow  of  electricity  from  A,  the  home  end,  to  B,  the  receiving 
end,  has  been  established,  with  perfect     A   j        p      ^  B 

insulation  and  uniform  linear  leakage.   P      r  -  T~  ---------------  _  _  < 

is  any  intermediate  point.    We  need  to      '  *" 

consider  : 

the  electromotive  force  (volts),  e.m.f  .,  EA  at  A,  EB  at  B,  E  at  P  ; 
the  current  strength  (amperes),  IA  at  A,  IB  at  B,  I  at  P; 
the  characteristic  constants  a  and  ro,  whose  values  depend  upon 
the  linear  resistance  and  leakage.   They  are  positive  numbers. 

Let  x  —  AP.   Then  it  is  shown  in  books  on  electrical  engineering 
that  E  and  J  are  functions  of  x  such  that 


(2) 

We  wish  to  find  the  e.m.f.  and  current  strength  at  P.  They  are 

(3)  E  =  EA  cosh  ax  —  roIA  sinh  ax, 

TJ1 

(4)  /  =  I  A  cosh  ax  --  -  sinh  ax. 

ro 

Proof.  The  complete  solution  of  (1)  is  (Illustrative  Example, 
Art.  210) 

(5)  E  —  A  cosh  ax  +  B  sinh  ax. 

Substituting  in  (2),  the  result  is 

(6)  rQI  =  —  A  sinh  ax  —  B  cosh  ax. 


But  E  =  EA,  I  =  I  A  when  x  =  0.   Therefore  A  —  EA,  B  =  — 
and  (5)  and  (6)  become  (3)  and  (4)  respectively. 

For  the  solution  in  terms  of  the  e.m.f.  and  current  strength  at 
the  receiving  end,  see  Problem  2  below. 


PROBLEMS 

All  refer  to  a  telegraph  line  in  a  "steady  state,"  and  L  =  AB. 

1.  Given  EA  —  200  volts,  L  =  500  kilometers,  r0  =  4000  ohms,  a  =  0.0025, 
IB  =  0.   Find  I  A  and  EB. 

Ans.   I  A  =  0.05  tanh  1.25  =  0.04238  ampere ; 

EB  =  200  sech  1.25  =  105.8  volts  =  0.53  EA. 


«.  ii  y  =  r jo  =  ui8i,ance  tu  r  irom  tne  receiving  enu,  snuw  bna,L 

E  =  EB  cosh  ay  +  r0lB  sinh  a?/,     I  =  IB  cosh  CM/  +  —  sinh  ay. 

n> 

3.  Given  EA  =  200  volts,  IA  =  0.04  ampere,  r0  =  4000  ohms,  a  =  0.0025. 
Show  that 

E  =  120  cosh  (1.099  -  0.0025  3),    /  =  0.03  sinh  (1.099  -  0.0025  3). 

(See  the  Illustrative  Example,  Art.  216.  Thus  E  tends  towards  a  minimum 
value  of  120  volts  and  I  approaches  0  as  a;  approaches  439.6.) 

4.  Given  EA  =  160  volts,  IA  =  0.05  ampere,  r0  =  4000  ohms,  a  =  0.0025. 
Show  that 

E  =  120  sinh  (1.099  -  0.0025  x),    I  =  0.03  cosh  (1.099  -  0.0025  x). 

(See  the  Illustrative  Example,  Art.  216.    Thus  E  approaches  zero  and  / 
decreases  to  a  minimum  value  of  0.03  ampere  when  x  approaches  439.6.) 

d2! 

5.  Prove  that  -^  —  a2!  =  0.    (Thus  E  and  I  are  solutions  of  the  same 

CL3C 

linear  differential  equation,  which  has  the  form  y"  —  a2y  =  0.) 

6.  Given  EA  =  r0lA>   Prove 

(a)  E  =  EAe~ax,  I  =  lAe~ax; 

(b)  E  =  r0I', 

(c)  E  — >  0  when  x  becomes  infinite. 

(For  example,  if  r0  =  4000,  and  the  impressed  e.m.f.  at  the  home  end 
of  the  line  is  4000  times  the  current  strength,  then  at  every  point  of  the  line 
the  e.m.f.  is  4000  times  the  current  strength  and  diminishes  towards  zero 
as  the  length  of  the  line  is  indefinitely  increased.) 

7.  In  Problem  6  show  that  the  decrease  in  E  at  P  at  unit  distance  along 
the  line  from  P  equals  Ee  ~  a,  where  e  is  the  Napierian  base. 

8.  Prove  the  following. 

(a)  If  IB  =  0,    then    EA  =  T^IA  ctnh  aL. 

(b)  If  EB  ~  0,     then     EA  =  TO!A  tanh  aL. 


ADDITIONAL  PROBLEMS 

Derive  the  following  relations. 


1.  If  EA  >  r0IA  and  r  =  tanh-1  ^»  then 

EA 

E  =  EA  sech  r  cosh  (r  —  ax),    I  =  I  A  csch  r  sinh  (r  —  ax). 

pi 

2.  If  EA  <  roIA  and  r  =  tanh-1  — —  >  then 

E  =  EA  csch  r  sinh  (r  —  era),    I  =  IA  sech  r  cosh  (r  —  ax). 
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219.  Integrals.  A  list  of  elementary  integrals  involving  hyperbi 
functions  and  supplementing  Art.  128  is  given  here. 

(24)  I  sinh  vdv  =  cosh  v  +  C. 

(25)  I  cosh  vdv  =  sinh  v  +  C. 

(26)  I  tanh  v  dv  =  In  cosh  v  -f-  C. 

(27)  f  ctnh  v  dv  —  In  sinh  v  +  C. 

(28)  f  sech2  v  dv  =  tanh  v  +  C. 

(29)  f  csch2  vdv  —  —  ctnh  i;  -f  C. 

(30)  I  sech  f  tanh  v  dv  =  —  sech  u  +  C. 

(31)  I  csch  v  ctnh  v  dv  =  —  csch  i>  +  C. 

The  proofs  follow  immediately  from  XXVII-XXXII,  except 
(26)  and  (27).   To  prove  (26),  we  have 

f  tanh  v  dv  =  C^-^  dv  by 

J  J  coshfl 

=  r^M=lncoshl)+c. 

J     cosh  v 
The  proof  of  (27)  is  similar. 

ILLUSTRATIVE  EXAMPLE.   Derive  the  formulas 

(1)  /  sech  v  dv  =  arc  tan  (sinh  v)  +  C  ; 

(2)  Teach  v  dv  =  In  tanh  |  +  C. 

1          cosh  w          cosh  w 


„  ,  ...        o-  i 

Solution.   Since  sech  v  = 


.  ,      , 
cosh  i)     cosh2  u     1  +  sinh2  v 

we  have  fsech  ,  dv  = 

J 


csch2  v  +  csch  v  ctnh  v 


I  csch  v  dv  =  —  I 


ctnh  v  +  csch  v 

csch2  v  —  csch  v  ctnh 


ctnh  v  +  csch  » 
_  _  p^(ctnh  v  +  csch  p) 

J     ctnh  i>  +  csch  v 
=  —  In  (ctnh  v  +  csch  »)  +  C 


=  -ln  (^~  +  -^r- }  +  C  by  (1),  Art.  211 

\o.,v,U     „  Smh   yl 


=  -  In  (cosh  v  +  1)  +  In  sinh  v  +  C  =  In     s*nh  p     +  C 

cosh  D  + 1 

=  In  tanh  f  +  C.  By  (9),  Art.  213 


PROBLEMS 
Work  out  the  following  integrals. 

1.  I  sinh2  v  dv  =  %  sinh  2  0  —  f  v  +  C. 

2.  |  cosh2  v  dv  =  ^  sinh  2  v  +  i  v  +  C. 

3.  |  tanh2  vdv  =  v  —  tanh  v  +  C. 

4.  I  ctnh2  v  dv  =  v  —  ctnh  v  +  C. 

5.  |  sinh3  v  <&>  =  £  cosh3  v  —  cosh  v  +  C. 

6.  /  cosh3  v  dv  =  %  sinh3  v  +  sinh  v  +  C. 

7.  |  tanh3  v  cfo  =  In  cosh  v  —  %  tanh2  v  +  C. 

8.  I  tanh4  v  dv  =  v  —  tanh  w  —  £  tanh3  v  -f  C. 

9. 1  csch3  v  dv  —  —  J  csch  v  ctnh  v  —  -J  In  tanh  ^  +  C. 
./  2 

10.  J  x  sinh  xdx  —  x  cosh  a;  —  sinh  x  +  C. 

11.  J  cos  x  sinh  x  cfo  =  ^(cos  x  cosh  a;  +  sin  x  sinh  a?)  +  C. 

/I 
sinh  (ma;)  sinh  (nx)  =  —= [m  sinh  (nx)  cosh  (ma;) 
m2  —  n2  ^     ' 

—  n  cosh  (wa;)  sinh  (ma;)]  +  C. 


Work  out  each  of  the  following  integrals. 

13.  fsinh4  x  dx.  15.  (sin  x  cosh  x  dx. 

14.  fsech4  2  x  dx.  16.  I  x  tanh  x  dx. 

17.  Ac2  cosh  x  dx.  18.  fe1  sinh  x  dx.  19.  jV*  cosh  z  dx. 

Work  out  each  of  the  following,  using  the  hyperbolic  substitution  in- 
dicated.   (Compare  Art.  135.) 

.  jvx2  —  4  dx  ;  x  =  2  cosh  w.     Aws.  f  zVz2  —  4  —  2  cosh"1  £  £  •+  C. 


20 


21.  f  -  —  —  s  ;  w  =  a  tanh  2. 
J  (a2-w2)2 


cc2  4-  2  a;  +  5 

/>• 

23.  The  arc  of  the  catenary  y  =  a  cosh  -  from  (0,  a)  to  (x,  y)  is  revolved 

Cv 

about  the  #-axis.    Find  the  area  of  the  curved  surface  generated,  using 
hyperbolic  functions. 

24.  Find  the  centroid  of  the  hyperbolic  sector  OAPi  in  Fig.  2,  Art.  215. 
(Compare  Problem  12,  p.  337.)    Ang    -  _  2  o  sinh  ^  -  _  2  fl  cosh  t>i  -  1 

3        »i  3  vi         ' 

220.  Integrals  (continued).  From  XXXIII-XXXVIII  we  may 
derive  integrals.  Some  of  them  we  have  already  met  in  Art.  128. 
Their  values  are  now  expressible  in  terms  of  inverse  hyperbolic 
functions. 

(32)         C    .  dv       =  sinh-  x  -  +  C.  (v  any  value) 

J  V  y2  +  a2  a 


(34)  nr2-!  =  -  tanh-  1  H  +  C.  (»»  <  a* 

2       * 


(36) 

(37)  =~csch"+a  (t)my  value) 


(38)  f  Vv2  +  a2  dv  =  £Vv2  +  a2  +  ~  sinh-1  -  +  C. 
J  &  6  a. 

(39)  I  Vv2  —  c^  dv  —  gVi;2  —  a2  —  —  cosh-1  -  +  C. 

J  a  ti  Q. 

In  (33)  and  (39)  the  positive  value  of  the  inverse  hyperbolic 
cosine  must  be  used,  and  in  (36)  the  positive  value  of  the  inverse 
hyperbolic  secant. 

Proofs  of  (32)  and  (33).   Let  x  =  -  in  (F).   Then 

sinh-1  -  =  In  (-  +  "\/~5  +  1 )  = In  (v  +  Vfl2  +  a2)  —  In  a. 

Hence 

(1)  In  (v  +  Vv2  -f-  a2)  =  sinh- !  -  +  In  a. 
In  the  same  way,  from  (G)  we  get 

(2)  In  (v  +  V?;2  -  a2)  =  cosh-1  -  +  In  a. 

Qi 

Using  these  results  in  the  right-hand  member  of  (21),  p.  193,  we 
get  (32)  and  (33). 

Proofs  of  (34)  and  (35).  Let  x  =  -  in  (#).  Then 

(3)  -m^t^tanh-1-- 
2      a  —  v  a 

Then  (34)  follows  from  (3)  and  (19  a),  p.  192. 

In  the  same  way,  from  (/)  and  (19),  p.  192,  we  get  (35). 


Proof  of  (36).  Since 

-d(l\ 

by  XXXVII 


we  have  I  —  /  .         =  —  -  secbr1  -  if  the  positive  sign  before  the 
J  flVa2  —  v2          a  a  L  & 

radical  is  chosen.   The  proof  of  (37)  is  similar. 

Formulas  (38)  and  (39)  follow  from  (23),  p.  193,  using  (1)  and  (2). 

REMARK.  Since 

ctnlr1  -  =  tanh"1  -  >     sech-1  -  =  cosh"1  -  >     cschr1  -  =  sinh-1  -  > 
a  v  a  v  a  v 

the  integrals  (35W37)  may  also  be  expressed  in  terms  of  the  functions  most  con- 
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ILLUSTRATIVE  EXAMPLE.  Derive  (37)  by  means  of  the  substitution  v  —  a  csch  z. 
(Compare  Art.  135.) 

Solution.  We  have 


Also 

Therefore 


fi>2  +  a2  =  Va2  csch2  z  +  a2  =  a  ctnh  z. 
dti  —  —  a  csch  z  ctnh  z  dz. 


By  XXXII 


r      dv       _  r—_ 

J  z>V?)2  +  a2      J  a 


—  a  csch  z  ctnh  z  dz      _  1         _, 
csch  z  •  a  ctnh  z  ~      a 


Since  z  =  csch-1  ->  we  have  (37). 


PROBLEMS 

1.  In  the  figure  the  curve  is  the  equilat- 
eral hyperbola  x2  —  y2  =  a2.   Using  Art.  142, 
prove  that 

(a)  area  AMP  =  triangle  OMP  -  -  a2  cosh"1  -  ; 

Z  a 

1  x      1 

(b)  sector  OAP  =  -  a2  cosh"1  -  =  -  a?v, 

u  CL        u 

if  x  =  a  cosh  v.    (Thus  we  have  an  alternative 
proof  of  the  theorem  of  Art.  215.) 

2.  Derive  each  of   the   following  power 
series  by  integration  -(Art.  196). 

-x3  +  -x5  +  -- 
o  5 

1  x3  ,  1  •  3  x5      1-3-5 
-¥  +  —  T-- 


(a)  tanh"1  x  = 


"Work  out  the  following  integrals. 

3.  fsinh"1  x  dx  =  x  sinh"1  x  —  Vl  -f  x2  +  C. 

4.  Jtanh"1  x  dx.  5.  fx  cosh"1  x  dx. 

"Work  out,  using  hyperbolic  functions. 

/•i         *~  r2       dx  /-fi 

7Vo  25  -  4  a*'  8' J3 


-^o  V16  a;2  +  9 

9.  Find  the  length  of  arc  for  the  parabola  x2  =  4  y  from  (0,  0)  to  (4,  4), 

using  hyperbolic  functions.  Ans.   V20  +  sinh"1  2  =  5.92. 

10.  Find  the  area  bounded  by  the  catenary  y  =  a  cosh  -  and  the  line 

o  0, 


11.  The   downward   acceleration  a  of  a  falling   body  is   given  by 

—    QO    _    1  4,2        ov,J     41    —    A.      o   —    n       Trrl-,,™     1  —    fl          T?\^A     „,    m~A     „ 


(1) 

The  derivative  is 
XXXIX 


gd  v  =  arc  tan  (sinh  t?). 


A  i. 

-r-  gd  v  =  seen  v  ~r> 
dx to  dx 


assuming  v  to  be  a  function  of  x. 
Proof.  Differentiating  (1),  we  get 


But 
and 

Then 


—  o-d     =  -   cosh v 
dv  1  +  sinh2  v 

1  +  sinh2  v  =  cosh2  v, 

— i —  =  sech  v.  . 
cosh  v 

d      -,  T      dv 

-r-  gd  v  =  sech  v  - — 

UjJU  \Jbt\f 


By  XXII  and  XXVII 

by  (5) 

By  (1),  Art.  211 

By  (A),  Art.  38 


From  the  definition  (1)  and  Art.  77,  we  have 


When  v  increases,  gd  v  increases  (since  sech  v>  0). 
Its  value  lies  between  —  ^  TT  and  +  i  TT.  Some 
values  are  given  in  the  accompanying  table. 

By  (1),  Art.  219, 


(40) 


/  sech  v  d  v  =  gd  v  -f  C. 


TT) 


V 

gd  v 

0.5 

0.480 

1.0 

0.864 

1.5 

1.132 

2.0 

1.302 

2.5 

1.407 

3.0 

1.471 

3.5 

1.510 

4.0 

1.534 

4.5 

1.549 

5.0 

1.557 

To  find  the  inverse  function  (Art.  39)  let 

(3)  0  =  arc  tan  (sinh  v),    (—  f  TT  <  0  < 
and  solve  for  v.   The  result  is 

(4)  v  =  sinh"1  (tan  0). 

From  (3)  we  have  tan  $  =  sinh  v.    Since  cosh2  v  =  1 
by  (5),  the  trigonometric  functions  of  <j>,  when  t?  >  0,  can 
off  from  the  accompanying  right  triangle. 
Thus    sin  0  =  tanh  v,  cos  4>  =  sech  v,  etc. 

The  inverse  function  f  (4)  may  be  written 

(5)  v  =  In  (sec  <£  +  tan  0).  1 

*  Named  after  the  mathematician  Gudermann.  His  papers  were  published  in  1830. 
t  The  symbol  gd  ~  '  0  is  used  by  some  writers  (v  =  gd  ~  J  <£)  . 


sinh2  v, 
be  read 


sinhv 


Proof.  Replace  x  in  (F),  Art.  216,  by  tan  0,  and  note  that 
1  +  tan2  0  is  equal  to  sec2  0,  by  (2),  p.  2. 

Conversely,  given  (5),  then  0  =  gd  v. 

Proof.   Changing  to  exponentials,  (5)  becomes 

sec  <£  -j-  tan  0  =  ev,    or    tan  <£  —  ev  =  —  sec  <j>. 

Squaring  both  members,  substituting  sec2  </>  =  !  +  tan2  <j>,  and 
reducing,  the  result  is 


ev 


2"  =  1. 


•  =  sinh  v. 


By  (4) 

Q.E.D. 


2  tan  . 
Solving  for  tan  <f>,  we  get 

tan  </>  =  — p- 

Hence  <£  =  arc  "tan  (sinh  v)  =  gd  v. 

ILLUSTRATIVE  EXAMPLE.  In  the 
tractrix  let 

a  =  length  of  the  tangent  PT 
(constant  by  definition) ; 

t  =  intercept  of  the  tangent  on 
the  aj-axis ; 

0  =  angle  between  the  tangent 
line  directed  upward  and  the  #-axis ; 

0  =  0  when  t  =  0. 

Then  B(0,  a)  is  on  the  curve. 

To  prove 

(6)          0  =  gd^V 


Proof.  When  t  is  given,  0  is  determined.  Hence  0  is  a  function  of  t.  Let  the 
values  of  t  and  0  for  the  tangent  line  at  Q,  a  point  near  P,  be,  respectively, 
t+  At(=OT)  and  0+  A0.  Draw  TU  perpendicular  to  QT'.  Let  the  tangent 
lines  at  P  and  Q  intersect  at  S.  Then  in  the  right  triangles  UTT  and  STU  we 
have  TU  =  TT'  cos  UTT ;  TU  =  TS  sin  TSU. 

Therefore  TT'  cos  UTT  =  TS  sin  TSU. 

But  angle  UTT'  =  0  +  A0,  angle  TSU  =  A0,  TT'  =  At.  Hence 
At  cos  (0  +  A0)  =  TS  sin  A0. 

Let  Q  move  along  the  curve  towards  P,  and  let  A0  — » 0.  Then  At  and  A0  are  in- 
finitesimals. Also  S  approaches  P  and  TS  — » a.  Hence,  by  the  Replacement 
Theorem,  Art.  98,  and  (5),  Art.  68,  we  have 

dt  cos  0  =  a  dd).     or    d  -  =  sec  0  d<b. 
a 

Integrating,  and  remembering  that  0  =  0  when  t  =  0,  we  get 


-  =  In  (sec  0  -f  tan  0). 


Therefore,  by  (5), 


Q.E.D, 


PROBLEMS 


1.  The  figure  shows  the  circle  x2  +  y2  =  1  and  equilateral  hyperbola 
x2  -  y2  =  1  in  the  first  quadrant.    From  M,  the  foot  of  the  ordinate  MP 
of  any  point  P  on  the  hyperbola,   draw  MT 

tangent  to  the  circle.  Let  ^  v  =  area  of  the  hyper- 
bolic sector  OAP  (Art.  215),  and  <£  =  angle  AOT. 
Prove  (j)  =  gd  v. 

2.  Prove 

(a)  gd  v  =  2  arc  tan  ev  —  %  IT; 

(b)  I  sinh  v  tanh  v  dv  —  sinh  v  —  gd  v  +  C. 

3.  Draw  the  graph  of  y  =  gd  x.    Calcu- 
late y  and  y'  when  x=  1.   See  figure. 

Aws.    y  =  0.86,  y'  =  0.65. 

4.  In  the  Illustrative  Example,  p.  436,  if 
P  is  (x,  y},  prove  that 

x  =  t  —  a  sin  0,     y  =  a  cos  <jf>. 
From  these  and  (6)  derive  the  parametric  equations 


(0,-f) 


x  =  t  —  a  tanh  -» 
a 


y  =  a  sech  - 
a 


for  the  tractrix.  Find  the  rectangular  equation  also. 

5.  Derive  /  sech3  v  dv  =  \  sech  v  tanh  v  +  f  gd  v  +  C. 

6.  If  the  length  of  the  tangent  of  a  curve  (Art.  43)  is  constant  (=  a), 


(a)  prove 


dy__  _ 
dx 


y 


Va2  -  y2 


(b)  Integrate  by  the  hyperbolic  substitution  y  —  a  sech  -  and  the  con- 

a 

dition  x  =  0  when  t  =  0,  and  in  this  way  derive  the  equations  of  the 
tractrix  in  Problem  4. 

7.  Evaluate  each  of  the  following  by  differentiation. 


(a)  lim 

x-O 


X3 


z-,0 


Ans.    (a)  -  % ;  (b)  -gV 

8.  Using  the  expansion  of  Problem  14,  Art.  215,  we  have 

•I         ^^  1       ^     I       1         ^  61  7     I 

gQ  X  —  X       •g'  X    T~  «J4-  •£    "~  IT()4~(r  *^    ~t~  •  •  •• 

Calculate  the  value  of  gd  0.5  to  four  places  of  decimals.          Ans.   0.4804. 

9.  The  equation  (5),  p.  435,  may  be  written 

v  =•  In  tan  (5  TT  H-  J  0) . 
Prove  this  statement,  making  use  of  (2),  (4),  and  (5),  pp.  2,  3, 
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DIFFERENTIAL  AND  INTEGRAL  CALCULUS 


N   North  Pole 


222.  Mercator's  Chart.    The  figure  shows  a  portion  (one  eighth) 
of  a  sphere  representing  the  earth.    North  Pole  N,  equator  EF, 
longitude  BI  and  latitude  <pi  of  the  point  PI  are  indicated.   Q,  with 
longitude      6\  +  A0,      latitude 
0i  +  A0,    is    a   second   point, 
near  Pi   on  the  curve  PiQV. 
The   meridians    and    parallels 
through  Pi  and  Q  are  shown. 
They  form    the    quadrilateral 
PiSQR.    We  seek  expressions 
for  the  circular  arcs  RQ  and  PiR. 

Since  0  is  the  center  of  the 
equal  arcs  RQ  and  Pi  S,  each 
with  central  angle  A<£,  we  have 

(1)  arc  RQ  =  arc  PI  S  =  a  A</>. 

Also,  C  is  the  center  of  arc  PiR, 

with  central  angle  A0.    Hence 

arcPi#  =  CP.i  •  A0.    But,  in  the  right  triangle  OPXC  (right  angle 

at  C),  CPi  =  a  cos  4>i-  Hence 

arc  PiR  =  a  cos  (j>i  A0. 


Equator 


The  line  PiR'  is  tangent  at  PI  to  the  parallel  Pi-R.   The  line 
is  tangent*  at  PI  to  the  curve  PiQV".   The  angle  at  PI  between  the 
curve  and  the  parallel  is  the  angle  R'PiT.  Then 

(2) 

the  value  of  the  derivative  being  found  from  the  equation 

(3)  0=/(0) 

satisfied  by  the  latitude  and  longitude  of  each  point  of  the  curve 
PiQV. 

Proof  of  (2).   By  the  Replacement  Theorem,  Art.  98,  it  can  be 
shown  f  that 

nfft  t?r\ 

(4) 


Substituting  the  values  from  (1),  we  get  (2). 


i  Mercator's*  Chart  of  the  earth's  surface  the  point  with 
ide  fa  longitude  d,  is  represented  by  the  point  (x,  y]  such  that 
)  x  =  6,  y  =  In  (sec  $  +  tan  <£), 

.versely, 

)  d  =  x,    4>  =  gd  y.  By  Art.  221 

)  and  (6),  6  and  4>  are  expressed  in  radians.  Meridians  (Q  =  con- 
)  are  represented  on  the  chart  by  lines  parallel  to  the  y-axis, 
lels  (<p  =  constant)  by  lines  parallel  to  the  x-axis.    The  curve 
given  by  the  parametric  equations 
)  x  =  /((£),    y  =  In  (sec  $  +  tan  0). 

leorem.  The  angle  between  a  curve  on  the  sphere  and  an  intersect- 
arallel  is  unchanged  by  mapping. 

oof.  Let  (xi,  ?/i)  be  the  point  on  (7)  where  <j>  =  fa.  The  parallel 
nes  the  line  y  =  y\  on  the  chart.  Hence  we  have  to  prove  that 
urve  (7)  is  such  that 


'om  (7)  and  (3),  we  get 

dy.  _        ,k     d?L  —  f(fk\  —  d®. . 

len  (8)  follows  from  (A),  Art.  81,  and  (C),  Art.  39.  Q.E.D. 

tvo  important  corollaries  follow. 

>r.  /.    The  angle  at  PI  on  the  sphere  formed  by  two  curves, 

J  and  PiQ'R',  will  equal  the  angle  on  the  chart  at  (xi,  y{) 

id  by  the  corresponding  curves.    Hence  angles  remain  un- 

?ed  by  mapping. 

w.  II.  A  straight  line  on  the  chart  with  slope  tan  a  corresponds 

;urve  on  the  sphere  cutting  all  parallels  under  the  same  angle  a. 

curve  is  called  a  rhumb  line  (or  loxodrome) . 

[ong  a  rhumb  line 

)  $  =  gd(0  tan  a  +  &)• 

follows  from  (6)  and  y  =  a;  tan  a  +  &.    The  course  of_a  ship 

seding  always  in  the  same  direction  lies  along  a  rhumb  line.  In 

•epresentation  (5),  6,  and  therefore  x,  has  values  from  -  IT 

TT,  inclusive.  On  the  other  hand,  y  may  have  any  value  (Art.  221) . 

:e  the  entire  surface  of  the  earth  is  mapped  on  the  strip  of  the 

ane  determined  by  the  lines  x  =  —  ir  and  x  =  +  IT. 

Jerardus  Mercator  (1512-1594),  a  noted  cartographer,  published  his  Chart  of  the 
in  1569.   His  name  is  the  Latinized  form  of  Gerhard  Kremer. 
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A  rhumb  line  is  represented  on  the  map  by  a  series 
of  parallel  line  segments  such  as  AA\,  BB\,  CC\, 
etc.  in  the  figure,  where  BA\,  CB\,  etc.  are  parallel 
to  the  x-axis.  The  representation  is  "  conf ormal " ; 
that  is,  the  shape  of  small  areas  is  preserved.  This 
follows  from  Cor.  I.  For  example,  a  triangular 
figure  *  on  the  earth's  surface  bounded  by  rhumb 
lines  will  be  a  triangle  on  the  map,  and  corre- 
sponding angles  in  the  two  figures  will  be  equal. 
But  the  distortion  of  an  area  on  the  earth's  sur- 
face by  mapping  depends  upon  its  distance  from 
the  equator.  Problem  4,  p.  442,  brings  out  this 
point. 


A 


223.  Relations  between  trigonometric  and  hyperbolic  functions.  Let 

the  exponent  v  of  the  exponential  function  ev  be  a  complex  number 
x  -f-  iy  (x  and  y  real  numbers ;  i  =  V—  1) .  Then  we  assume  as  a 
definition 

(1)  ex+ iy  =  exeiy  =  ex(cos  y  +  i  sin  y}. 
If  x  =  0,  we  have  (see  p.  391) 

(2)  eiy  =  cos  y~\-i  sin  y. 
Change  y  to  —  y.   Then  (2)  becomes 

(3)  e~ iy  =  cos  y  —  i  sin  #. 

Solving  (2)  and  (3)  for  sin  y  and  cos  y,  the  results  are 

giv  _  a— »2/  aiv  _J_  0-ij/ 


(4) 


smy 


-»     cos  y  = 


Thus  the  sine  and  cosine  of  a  real  variable  are  expressed  in  terms 
of  exponential  functions  with  imaginary  exponents. 

Formulas  (4)  and  (-4)  suggest  definitions  of  the  functions  con- 
cerned when  the  variable  is  any  complex  number  z.  These  definitions 


are 


(5) 


iz  o  —  iz 


sm  2  = 


e"  — 


,iz  J_  a—^z 


2i 


sinh  z  = 


z /j  — z 


ez  —  e 


COS  Z  = 


cosh  2  = 


*  The  lines  x  =  —  TT  and  x  =  -f-  TT  represent  the  same  meridian  (180°  W.  or  180°  E.). 
It  is  assumed  that  this  meridian  does  not  cross  the  curvilinear  triangle.  In  the  figure,  A\ 
and  B  represent  the  same  point  on  the  earth,  as  do  also  Bi  and  C. 


The  other  trigonometric  and  hyperbolic  functions  of  z  are  defined 
by  the  same  ratios  as  are  used  when  the  variable  is  a  real  number. 
From  (5)  we  may  prove  the  following : 

(L)  sinh  iz  =  i  sin  z,    cosh  iz  ~  cos  z. 

[giz  g—  iz  "I 

sinh  iz  = =  i  sin  z,  using  (5)  ;  etc.  I 

From  (L),  by  division,  we  get 

(6)  tanh  iz  =  i  tan  z. 

The  similarity  of  many  formulas  in  this  chapter  to  others  for 
trigonometric  functions  is  explained  by  the  relations  (I)  and  (6) 
(see  Illustrative  Example  2).  The  right-hand  members  of  (5)  are 
expressible  as  complex  numbers  whose  real  parts  involve  only  trigo- 
nometric and  hyperbolic  functions  of  real  variables.  This  appears 
below  in  Illustrative  Example  1. 

ILLUSTRATIVE  EXAMPLE  1.  Derive  the  formula 

(7)  sinh  (x  +  iy}  —  sinh  x  cos  y  +  i  cosh  x  sin  y. 
Solution.  By  (5),  if  z  =  x  +  iy,  we  have 

(8)  sinh  (x  +  iy}  = ^ 

(q\  _  e*(cos  y  +  i  sin  y}  —  e-a!(cos  y  —  i sin  y)  _ 

u 

By  (1),  Art.  210,  if  v  =  x,  we  have 

ex  =  cosh  x  +  sinh  x,    e~x  =  cosh  x  —  sinh  x. 

Substitute  these  values  in  (9),  and  reduce.  The  result  is  (7). 
Changing  i  to  —  i,  (7)  becomes 

sinh  (x  —  iy)  =  sinh  x  cos  y  —  i  cosh  x  sin  y. 
'  The  form  of  the  right-hand  member  here  and  in  (7)  should  be  noticed. 

ILLUSTRATIVE  EXAMPLE  2.  Prove  directly  by  (5)  the  relations 
sin2  z  -H  cos2  2  =  1,     cosh2  2  —  sinh2  2  =  1. 

Solution.   The  details  are  the  same  as  in  the  proof  of  (B),  Art.  210. 
The  first  relation  may  be  derived  from  the  second  as  follows : 
Let    z  =  iv.     Then    cosh2  iv  —  sinh2  iv  =  1.     But,    by    (£),    cosh  iv  —  cos  v, 
sinh  iv  =  i  sin  v.  Hence  cos2  v  +  sin2  v  =  1. 

PROBLEMS 

1.  Using  differentials,  show  that  the  distance  apart  on  Mercator's  Chart 
of  the  lines  parallel  to  the  cc-axis  which  represent  the  parallels  at  latitudes 
<£i  and  $1  +  A</>,  respectively,  varies  as  sec  $\. 

2.  Along  a  rhumb  line  <p  =  gd  (6  tan  a  4-  6).  Prove  by  differentiation 
that  tan  a.  =  sec  0  ~  * 


0  =  02,  0  =  0i(02>0i)  is  a(sin  02  -  sin  00  (see  figure,  p.  438).  If 
y  =  y2,  y  =  yi  are  the  corresponding  parallels  on  the  map,  prove  the 
following. 

(a)  h  =  a(tanh  y*  —  tanh  y\) ; 

(b)  dy  =  -  sec2  0i  dh,  if  02  =  0i  +  d>4>. 

cz 

4.  Using  (b),  Problem  3,  show  that  equal  zones  of  small  altitude  whose 
lower  bases  are  parallels  at  latitudes  0,  30°,  45°,  60°,  respectively,  map 
into  rectangles  whose  areas  are  as  3  :  4  :  6  : 12.    (The  area  of  a  zone  equals 
its  altitude  times  the  circumference  of  a  great  circle.) 

5.  Describe  the  direction  of  a  curve  on  the  sphere  (a)  if  •—  =  0  ; 
j  i  do 

(b)  if  -^  becomes  infinite. 
dd 

6.  Derive  each  of  the  following  formulas  by  the  method  used  in  Il- 
lustrative Example  1. 

(a)  cosh  (x  +  iy)  =  cosh  x  cos  y  +  i  sinh  x  sin  y ; 

(b)  sin  (x  +  iy)  =  sin  x  cosh  y  +  i  cos  x  sinh  y ; 

(c)  cos  (x  +  iy)  =  cos  x  cosh  y  —  i  sin  x  sinh  #. 

From  these  write  the  values  of  cosh  (x  —  iy),  sin  (x  —  iy),  cos  (x  —  iy). 

7.  Prove  (a)  sinh  ( i  ^  ±  x ]  =  i  cosh  x ; 

\  ^        / 

/   TT       \ 
(b)  cosh  ( i  —  ±  x )  =  ±  i  sinh  z.. 

V  ^        / 

8.  Evaluate  each  of  the  following  to  two  places  of  decimals. 

(a)  sinh  (1.5  +  i) ;  (b)  cosh  (1  -  i) ; 

(c)  cos  (0.8  +  0.5  i) ;  (d)  sin  (0.5  +  0.8  i). 

Ans.    (a)  1.15  +  1.98  i;  (c)  0.78  -  0.37  i. 


ADDITIONAL  PROBLEMS 

1.  In  the  figure  of  Art.  222,  PI  MI  is  drawn  perpendicular  to  CR, 
and  therefore  perpendicular  to  the  plane  of  the  meridian  NQR.  Then 
triangle  PiQMi  is  a  right  triangle  (the  chord  PiQ  is  not  shown),  and 

tan  MiPiQ  =  -  *J ••  When  A0  — >  0,  the  line  Pi  MI  (produced)  approaches 
the  tangent  PaJ2',  and  angle  MiPiQ  approaches  angle  R'PiT.   Therefore 

(10)  tan . 


Compare  with  (4),  Art.  222,  and  show  that 

(a)  lim  -^4r-  =  1  (see  Fig.  1) ; 
A0-oarc  PiR 

(b)  lim l-%-  =  1  (see  Fig.  2,  which  shows 

A0->  oarc  RQ 

the  plane  of  the  meridian  NQR).  In  triangle 
MiQR  show  that  M\R  is  an  infinitesimal  of 
higher  order  than  QR  when  Ad  and  A<£  are  of 
the  same  order  (Art.  99).  Then  see  Problem, 
p.  148. 

Using  (a)  and  (b)  and  the  Replacement  Theo- 
rem, Art.  98,  (10)  becomes  (4),  Art.  222. 

2.  If  dsi  is  the  element  of  the  length  of  arc  for 
a  curve  on  the  sphere  of  Art.  222,  prove  that 
dsi2  =  a2(d<j>2  +  cos2  0  dQ2}.  (In  the  figure  of 

Art.  222,  (chord  PiQ)2  ==  PiM\2  4-  ~M 


FIG.  2 
andlimchord/^=l.) 


arc 

3.  If  ds  is  the  differential  of  the  arc  of  a  curve  on  Mercator's  Chart, 
show  that  ds2  =  sec2  0(d02  +  cos2  <j>  dQz}.    (Comparing  with  Problem  2, 
we  have  dsi2  =  a2  cos2  4>  ds2.) 

4.  Find  the  length  of  a  rhumb  line  between  points  whose  difference 
of  latitude  is  A<£.  Ans.   a  esc  a  A0.    (a  =  radius  of  the  earth.) 

5.  Prove  that  the  first  four  formulas  in  (4),  p.  3,  and  (D),  (£),  Art.  213, 
hold  when  x,  y,  v,  w  are  replaced  by  complex  numbers.    (Use  the  defi- 
nitions (5).) 

6.  Prove  the  formulas  of  Problem  6,  p.  442,  by  using  the  results  in 
Additional  Problem  5  and  (L). 

«  T>         xi.  a.  4.     i_  r    ,    •  \      sinh  2  x  -V  i  sin  2  y 

7.  Prove  that  tanh  (x  +  iy]  = r-^ — -^-y- 

cosh  2  x  4-  cos  2  y 

8.  Derive  the  formula  for  tan  (x  +  iy)  from  the  result  in  the  preceding 
problem. 


CHAPTER  XXIII 

PARTIAL  DIFFERENTIATION 

£24.  Functions  of  several  variables.  Continuity.  The  preceding 
chapters  have  been  devoted  to  applications  of  the  calculus  to  func- 
tions of  one  variable.  We  now  turn  to  functions  of  more  than  one 
independent  variable.  Simple  examples  of  such  functions  are  af- 
forded by  formulas  from  elementary  mathematics.  Thus,  in  the 
relation  for  the  volume  v  of  a  right  circular  cylinder, 

(1)  v  =  irx2y, 

v  is  a  function  of  the  two  independent  variables  x  (=  radius)  and 
y  (=  altitude).  Again,  in  the  formula  for  the  area  u  of  an  oblique 
plane  triangle, 

(2)  u  =  J  xy  sin  a, 

u  is  a  function  of  the  three  independent  variables  x,  y,  and  a,  rep- 
resenting, respectively,  two  sides  and  the  included  angle. 

Obviously,  in  (1),  as  well  as  in  (2),  the  values  which  can  be  as- 
signed to  the  variables  in  the  right-hand  member  are  entirely  in- 
dependent of  one  another. 

The  relation 

(3)  z  =  f(x,y] 

can  be  represented  graphically  by  a  surface,  the  locus  of  the  equation 
(3)  obtained  by  interpreting  x,  y,  z  as  rectangular  coordinates,  as  in 
solid  analytic  geometry.  This  surface  is  the  graph  of  the  function 
of  two  variables,  f(x,  y}. 

A  function  f(x,  y)  of  two  independent  variables  x  and  y  is  defined 
as  continuous  for  x  =  a,  y  =  b,  when 

(A)  Km /(*,?)= /(a,  b), 

x->a 
y-*  b 

no  matter  in  what  way  x  and  y  approach  their  respective  limits  a 
and  6. 

This  definition  is  sometimes  roughly  summed  up  in  the  statement 
that  a  very  small  change  in  one  or  both  of  the  variables  produces  a 
very  small  change  in  the  value  of  the  function.* 


We  may  illustrate  this  geometrically  by  considering  the  surface 
represented  by  the  equation 

(3)  2  =  /(«,»). 

Consider  a  fixed  point  P  on  the  surface  where  x  =  a  and  y  =  b. 

Denote  by  Ax  and  Ay  the  increments  of  the  variables  x  and 
y,  and  by  Az  the  corresponding  increment  of  the  function  z,  the 
coordinates  of  P'  being 


At  P  the  value  of  the  function  is 
z  =  /(a,  6)  =  MP. 

If  the  function  is  continuous  at  P,  then  how- 
ever  Ax  and  Ay  may  approach  zero  as  a  limit,  Az 
will  also  approach  zero  as  a  limit.   That  is,  M'P'  will  approach  coin- 
cidence with  MP,  the  point  P'  approaching  the  point  P  on  the  sur- 
face from  any  direction  whatever. 

A  similar  definition  holds  for  a  continuous  function  of  more  than 
two  variables. 

In  what  follows,  only  values  of  the  variables  are  considered  for 
which  a  function  is  continuous. 

225.  Partial  derivatives.  In  the  relation 

(1)  a  =/&*), 

we  may  hold  y  fast  and  let  x  alone  vary.  Then  z  becomes  a  function 
of  one  variable  x,  and  we  may  form  its  derivative  in  the  usual  manner. 
The  notation  is 

dz 

•x-  =  partial  derivative  of  z  with  respect  to  x  (y  remains  constant).* 

Similarly, 

f)y 

—  -  =  partial  derivative  of  z  with  respect  to  y  (x  remains  constant).* 
oy 

Corresponding  symbols  are  used  for  partial  derivatives  of  functions 
of  three  or  more  variables. 

In  order  to  avoid  confusion  the  round  d  \  has  been  generally 
adopted  to  indicate  partial  differentiation. 

*  The  constant  values  are  substituted  in  the  function  before  differentiating. 


dy 


—  z  ox  +  z  cy,  treating  x  as  a  constant. 


ILLUSTRATIVE  EXAMPLE  2.  Find  the  partial  derivatives  of  u  =  sin  (ax  +  by  +  cz), 
Solution.  ~  =  a  cos  (ax  +  by  +  cz),  treating  y  and  z  as  constants, 

~  =  ft  cos  (ax  +  by  +  cz),  treating  x  and  z  as  constants. 
dy 

-^  =  c  cos  (ax  +  by  +  cz},  treating  y  and  x  as  constants. 
oz 

Referring  to  (1),  we  have,  in  the  notations  commonly  used, 

dx      dx  dx      x  x       X} 


Similar  notations  are  used  for  functions  of  any  number  of  variables. 
Referring  to  Art.  24,  we  shall  have 


(2) 
(3) 


jx(X}  yo}  =  lim 

Aa;  ->  0 


Ay 


226.  Partial  derivatives  interpreted  geometrically.   Let  the  equation 
of  the  surface  shown  in  the  figure  be 


Pass  a  plane  EFGH  through  the 
point  P  (where  x  =  a  and  y  =  &)  on 
the  surface  parallel  to  the  XOZ- 
plane.  Since  the  equation  of  this 
plane  is  _  , 

the  equation  of  the  curve  of  inter- 
section JPK  with  the  surface  is 

z=/(z,  6),  '? 

if  we  consider  EF  as  the  axis  of  Z  and  EH  as  the  axis  of  X.   In  this 

r\  -j 

plane  -~~  means  the  same  as  -r->  and  we  have 


(1) 


•  =  tan  MTP  =  slope  of  curve  of  intersection  JK  at  P. 


J.  JLa.  J.  lUlN 

Similarly,  if  we  pass  the  plane  BCD  through  P  parallel  to  the 
YOZ-plane,  its  equation  is        «  _  „ 

*6  —  —  Gvj 

Q  7 

and  for  the  curve  of  intersection  DPI,  -^  means  the  same  as  ^  •  Hence 

dy  dy 

u'Z 

(2)   ~  =  —  tan  MT'P  =  slope  of  curve  of  intersection  DI  at  P. 

^ 
ILLUSTRATIVE  EXAMPLE.   Given  the  ellipsoid  -£7  +  ~  +-  —  =  1  ;  find  the  slope 

24      12       6 

of  the  curve  of  intersection  of  the  ellipsoid  made  (a)  by  the  plane  y  =  1  at  the  point 
where  x  =  4  and  z  is  positive  ;  (b)  by  the  plane  x  =  2  at  the  point  where  y  =  3  and 
z  is  positive. 

Solution.  Considering  y  as  constant, 

— 


-•:  4_  f          —  n  r 

24  """  6  dx  ~    '  dx~     4  z 

When  a;  is  constant,  ||  +  ^  |^  =  0,  or    |i  =  _  JL. 

12       6  %  9y         2« 


(a)  When  y  =  1  and  z  =  4,  s=\-    •••       =  -V- 

•      ^i  C/3y  * 

(b)  When  jc  =  2  and  y  =  3,  s  =  4=-     •'•  |^  =  -  I 

A/2          ^2/         2 

PROBLEMS 

Work  out  the  following  partial  derivatives. 
\.z-  Ax2  +  Bxy  +  Cy2  +  Dx  +  Ey  +  F. 

Ans.   ~=2Ax  +  By  +  D;   ^  =  Bx  +  2  Cy  +  E. 
ox  dy 

2.  f(x,  y)  =  Ax*  +  3  Bx2y  +  3  Cxy*  +  Dys. 

Ans.  fx(x,  y)  =  3  (Ax2  +  2  Bxy  +  Cy2)  ; 


(J3C- 


Cx  +  Ity  ax       (Ca;  +  Dy)2  '  dy       (Cx  +  Dy)2 

Ans.   ux  = 


5.  f(x,  y~)-(x  +  y)  sin  (x-y). 

Ans.  fx(x,  y)  =  sin  (x  -  y)  +  (x  +  y)  cos  (x  —  y); 
fy(x,  y)  =  sin  (x  ~  y)  -  (x  +  y)  cos  (x  -  y). 

6.  p  =  sin  2  0  cos  3  <£.  Aws.  |^  =  2  cos  2  0  cos  3  0  ; 

-^=-3sin20sin3<£. 
3$ 

7.  p  =  e9^  cos  (0  -  0).     Ans.   |f  =  e'+*{cos  (0  -  <£)  -  sin  (0  -  0)}  ; 


Find  the  partial  derivatives  of  the  following  functions. 
8.  f(x,  y]  =  3  x*  -  4  x3y  +  6  a;2?/2.       11.  f(x,  y)  =  (x  +  2y)  tan  (2  x  +  y}. 

x  +  2y 
U  =  y  +  2z'  12-  P  =  tan  2  0  ctn  4  0. 

10.  2  =  Jin  #•  13.  p  =  e-0cosf  • 

a;  0 

14.  If/Or,  y)  =  2  x2  -  3  :cy  +  4  7/2,  show  that  ^(2,  3)  =  -  l,fy(2,  3)  =  18. 

15.  If  f(x,  y}  =  -22- >  show  that  fx(3,  1)  =  -  £,  /tf(3,  1)  =  f . 

a;      ^/ 

16.  If  /(a;,  y)  =  e-*  sin  (z  +  2  #),  show  that  fx  (Q,  £ \  =  -  1,  /„  (o,  ^  =  0. 

^o/  Ql/ 

17.  If  %  =  Ax4  +  2  Bee2?/2  H-  Cy*,  show  that  a;—  +  ?/—  =  4w. 

So;        oy 

18.  If  M  =  -^-,  show  that  x~  +  ?/~  =  3%. 

x  +  2/  dx         oy 

19.  If  %  =  a;2?/  +  ?/22  +  z2x,  show  that  ^  +  |^  +  ^=(X  +  T/  +  z)2. 

ox     oy      dz 

20.  If  tt  =  ^±|K2,  show  that  A  +  yd^  =  (n  -  2)«. 

Cx2  +  D?/2  9a;         9^/ 

21.  The  area  of  a  triangle  is  given  by  the  formula  If  =  |  6c  sin  A. 
Given  6  =  10  in.,  c  =  20  in.,  A  =  60°. 

(a)  Find  the  area. 

(b)  Find  the  rate  of  change  of  the  area  with  respect  to  the  side  6  if  c 
and  A  remain  constant. 

(c)  Find  the  rate  of  change  of  the  area  with  respect  to  the  angle  A  if 
&  and  c  remain  constant. 

(d)  Using  the  rate  found  in  (c),  calculate  approximately  the  change  in 
area  if  the  angle  is  increased  by  one  degree. 

(e)  Find  the  rate  of  change  of  c  with  respect  to  6  if  the  area  and  the 
angle  remain  constant. 

22.  The  law  of  cosines  for  any  triangle  is  a2  =  62  +  c2  —  2  be  cos  A. 
Given  &  =  10  in.,  c  =  15  in.,  A  =  60°. 

(a)  Find  a. 

(b)  Find  the  rate  of  change  of  a  with  respect  to  &  if  c  and  A  remain 
constant. 

(c)  Using  the  rate  found  in  (b),  calculate  approximately  the  change  in 
a  if  &  is  decreased  by  1  in. 

(d)  Find  the  rate  of  change  of  a  with  respect  to  A  if  &  and  c  remain 
constant. 

(e)  Find  the  rate  of  change  of  c  with  respect  to  A  if  a  and  6  remain 


we  uennea  ana  provea 

(1)  dy  =  f(x)Ax  =  ^-Ax  =  ^-dx. 

ax          dx 

We  shall  next  consider  a  function  of  two  variables.   Consider  the 
function 

(2)  u=f(x,y). 

Let  Ax  and  Ay  be  the  increments  of  x  and  y  respectively,  and  let 
Au  be  the  corresponding  increment  of  u.  Then 

(3)  Au  =  f(x  +  Ax,y  +  Ay)  -  f(x,  y} 
is  called  the  total  increment  of  u. 

Adding  and  subtracting  f(x,  y  +  Ay)  in  the  second  member, 

(4)  Au  =  [/  (x  +  Ax,  y  +  Ay)  -  f(x,  y  -f  Ay)] 


Applying  the  Theorem  of  Mean  Value  (Z>),  Art.  116,  to  each  of 
the  two  differences  on  the  right-hand  side  of  (4),  we  get,  for  the 
first  difference, 

(5)  f(x  +  Ax,y  +  Ay)  -  /(x,  y  +  Ay)  =  fx(x  +  0i  Ax,  y  +  Ay)  Ax. 

fa  =  x,  Aa  =  Ax,  and  since  x  varies  while  y  4-  Ay  remains! 
l-constant,  we  get  the  partial  derivative  with  respect  to  x.J 

For  the  second  difference, 

(6)  f(x,  y  +  Ay)-  f(x,  y)  =  fv(x,  y  +  02  Ay)  Ay. 

fa  =  y,  Aa  =  Ay,  and  since  y  varies  while  x  remains  con-~| 
Lstant,  we  get  the  partial  derivative  with  respect  to  y-J 

Substituting  from  (5)  and  (6)  in  (4)  gives 

(7)  Au  =  fx(x  +  0i  Ax,  y  +  Ay)  Ax  +  fy(x,  y  +  62  Ay)  Ay, 

where  61  and  62  are  positive  proper  fractions. 

Since  fx(x,  y)  and  fu(x,  y)  are  continuous  functions  of  x  and  y,  the 
coefficients  of  Ax  and  Ay  in  (7)  will  approach  jx(x,  y)  and  fy(x,  y), 
respectively,  as  limits  when  Ax  and  Ay  approach  zero  as  common 
limits.  Hence  if  e  and  e'  are  infinitesimals  such  that 

lim  e  =  0,  lim  e'  =  0, 

!  As  ->  0  Az  -»  0 

&2/-»0  A.2/-*0 

we  may  write 

(8)  f,(x  +  Bi  Ax,  y  +  Ay)=  f,(x,  y)  4-  e, 

(9)  M^y  + 


JLJJ.P  X1  Jli.tV.CUN  J.  J..O..LJ 


and  (7)  will  become 

(10)  l\u  =/x(x,  y)Ax  +  fv(x,  y)Ay 

We  then  define  as  the  total  differential  (=  du)  of  u 

(11)  du  =  fx(x,  y)Ax  +fy(x,  y)Ay. 

The  right-hand  member  in  (11)  is  the  "principal  part"  of  the  right- 
hand  member  of  (10),  that  is,  du  is  a  close  approximate  value  of  Au 
for  small  values  of  Ax  and  Ay  (compare  Art.  92).  Obviously,  if 
u  =  x,  (11)  becomes  cfcc  =  Ax.  If  u  =  y,  (11)  becomes  cfa/  =  A#. 
Substituting,  then,  in  (11)  for  Ax  and  Ay  their  corresponding  dif- 
ferentials, we  obtain  the  important  formula 

(*)    du  =fx(x,  y)  dx  +fy(x,  y)dy  =  ^dx  +  ^dy  =  jfdx  +  j-dyf 

ox          oy          ox          oy 

which  should  be  compared  with  (1)  at  the  beginning  of  this  article. 
If  u  is  a  function  of  three  variables,  its  total  differential  is 

,_,,  ,        du  ,       du  ,    ,  du  , 

(C)  du  =  —  dx  +  —-  dy  +  —  dz  ; 

ox          dy  dz 

and  so  on  for  any  number  of  variables. 

A  geometric  interpretation  of  (B)  is  given  in  Art.  238. 

ILLUSTRATIVE  EXAMPLE  1.   Compute  Ait  and  du  for  the  function 

(12)  u  =  2  a;2  +  3  yz, 

when  x  —  10,  y  =  8,  Ace  =  0.2,  Ay  =  0.3,  and  compare  the  results. 

Solution.  Substitute  in  (12)  for  x,  y,  u,  respectively,  x  +  Ax,  y  +  Ay,  u  4-  AM, 
and  proceed  as  below  (compare  Art.  27). 

u  +  AM  =  2(x  +  Ax)2  +  3(y  +  A?/)2 

=  2  z2  +  3  y2  +  4  x  Ax  +  6  y  Ay  +  2(A*)2  +  3(A?/)2. 
w  =  2  x2  +  3  2/2 

(13)  Aw  =  4z  Aa;  +  6|/At/  +  2(Aa;)2  +  3(A^)2. 
Differentiating  (12),  we  find 

dii      .        du      „ 
~  =  4:X,    —  =  6y. 
ax  oy 

Substituting  in  (5),  the  result  is 

(14)  du  =  4  x  dx  +  6  y  dy. 

Remembering  that  Ax  =  dx,  Ay  =  dy,  we  see  that  the  right-hand  member  in 
(14)  is  the  "principal  part"  of  the  right-hand  member  in  (13),  for  the  additional 
terms  are  of  the  second  degree  in  Ax  or  Ay.  This  statement  illustrates  (10)  and 
(11)  above  (namely,  e  =  2  Ax,  e'  =  3  Ay). 

Substituting  the  given  values  in  (13)  and  (14),  we  get 

(15)  Au  =  8  +14.4  +  0.08  +  0.27  =  22.75; 

(16)  du  =  8  +  14.4  =  22.4. 


ILLUSTRATIVE  EXAMPLE  2.   Given  u  =  arc  tan  £,  find  du. 

x 

Solution.  du-  y  du-~       x 


dx          x2  +  y2       Qy      %2  +  y'2 
Substituting  in  (B),  du  =      f  ~  y2     •    Ans. 

PROBLEMS 

Find  the  total  differential  of  each  of  the  following  functions. 
1.  s  =  2  x'3  -  4  xy2  +  3  y3.    Ans.  dz  =  (6  x2  -  4  yz}dx  +  (9  y2  -  8  30)d#. 
n    -Ao;  4-  5?/ 


Cx  +  Dy  (Cx-\-Dy)z 

3.  u  =  z?/2z3.  dw  =  y*zs  dx  +  2  xyz3  dy  +  3  :n/2z2  dz. 

4.  u  =  a;2  cos  2  T/.  5.  0  =  arc  tan  -_ •  Q.  u=  (x  —  y)  In  (x  +  y). 

3? 

7.  If  z2  +  y2  +  ^  _  fl2j  show  that  dz  _  _  xdx+ydy^ 

z 

8.  Find  cte  if  4  x2  -  9  7/2  -  16  z2  =  100. 

9.  Compute  Aw  and  du  for  the  function  w  =  x2  —  3  a^/  +  2  7/2  when 
a;  =  2,  0  =  -  3,  Ax  =  -  0.3,  Ay  =  0.2.        Ans.   Aw  =  -  7.15,  d%  =  -  7.5. 

10.  Compute  du  for  the  function  u  =  (x  +  y')^/x~—~y  when  x  =  6,  y  =  2, 
dx=  %,  dy  =  -  |.  Ans.   1. 

11.  Compute  Aw  and  du  for  the  function  u  =  xy  +  2x  —  4y  when 

x  =  2,  y  =  3,  Az  =  0.4,  A#  =  -  0.2. 

£ 

12.  Compute   dp    for   the   function    p  —  e2  sin  (0  —  0)    when    9  =  0, 
cj)  =  ±ir,d9  =  0.2,  d<£  =  -  0.2. 

228.  Approximation  of  the  total  increment.  Small  errors.  For- 
mulas (5)  and  (C)  are  used  to  calculate  &u  approximately.  Also, 
when  the  values  of  x  and  y  are  determined  by  measurement  or  ex- 
periment, and  hence  subject  to  small  errors  Ax  and  Ay,  a  close  ap- 
proximation to  the  error  in  u  can  be  found  by  (5).  (Compare 
Arts.  92,  93.) 

ILLUSTRATIVE  EXAMPLE  1.  Find,  approximately,  the  volume  of  tin  in  a  thin 
cylindrical  can  without  a  top  if  the  inside  diameter  and  height  are,  respectively, 
6  in.  and  8  in.,  and  the  thickness  is  &  in. 

Solution.  The  volume  z;  of  a  solid  right  circular  cylinder  with  diameter  x  and 
height  y  is 

(1)  0  =  J  irx2y. 

Obviously,  the  exact  volume  of  the  can  is  the  difference  Aw  between  the  volumes  of 
two  solid  cylinders  for  which  x  =  6J,  y  —  H,  and  x  ~  6,  y  =  8,  respectively.  Since 


av  =  vg  TT  =  i«.4  cu.  in. 
The  exact  value  is  Au  =  23.1  cu.  in. 

ILLUSTRATIVE  EXAMPLE  2.  Two  sides  of  an  oblique  plane  triangle  measured, 
respectively,  63  ft.  and  78  ft.,  and  the  included  angle  measured  60°.  These  meas- 
urements were  subject  to  errors  whose  maximum  values  are  0.1  ft.  in  each  length 
and  1°  in  the  angle.  Find  the  approximate  maximum  error  and  the  percentage 
error  made  in  calculating  the  third  side  from  these  measurements. 

Solution.  Using  the  law  of  cosines  ((7),  Art.  2), 

(3)  u2  =  x2  4-  y2  —  2  xy  cos  a, 

where  x,  y  are  the  given  sides,  a.  the  included  angle,  and  u  the  third  side.  The  given 
data  are 

(4)»  =  63,    0  =  78,    a=60°=f,     dx  =  dy  =  0.1,    da  =  0.01745  (radian). 

3 

Differentiating  (3),  we  get 

du  _x  —  y  cos  a      du  _  y  —  x  cos  a.      du  _  xy  sin  a 
dx  u         '      dy  u         '     da  u 

Hence,  using  (C), 

,    _  (x  —  y  cos  ofidx  +  (y  —  x  cos  a)dy  +  xy  sin  a  da 
u 

Substituting  the  values  from  (4),  we  find 
^  =  2.4 +4.65  + 74.25  =  L13f 

flni 

The  percentage  error. =  100  —  =  1.6%.   Ans. 
u 


PROBLEMS 

1.  The  legs  of  a  right  triangle  measured  6  ft.  and  8  ft.  respectively, 
with  maximum  errors  in  each  of  0.1  ft.  Find  approximately  the  maximum 
error  and  percentage  error  in  calculating  (a)  the  area,  (b)  the  hypotenuse, 
from  these  measurements.     Ans.  (a)  0.7  sq.  ft.,  2.9  % ;  (b)  0.14  ft,  1.4%. 

2.  In  the  preceding  problem  find  the  approximate  error  in  calculating 
the  angle  opposite  the  longer  side  from  the  given  dimensions,  and  the 
approximate  maximum  error  in  that  angle  in  radians  and  degrees. 

3.  The  radii  of  the  bases  of  a  frustum  of  a  right  circular  cone  measure 
5  in.  and  11  in.  respectively,  and  the  slant  height  measures  12  in.    The 
maximum  error  in  each  measurement  is  0.1  in.    Find  the  approximate 
error  and  percentage  error  in  calculating  from  these  measurements  (a)  the 
altitude;  (b)  the  volume  (see  (12),  Art.  1). 

Ans.    (a)  0.23  in.,  2.2  % ;   (b)  32  TT  cu.  in., 


4.  One  side  of  a  triangle  measures  2000  ft.,  and  the  adjacent  angles 
measure  30°  and  60°  respectively,  with  a  maximum  error  in  each  angle 
of  30'.    The  maximum  error  in  the  measurement  of  the  side  is  ±  1  ft. 
Find  the  approximate  maximum  error  and  percentage  error  in  calculating 
from  these  measurements  (a)  the  altitude  on  the  given  side  ;    (b)  the  area 
of  the  triangle.  Arcs,    (a)  17.88  ft.,  2.1  %. 

5.  The  diameter  and  altitude  of  a  right  circular  cylinder  are  found  by 
measurement  to  be  12  in.  and  8  in.  respectively.    If  there  is  a  probable 
error  of  0.2  in.  in  each  measurement,  what  is  approximately  the  greatest 
possible  error  in  the  computed  volume?  Ans.   16.8  T  cu.  in. 

6.  The  dimensions  of  a  box  are  found  by  measurement  to  be  6  ft., 
8  ft.,  12  ft.    If  there  is  a  probable  error  of  0.05  ft.,  (a)  what  is  approxi- 
mately the  greatest  possible  error  in  the  computed  volume?  (b)  What  is 
the  percentage  error?  Ans.    (a)  10.8  cu.  ft.  ;  (b)  -*#%. 

7.  Given  the  surface  2  =  2-ZLJ/.    if   at  the  point  where  x  =  4,  y  —  2, 

%  +  y 
x  and  y  are  each  increased  by  •&,  what  is  the  approximate  change  in  z? 


p 
8.  The  specific  gravity  of  a  solid  is  given  by  the  formula  s  =  —  >  where 

P  is  the  weight  in  a  vacuum  and  w  is  the  weight  of  an  equal  volume  of 
water.  How  is  the  computed  specific  gravity  affected  by  an  error  of 
±  fo  in  weighing  P  and  ±  -^  in  weighing  w,  assuming  P  =  8  and  w  =  1 
in  the  experiment,  (a)  if  both  errors  are  positive?  (b)  if  one  error  is 
negative  ?  (c)  What  is  approximately  the  largest  percentage  error  ? 

Ans.    (a)  0.3;  (b)  0.5;  (c) 


9.  The  diameter  and  slant  height  of  a  right  circular  cone  are  found  by 
measurement  to  be  10  in.  and  20  in.  respectively.  If  there  is  a  probable 
error  of  0.2  in.  in  each  measurement,  what  approximately  is  the  greatest 
possible  error  in  the  computed  value_of  (a)  the  volume?  (b)  the  curved 
surface  ?  ^  (a)  37  WlS  =  ^  ^  ^  .  (b)  g  ^  =  ^  ^  .^ 

lo 

10.  Two  sides  of  a  triangle  are  found  by  measurement  to  be  63  ft.  and 
78  ft.  and  the  included  angle  to  be  60°.    If  there  is  a  probable  error  of 
0.5  ft.  in  measuring  the  sides  and  of  2°  in  measuring  the  angle,  what  is 
approximately  the  greatest  possible  error  in  the  computed  value  of  the 
area?    (See  (7),  Art.  2.)  Ans.   73.6  sq.ft. 

^ 

11.  If  specific  gravity  is  determined  by  the  formula  s  =  -  -  —  >  where 

A.  "™"     YY 

A  is  the  weight  in  air  and  W  the  weight  in  water,  what  is  (a)  approxi- 
mately the  largest  error  in  s  if  A  can  be  read  within  0.01  Ib.  and  W  within 
0.02  Ib.,  the  actual  readings  being  A  =  9  Ib.,  W  -  5  Ib.  ?  (b)  the  largest 


E 

12.  The  resistance  of  a  circuit  was  found  by  using  the  formula  C  =  — » 

where  C  =  current  and  E  =  electromotive  force.  If  there  is  an  error  of 
TV  ampere  in  reading  C  and  ^  volt  in  reading  E,  (a)  what  is  the  approxi- 
mate error  in  R  if  the  readings  are  C=  15  amperes  and  E  =  110  volts? 
(b)  What  is  the  percentage  error?  Ans.  (a)  0.0522  ohms;  (b)  ff-%. 

13.  If  the  formula  sin  (x  +  y}  =  sin  x  cos  y  +  cos  x  sin  y  were  used  to 
calculate  sin  (x  +  y},  what  approximate  error  would  result  if  an  error  of 
0.1°  were  made  in  measuring  both  x  and  y,  the  measurements  of  the  two 
acute  angles  giving  sin  x  =  f  and  sin  y  =  fk?  Ans.   0.0018. 

14.  The  acceleration  of  a  particle  down  an  inclined  plane  is  given  by 
a  =  g  sin  i.    If  g  varies  by  0.1  ft.  per  second  per  second,  and  i,  which  is 
measured  as  30°,  may  be  in  error  1°,  what  is  the  approximate  error  in  the 
computed  value  of  a  ?   Take  the  normal  value  of  g  to  be  32  ft.  per  second 
per  second.  Ans.   0.534  ft.  per  second  per  second. 

15.  The  period  of  a  pendulum  is  P  =  2  TT-\—    (a)  What  is  the  greatest 

\  g 

approximate  error  in  the  period  if  there  is  an  error  of  ±  0.1  ft.  in  measur- 
ing a  10-foot  suspension  and  g,  taken  as  32  ft.  per  second  per  second,  may 
be  in  error  by  0.05  ft.  per  second  per  second?  (b)  What  is  the  percentage 
error?  Ans.  (a)  0.0204  sec. ;  (b)fj%. 

16.  The  dimensions  of  a  cone  are  radius  of  base  =  4  in.,  altitude  =  6  in. 
What  is  the  approximate  error  in  volume  and  in  total  surface  if  there  is  a 
shortage  of  0.01  in.  per  inch  in  the  measure  used? 

Ans.   dV  =  3.0159  cu.  in. ;  dS  =  2.818  sq.  in. 

17.  The  length  I  and  the  period  P  of  a  simple  pendulum  are  connected 
by  the  equation  4  irzl  =  P2g.    If  I  is  calculated  assuming  P  =  1  sec.  and 
g  =  32  ft.  per  second  per  second,  what  is  approximately  the  error  in  I  if 
the  true  values  are  P  =  1.02  sec.  and  g  =  32.01  ft.  per  second  per  second? 
What  is  the  percentage  error  ? 

18.  A  solid  is  in  the  form  of  a  cylinder  capped  at  each  end  with  a 
hemisphere  of  the  same  radius  as  the  cylinder.   Its  measured  dimensions 
are  diameter  =  8  in.  and  total  length  =  20  in.  What  is  approximately  the 
error  in  volume  and  surface  if  the  tape  used  in  measuring  has  stretched 
uniformly  -|  %  beyond  its  proper  length  ? 

19.  Assuming  the  characteristic  equation  of  a  perfect  gas  to  be  vp  —  Et, 
where  v  =  volume,  p  =  pressure,  t  —  absolute  temperature,  and  R  a  con- 
stant, what  is  the  relation  between  the  differentials  dv,  dp,  dt  ? 

Ans.   v  dp  +  p  dv  =  R  dt. 

20.  Using  the  result  in  the  last  example  as  applied  to  air,  suppose  that 
in  a  given  case  we  have  found  by  actual  experiment  that  t  =  300°  C., 
p  =  2000  Ib.  per  square  foot,  v  =  14.4  cu.  ft.  Find  the  change  in  p,  assum- 
ing it  to  be  uniform,  when  t  changes  to  301°  C.,  and  v  to  14.5  cu.  ft. 


are  not  independent  variables.  Assume,  for  example,  that  both  are 
functions  of  a  third  variable  t,  namely, 

(2)  3  =  0(0,    y  =  iK<). 

When  these  values  are  substituted  in  (1),  w  becomes  a  function  of 
one  variable  t,  and  its  derivative  may  be  found  in  the  usual  manner. 
We  now  have 


Formula  (5)  was  established  with  the  assumption  that  x  and  y 
were  independent  variables.  We  may  easily  show  that  it  holds  also 
in  the  present  case.  To  this  end,  return  to  (10),  Art.  227,  and  divide 
both  members  by  A*.  Changing  the  notation,  this  may  be  written 


Now  when  At  —  >  0,  Ax  —  >  0  and  Ay  —  >  0.   Hence  (see  Art.  227) 
lim  e  =  0,     lim  e'  =  0. 

A<-»0  A<-»0 

Therefore,  when  A£  ->  0,  (4)  becomes 


d^      dxdt      dydt 

Multiplying  both  members  by  dt  and  using  (3),  we  obtain  (5). 
That  is,  (B)  feoZds  a/so  when  x  and  y  are  functions  of  a  third  variable  t. 
In  the  same  way,  if          u  =f(x,  y,  z), 

and  x,  y,  z  are  all  functions  of  t,  we  get 

du  =  ^udx  ,  du  dy  ,  du  dz 
(h)  dt  ~  8x  dt      dy  dt      dz  dt 

and  so  on  for  any  number  of  variables. 

In  (£>)  we  may  suppose  t  —  x;  then  y  is  a  function  of  x,  and  u  is 
really  a  function  of  the  one  variable  x,  giving 

0?)  ^H  =  ^H-I-^^. 

dx      dx      dy  dx 

In  the  same  way,  from  (E)  we  have,  when  y  and  z  are  functions 

'  du_  ^H_ 

(   '  ~ 


/fj  £?y 

The  student  should  observe  that  —  and  -7-  have  quite  different 

dx         dx 

TJQi 

meanings.    The  partial  derivative  — -  is  formed  on  the  supposition 

dx 

that  the  particular  variable  x  alone  varies,  all  other  variables  being 
held  fast.   But  ,  ,  A   , 

—  =lim  (— V 

7         J.JUJ.A     I  I  ' 

dx     AZ-.O  VAay 

where  Aw  is  the  total  increment  of  u  due  to  changes  in  all  the  variables 
caused  by  the  change  Ax  in  the  independent  variable.    In  contra- 

rjni        /"/7/ 

distinction  to  partial  derivatives,  -£•»  -T-  are  called  total  derivatives 
with  respect  to  t  and  x  respectively. 

SJf)l 

It  should  be  observed  that  —  has  a  perfectly  definite  value  for  any 

,  ox 

nni 

point  (x,  y),  while  j-  depends  not  only  on  the  point  (x,  y]  but  also  on 
the  particular  direction  chosen  to  reach  that  point. 

ILLUSTRATIVE  EXAMPLE  1.   Given  u  =  sin  -,  x  —  el.  y  =  t2:  find  ~- 

y  dt 

Solution.  |H  =  lcos^^==_£cos2;^  =  e^  =  2f. 
dx     y        y    oy          y-        y     dt  dt 

Substituting  in  CD),        ~  =  (t  -  2)  ~  cos  £   Ans. 
at  ft        t2 

ILLUSTRATIVE  EXAMPLE  2.   Given  u  =  eax(y  -z),y  =  a  sin  x,  z  =  cos  x ;  find  4^- 

dec 

Solution.   &  =  a<F*(y  -  z),  ~  =  e-»,  ~  =  -  #*;  %t  -  a  cos  x,  ^  =  -  sin  x. 
ax  dy  oz  dx  dx 

Substituting  in  (G), 

G/W- 

—  =  ae°x(y  —  g)  +  ae?x  cos  x  +  eax  sin  x  =  eax(a2  +  1)  sin  x.  Ans. 

NOTE.  In  examples  like  the  above,  u  could,  by  substitution,  be  found  explicitly 
in  terms  of  the  independent  variable  and  then  differentiated  directly ;  but  generally 
this  process  would  be  longer  and  in  many  cases  could  not  be  used  at  all. 

Formulas  (Z>)  and  (£)  are  useful  in  all  applications  involving 
time-rates  of  change  of  functions  of  two  or  more  variables.  The 
process  is  practically  the  same  as  that  outlined  in  the  rule  given  in 
Art.  52,  except  that,  instead  of  differentiating  with  respect  to  t 
(Third  Step),  we  find  the  partial  derivatives  and  substitute  in  (D) 
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ILLUSTRATIVE  EXAMPLE  3.  The  altitude  of  a  circular  cone  is  100  in.,  and 
decreases  at  the  rate  of  10  in.  per  second;  and  the  radius  of  the  base  is  50  in., 
and  increases  at  the  rate  of  5  in.  per  second.  At  what  rate  is  the  volume 
changing  ? 

Solution.  Let  x  •=.  radius  of  base,  y  =  altitude ;  then 

u-l  irx*y  =  volume,     ^  =  ~  irxy,     —  =  £  TTX\ 
o  ox      o  dy      o 

Substituting  in  (D),     ^  =  f  irxy  &  +  £•  Trx2  &. 
at      6         at      6         dt 

But         x  =  50,     y  =  100,     ~-  =  5,     ^  =  -  10. 

/.  —  =  .  TT-  5000  •  5  —  -7T-  2500 -10  =  15. 15  cu.  ft.  per  second,  increasing.  Ans. 

230.  Change  of  variables.   If  the  variables  in 

(1)  u  =  /(x,  v) 
are  changed  by  the  transformation 

(2)  x  —  <p(r,  s),     ?/  =  i/'Cr,  s), 

the  partial  derivatives  of  u  with  respect  to  the  new  variables  r  and  s 
can  be  obtained  by  (D).  For,  if  we  hold  s  fast,  then  z  and  y  in  (2) 
are  functions  of  r  only.  Hence  we  have 

,0,  '       eH*      0%  dx  ,  du  dy 

(3)  T"  ==  "o~  ^~  i  T"  ~cT' 

dr      ox  or      oy  or 

all  derivatives  with  respect  to  r  now  being  partial. 
In  the  same  way, 

...  du  _  du  dx  ,  du  dy ^ 

ds      dx  ds      dy  ds 
In  particular,  let  the  transformation  be 

the  new  variables  being  x'  and  y',  and  h,  k  being  constants.   Then 

a?  =  1'     ~dy'  =  ®'     'dx1==Q'     Hy~f==l' 
Then  we  obtain,  from  (3)  and  (4), 

fCN  Hi*  _    ®U  ^  —    @U 

dx      dx'      dy      dyf 

Hence  the  transformation  (5)  leaves  the  value  of  the  partial  derivatives 
unchanged. 


In  Art.  229  it  was  shown  that  (5)  is  true  when  x  and  y  are  func- 
tions of  a  single  independent  variable  t.  We  prove  now  that  (£) 
holds  also  when  x  and  y  are  functions  of  two  independent  variables 
r,  s,  as  in  (2).  For  by  (£),  when  r  and  s  are  the  independent  variables, 

we  have  a~          ar  aw          a,, 

cfe  =  f  c*r  +  f  cte,     dy  =  ^dr  +  ^ds. 
dr          os  or          os 

Substitute  these  values  in  the  expression 

(9)  ^dz  +  d^dV 

dx          dy 

and  reduce  by  (3)  and  (4).  The  result  is 

/•1  m  du  j    ,  du  -, 

(10)  —  dr  +  T-  ds. 

dr  ds 

But,  by  (1)  and  (2),  u  becomes  a  function  of  the  independent  vari- 
ables r  and  s.  Then,  by  (B),  (10)  equals  du.  Hence  (9)  also  equals  du. 

Therefore  (B)  holds  when  x  and  y  are  functions  of  one  or  of  two 
independent  variables.  In  the  same  way,  it  can  be  shown  that  (C) 
holds  when  x,  y,  z  are  functions  of  one,  two,  or  three  independent 
variables. 

231.  Differentiation  of  implicit  functions.  The  equation 

(1)  /(*,  V)  =  0 

defines  either  x  or  y  as  an  implicit  function  of  the  other.  It  repre- 
sents an  equation  containing  x  and  y  when  all  its  terms  have  been 
transposed  to  the  first  member.  Let 

(2)  u  =  f(x,y}; 

,,  du      df      dfdy 

then  Tx^dx  +  TyTx  by(F> 

and  y  is  an  arbitrary  function  of  x.  Now  let  y  be  the  function  of  x 
satisfying  (1).  Then  u  =  0  and  du  —  0,  and  hence 


Solving,  we  get 


1=  (IH 
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Thus  we  have  a  formula  for  differentiating  implicit  functions. 
This  formula  in  the  form  (3)  is  equivalent  to  the  process  employed 
in  Art.  41  for  differentiating  implicit  functions,  and  all  the  examples 
on  pages  40  and  41  may  be  solved  by  it. 

When  the  equation  of  a  curve  is  in  the  form  (1),  formula  (H) 
affords  an  easy  way  of  getting  the  slope. 

ILLUSTRATIVE  EXAMPLE  1.  Given  x2y*  +  sin  y  =  0.  find  ^~  • 

ax 

Solution.  Let  f(x,  y)  =  x2y*  +  sin  y. 

=  4  »V  +  cos  y. 


, 
ox  dy 

Therefore,  from  (H),     -fe  =  -  ,    .^  --    Ans. 
'      dx          4  X2y3  4-  cos  y 

ILLUSTRATIVE  EXAMPLE  2.  If  a  increases  at  the  rate  of  2  in.  per  second  as  it 
passes  through  the  value  x  =  3  in.,  at  what  rate  must  y  change  when  y  =  1  in.,  in 
order  that  the  function  2  xy2  —  3  x2y  shall  remain  constant  ? 

ffoj 

Solution.  Let  u  =  2  xy2  —  3  x2y;  then,  since  u  remains  constant,  -37  =  0.  Sub- 

stituting this  value  in  the  left-hand  member  of  (Z>),  transposing,  and  solving  for 

dy 

#'  we  get  su 

(A-\  ^y  — 

W  dt~ 


dy 

du  du 

Also,  --  =  2  yz  -  6  xy,    -~  ~  4  xy  -  3  a;8. 


XT  i_  J.-.L  j.-      •     /^ 

Now,  substituting  m  (4), 


4  xy  _ 


But  x  =  3,     y  =  l,     ~  =  2. 

dij 
Therefore,  -£•  =  —  2^  in.  per  second.  Aws. 

In  like  manner,  the  equation 

(5)  F(x,  y,z)**0 

defines  z  as  an  implicit  function  of  the  two  independent  variables  x 
and  y.  To  find  the  partial  derivatives  of  z  with  respect  to  x  and  to  y, 
proceed  as  follows. 

Let  u=f(x,y,z). 

dF          BF          dF 
Then  du  =  ^—  dx  +  -5-  %  +  -3-  <fo, 


variables  x  and  y  which  satisfies  (5).  Then  u  =  0,  <1u  -  0,  and  we  have 

c)F  ,        'dF  ,     ,    'OF 
^  to^+affo+foF*^0- 

But  now  dz==^dxJrW/  dv'  By  W 

Substituting  this  value  in  (6)  and  simplifying  gives 
'dF  dz 


. 

_  -f  __  -_  \dy  —  (). 

dz  da 

Here  dx  (=  Ax)  and  <%  (=  A?/)  are  independent  increments.   We 
may  therefore  set  dy  =  0,  dx  ^  0,  divide  through  by  dx,  and  solve 

dz 
for  o~-   The  result  is  .,„ 

da  i^F 

m  ~  =  -  ~ 


Proceeding  in  a  similar  manner,  we  may  prove 

dF 

(n  ^-_£L 

U;  dy"     'dF 

'dz 

Formulas  (/)  and  (/)  are  to  be  interpreted  as  follows  :  In  the 
left-hand  members  z  is  the  function  of  x  and  y  satisfying  (5).  In 
the  right-hand  members  F  is  the  function  of  three  variables,  x,  y,  2, 
given  in  the  left-hand  member  of  (5). 

The  generalization  of  (tf),  (/),  (-/)  to  an  implicit  function  u  of 
any  number  of  variables  is  now  obvious. 

ILLUSTRATIVE  EXAMPLE.  By  the  equation 

yZ          ,/2          ~2 

*_  +  2L  -i_  L  _  i  _n 
24  ^  12  ^  6      A  ~  "' 

z  is  defined  as  an  implicit  function  of  x  and  y.  Find  the  partial  derivatives  of  this 
function. 

Solution.  F  =  *-  +  ttL  +  zl-i 

24^12^6 

Hence  !£  =  !L,     dZ  =  I,     ™  -  z. 

dx      12      dy      6       dz      3 

Substituting  in  (7)  and  (/),  we  get 

—  =  —  x        ^z  —       y 
dx~     Tz      ~dy~~2~z 


Ans.  -37  =  sin  2  t  —  3  cos  A  t. 
at 


2.  u  =  x  +  4  Vxi/  -  3  y  ;  x  =  tz,  y  =  -•  -^  =  3  t2  +  4  +  p- 

3.  u  =  ex  sin  y  +  ey  sin  x  ;  x  —  \  t,  y  =  2  £. 

'(£  Sin  2  «  +  2  cos  2«)  +  e2i(2  sin  *  <  +  \  cos  4  <). 


t 

at 

£.  u  =  2,x2  -xy  +  y2;  x  =  cos  2  tf,  y  =  sin  £. 

5.  %  =  a;?/  +  yz  +  zx  ;  x  =  ->  y  =  el,  z  =  e~l. 

In  Problems  6-10  find  ^  by  formula  (#). 

6.  Ax2  + 


dy.-.  _  Ax  +  By+D 
dx          Bx  +  Cy  +  E 

&£_  ay  —  x2 

7.  x3  +  ys  -  3  axy  =  0.  dx  ~  y2  _  ax' 

dy     ey  sin  x  +  e*  sin  z/ 

8.  ex  sin  y  -  «"  cos  x  =  1.  ^  —  gv  cos  ^  _  et  cos  y' 

9.  x4  -  x  V  -  x2  +  2  ?/2  =  8. 

10.  Ax4  +  2  BxV  +  Cy*  =  (x2  +  ?/2)2. 


In  Problems  11-15  verify  that  the  given  values  of  x  and  y  satisfy  the 
equation,  and  find  the  corresponding  value  of  -^ 

A      dy  _     5 

11.  x*  +  2xy  +  2y  =  22;  x  =  2,  0  =  3.  Ans.  ^-~3' 

< 

12.  x3  -  y3  +  4  xy  =  0  ;  x  =  2,  #  =  -  2. 

13.  Ax  +  By  +  Cexv  -  C  ;  x  =  0,  y  =  0. 

14.  2  x  -  Vsfx?/  +  y  =  4  ;  x  =  2,  y  =  4. 

15.  e*  cos  #  +  ey  sin  x  =  1  ;  x  =  0,  y  =  0. 

O  O 

In  Problems  16-20  find  ~-  and  —  - 

<7X  <??/ 

dz         Ax,  dz         By 
D.      Ans.  ^-  =  -  —  ,^  =  -  — 


_  .        _  _  Ax  +  Bz 

17.  Axy  +  Byz  +  Czx  =  D.  fa~  ~~  Cx+  By'  dy          Cx+By 


10       ,0      ,         o-./  —     it\    A       GZ 
18.  x  +  2  y  +  z  —  ZVxyz  =  10.  Ans.  -*-  ~ 


.  —  ~ 

vxyz  —  xy    vy        vxyz  ~  xy 

19.  x'A  +  ys  +  z3  —  3  axyz  =  0. 

20.  Ax2  +  By2  +  Cz2  +  2  Dxy  +  2  Eyz  -f-  2  ^0a:  =  G. 

21.  A  point  is  moving  on  the  curve  of  intersection  of  the  sphere 
x2  +  y2  +  z2  =  49  and  the  plane  y  =  2.    When  x  is  6  and  is  increasing 
4  units  per  second,  find  (a)  the  rate  at  which  z  is  changing  and  (b)  the 
speed  with  which  the  point  is  moving. 

Ans.    (a)  8  units  per  second;    (b)  4V5  units  per  second. 

22.  A  point  is  moving  on  the  curve  of  intersection  of  the  surface 
x2  +  xy  +  y2  —  z2  =  0  and  the  plane  x  —  y  +  2  =  0.    When  a;  is  3  and  is 
increasing  2  units  per  second,  find  (a)  the  rate  at  which  y  is  changing, 
(b)  the  rate  at  which  z  is  changing,  (c)  the  speed  with  which  the  point 
is  moving.  Ans.    (a)  2  units  per  second;    (b)  -^  units  per  second; 

(c)  4.44  units  per  second. 

23.  The  characteristic  equation  of  a  perfect  gas  is  RB  =  pv,  where  6 
is  the  temperature,  p  the  pressure,  v  the  volume,  and  R  a  constant.    At 
a  certain  instant  a  given  amount  of  gas  has  a  volume  of  15  cu.  ft.  and  is 
under  a  pressure  of  25  Ib.  per  square  inch.    Assuming  R  =  96,  find  the 
temperature  and  the  rate  at  which  the  temperature  is  changing  if  the 
volume  is  increasing  at  the  rate  of  ^  cu.  ft.  per  second  and  the  pressure 
is  decreasing  at  the  rate  of  TV  Ik.  per  square  inch  per  second. 

Ans.   Temperature  is  increasing  at  the  rate  of  ^  degrees  per  second. 

24.  A  triangle  ABC  is  being  transformed  so  that  the  angle  A  changes 
at  a  uniform  rate  from  0°  to  90°  in  10  sec.,  while  side  AC  decreases  1  in. 
per  second  and  side  AB  increases  1  in.  per  second.    If  at  the  time  of  ob- 
servation A  —  60°,   AC  =  16  in.,  and  AB  =  10  in.,   (a)  how  fast  is  BC 
changing?    (b)  how  fast  is  the  area  of  ABC  changing? 

Ans.  (a)  0.911  in.  per  second;    (b)  8.88  sq.  in.  per  second. 

232.  Derivatives  of  higher  order.   If 

(1)  u  =  f(x,  y), 

then 

(2)  fr=/,Cc,v),  -=/,,(*,*) 

ox  dy 

are  themselves  functions  of  x  and.  y,  and  can,  in  turn,  be  differentiated. 
Thus,  taking  the  first  function  and  differentiating,  we  have, 

(3)  fns  =/»(*,  10,    ~~  =  fyx(x,y). 

dx2  dy  ox 

In  the  same  manner,  from  the  second  function  in  (2),  we  obtain 
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In  (3)  and  (4)  there  are  apparently  four  derivatives  of  the  second 
order.   It  is  shown  below  that 


dy  dx      dx  dy 

provided,  merely,  that  the  derivatives  concerned  are  continuous. 
That  is,  the  order  of  differentiating  successively  with  respect  to  x  and  y  is 
immaterial.  Thus  f(x,  y}  has  only  three  partial  derivatives  of  the 
second  order,  namely, 

(5)  jxx(x,  y),    jxy(x,  y}  =  fyx(x,  y},    jyy(x,  y). 

This  may  be  easily  extended  to  higher  derivatives.   For  instance, 
since  (K)  is  true, 

d3u    =  d_  /d2u  \  =      d*u     =    d2    fdu\  =    d2    /du\        iPu 


dx2  dy     dx  \dx  dy/      dx  dy  dx     dx  dy  \dx)      dy  dx  \dx)      dy 
Similar  results  hold  for  functions  of  three  or  more  variables. 

d2u 


ILLUSTRATIVE  EXAMPLE.   Given  u  =  xyy  —  3  x2y3  ;  verify 


dy  ox     ox 


ti  ij 

Solution.          ^  =  3  x2y  -  6  xy\        ^~  =  3  x2  -  18  xy2, 
ox  dy  ox 

All  r)2l/ 

^  =  x*  -  9  xW,  ~~  =  3  x2  -  18  xy\ 

dy  ox  ay 

Hence  the  formula  is  verified. 

Proof  of  (K).  Consider  the  expression 

(6)  F  =f(x  +  Ax,  y  +  A?/)  -f(x  -f  Ax,  y)  -f(x,  y  +  by)  +/(*,  y}. 

Introduce  the  function 

(7)  <£(tO  =  f(u,  y+&y)~  /(tt,  v), 
where  u  is  an  auxiliary  variable.   Then 

<j>(x  +  Aa)  =  f(x  +  Ax,  y  +  Ay)  -  f(x  +  Ax,  y), 

(8)  <fr(x)  =  f(x,  y  +  &y)~  j(x,  y). 

Hence  (6)  may  be  written 

(9)  F  =  <f>(x  +  &x)  —  <l>(x). 

Applying  the  Theorem  of  Mean  Value  (J?),  Art.  116, 

CIO)  F^Ax<b'(x  +  6i  Ax).  (0<^i<l) 


The  value  of  <f>'(x  +  0i  Ax)  is  obtained  from  (8)  by  taking  the 
partial  derivative  with  respect  to  x  and  replacing  x  by  x  +  61  Ax. 
Thus  (10)  becomes 

(11)     F  =  Ax(/.(z  +  0i  Ax,  y  +  Ay)  -  fx(x  +  0i  Ax,  y)). 


Now  apply  (£>)>  Art.  116,  to  fx(x  +  0i  Ax,  «),  regarding  w  as  the 
independent  variable.   Then 

(12)  F  =  Ax  Ay  /^(x  +  0i  Ax,  y  +  02  A?/).  (0  <  02  <  1) 

If  the  second  and  third  terms  of  the  right-hand  member  of  (6) 
are  interchanged,  a  similar  procedure  will  give 

(13)  F  =  A?/  Ax/w(x  +  03  Ax,  y  +  04  A?/).     (0  <  03  <  1,  0  <  04  <  1) 

Hence  from  (12)  and  (13), 

(14)  fvx(x  +  0i  Ax,  y  +  02  Ay)  =  /sv(x  +  03  Ax,  y  +  04  Ay). 

Taking  the  limit  of  both  sides  as  Ax  and  Ay  approach  zero  as 
limits,  we  have 

(15)  fyx(x,  y)  =fxu(x,  y), 
since  these  functions  are  assumed  to  be  continuous. 

PROBLEMS 

Find  the  second  partial  derivatives  of  each  of  the  following  functions. 

1.  /(»,  I/)  =  Ax2  +  2  Bxy  +  Cy2. 

Ans.  fxx(x,  y}  -  2  A  ;  /^(x,  y)  =  2  B  ;  /w(a,  I/)  =  2  C. 

2.  /(x,  y)  =  Ax3  +  Bx2y  +  Cxy2  +  Dy3. 

Ans.  fxx(x,  y)  =  6  Ax  +  2  By;  /^(x,  y)  =  2Bx+2Cy;  fvv  (x,  y)=2Cx  +  Q  Dy. 

3.  f(x,  y)  =  Ax+By  +  Cew. 

Ans.  fxx(x,  y}  =  Cy2ex«;  fxy=  C(l  +  vy)e?»;  fw(x,  y)  = 


.     ,        Cx  +  Dy 

5-  /(x,  y}  =  x2  cos  T/  +  y2  sin  x. 

6.  If  /(x,  i/)  =  x3  •+  3  x2y  +  6  xy2  -  y3,  show  that 

/«(2,  3)  =  30,  ^(2,  3)  =  48,  /w(2,  3)  =  6. 

7.  If  /(x,  T/)  =  x4  —  4  xay  +  8  x?/3  —  7/4,  show  that 

/«(2,  -  1)  =  96,  fxy(2,  -  1)  =  -  24,  /w(2,  -  1)  =  -  108. 

8.  If  /(x,  T/)  =  2  x4  -  3  x  V  +  ?/,  find  the  values  of 


suits. 


=  4  Cx  +  6  J>2/,     f^  =  6  Dx  +  24  By. 

Ctyd 

10.  If  u  =  (ax*  +  by*  +  «»)«,  show  that  -^-  =      g%      =  -^-- 

ox2  oy      ox  oy  ox      oy  ox2 

i  -i    TJT  xy       T.       it,  j.    9  $2"**  i  o        ^2%    ]     2  ^2%     A 

11.  If  u  =  —  f*-f  show  that  a;2  —  -  +  2  a?y  —  —  -  +  y2  —  -  =  0. 

z  +  1/  dx2  ox  oy          oy2 

.  -  32^         fl2n, 

12.  If  u  =  In  Vx2  +  y2,  show  that  ^  +  ~  =  0. 

fe2      dy2 

13.  If  «  =  -—2=.  *ow  that     S  +     f  +     S  =  o. 

-2  2  2 


ADDITIONAL  PROBLEMS 

1.  A  circular  hill  has  a  central  vertical  section  in  the  form  of  the 
curve  whose  equation  is  x2  +  160  y  —  1600  =  0,  where  the  unit  is  1  yd. 
The  top  is  being  cut  down  in  horizontal  layers  at  the  constant  rate  of 
100  cu.  yd.  per  day.    How  fast  is  the  area  of  the  horizontal  cross  section 
increasing  when  the  top  has  been  cut  down  a  vertical  distance  of  4  yd.  ? 

Ans.  25  sq.  yd.  per  day. 

2.  If  u  =  -~—»  show  that  ~  +  ^=(x  +  y-  l)u. 

ex  +  ey  dx      dy 


3.  If  u  =  -»  where  r  =  Vcc2  +  y2  +  z2,  show  that 


,  ,  = 

W    U;    ^ 

r\2 

4.  If  0  =  x2  arc  tan  #  -  y2  arc  tan  -»  show  that 


a?  y  dxdy     %2  +  y2 

-  rf  4.     x    •,,-,,  d2u  .  dzu     d2u  _  n 

5.  If  u  =  z  arc  tan  -»  show  that  —  —  +  -r—  +  —  =  0. 

y  dx2     oyz      ozz 

6.  If  u  =  In  (&  +  e»  +  e^,  show  that  -^~  =  2  ex+^-3u, 

dxdy  dz 

7.  If  u  =  f(x,  y")  and  x  =  r  cos  0,  y  —  r  sin  0,  show  that 

du  __        Qdu     sin  8  du 
___COS0_..        __, 

9w       •    o  #w  ,  cos  0  9w 
_==sin^_  +  ._____. 

8.  Let  %  =  (o;i2  +  x22  +  ----  f-  xn2~)k-  What  values  of  k  will  satisfy  the 
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APPLICATIONS  OF  PARTIAL  DERIVATIVES 

233.  Envelope  of  a  family  of  curves.  The  equation  of  a  curve  gen- 
erally involves,  besides  the  variables  x  and  y,  certain  constants  upon 
which  the  size,  shape,  and  position  of  that  particular  curve  depend. 
For  example,  the  locus  of  the  equation 

(x  —  a.}2  +  y2  =  r2 

is  a  circle  whose  center  lies  on  the  a>axis  at  a  distance  of  a.  from  the 

origin,  its  size  depending  on  the  radius  r.    Suppose  a  to  take  on  a 

series  of  values  while  r  is  held  fast  ;  then 

we  shall  have  a  corresponding  series  of 

circles  of  equal  radius  differing  in  their 

distances  from  the  origin,  as  shown  in 

the  figure. 

Any  system  of  curves  formed  in  this 
way  is  called  a  family  of  curves,  and  the 
quantity  a,  which  is  constant  for  any  one  curve,  but  changes  in 
passing  from  one  curve  to  another,  is  called  a  variable  parameter. 
To  indicate  that  a.  enters  as  a  variable  parameter  it  is  usual  to 
insert  it  in  the  functional  symbol,  thus  : 

f(x,  y,  a)  =  0. 

The  curves  of  a  family  may  be  tangent  to  the  same  curve  or  group 
of  curves,  as  in  the  above  figure.  In  that  case  the  name  envelope  of 
the  family  is  applied  to  the  curve  or  group  of  curves.  We  shall  now 
explain  a  method  for  finding  the  equation  of  the  envelope  of  a  family 
of  curves.  Suppose  that  the  curve  whose  parametric  equations  are 

(1)  jc  =  0(a),     y=^(a) 
is  tangent  to  each  curve  of  the  family 

(2)  !(x,  y,  a)  =  0, 

the  parameter  a  being  the  same  in  both  cases.  For  any  common 
value  of  a.  equations  (1)  will  satisfy  (2).  Hence,  by  (£),  Art.  229, 
since  u  =  f(x,  y,  a),  du  —  df=  0,  and  z  is  replaced  by  a,  we  have 

v\  4-  iJv..  1J.  nf]\L'(fr\  -\-  f..(r..  1J.  nA  =  0. 
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The  slope  of  (1)  at  any  point  is 


and  the  slope  of  (2)  at  any  point  is 

(5)  ^  =  ~  £(*'  y'  al  •  (#),  Art.  231 

dx         jv(x,  y,  tx) 

Hence  if  the  curves  (1)  and  (2)  are  tangent,  the  slopes  at  a  point 
of  tangency  will  be  equal,  giving 


or 


(j)'(a)         fy(x,  y,  a) 

(6)  fx(x,  y,  aW(a)  +  fv(x,  y,  a)  #'(0)  =  0. 

Comparing  (6)  and  (3)  gives 

(7)  }a(x,  y,  a)  =  0. 

Therefore  the  coordinates  of  the  point  of  tangency  satisfy 

(8)  f(x,  y,  a)  =  0     and    fa(x,  y,  a)  =  0  ; 

that  is,  the  parametric  equations  of  the  envelope,  in  case  an  envelope 
exists,  may  be  found  by  solving  these  equations  for  x  and  y  in  terms 
of  the  parameter  a. 

General  rule  for  finding  the  parametric  equations  of  the  envelope 

FIRST  STEP.  Write  the  equation  of  the  family  of  curves  in  the  form 
f(x,  y,  a)  =  0  and  derive  the  equation  fa(x,  y,  a)  =  0. 

SECOND  STEP.  Solve  these  two  equations  for  x  and  y  in  terms  of  the 
parameter  a. 

The  rectangular  equation  may  be  found  either  by  eliminating  a 
between  the  equations  (8)  or  from  the  parametric  equations  (Art.  81). 

ILLUSTRATIVE  EXAMPLE  1.  For  the  family  of  circles  at  the  beginning  of  this 
article'  f(x,  y,a')  =  (x~a)2  +  ^-r2=  0. 

Hence  fa(x,  y,  a}  =  (*  —  a)  =  0. 

Eliminating  a,  the  result  is  yz  —  r2  =  0,  or  y  =  r,  y  =  —  r,  and  these  are  the  equa- 
tions of  the  lines  AB  and  CD  in  the  figure. 


(11) 
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First  Step.   Differentiating  with  respect  to  a, 

(10)  fa(x,  y,  a)  =  -  x  sin  a:  +  y  cos  a  =  0. 

Second  Step.  Multiplying  (9)  by  cos  a  and  (10)  by  sin  a  and  subtracting,  we  get 

x  —  p  cos  a. 
Similarly,  eliminating  x  between  (9)  and  (10), 

y  —  p  sin  a. 
The  parametric  equations  of  the  envelope  are  therefore 

x  =  p  cos  a, 
y  =  p  sin  a, 

a  being  the  parameter.  Squaring  equations  (11)  and 
adding,  we  get  x2  +  y2  —  p2, 

the  rectangular  equation  of  the  envelope,  a  circle. 

ILLUSTRATIVE  EXAMPLE  3.   Find  the  envelope  of  a  line  of  constant  length  a, 
whose  extremities  move  along  two  fixed  rectangular  axes. 

Solution.   Let  AB  =  a  in  length,  and  let 

(12)  x  cos  a  +  y  sin  a  —  p  =  0 

be  its  equation.   Now  as  AB  moves,  both  a  and  p  will  vary.  But  p  may  be  found 
in  terms  of  a.   For  AO  =  AB  cos  a  —  a  cos  a,  and  also 
p  =  AO  sin  a  =  a  sin  a  cos  a.  Substituting  in  (12),  we  get 

(13)  x  cos  a  +  y  sin  a  —  a  sin  a  cos  a  —  0, 

where  a  is  the  variable  parameter.  This  equation  is  in 
the  form  f(x,  y,  a)  =  0.  Differentiating  with  respect  to 
a,  the  equation  fa(x,  y,  a)  =  0  is 

(14)  —  x  sin  a  +  y  cos  a  +  a  sin2  a  —  a  cos2  a  =  0. 

Solving  (13)  and  (14)  for  x  and  y  in  terms  of  a,  the 
result  is 

x  —  a  sin3  «, 
y  =  a  cos3  a, 


(15) 


the  parametric  equations  of  the  envelope,  a  hypocycloid.   The  corresponding  rec- 
tangular equation  is  found  from  equations  (15)  by  eliminating  a  as  follows : 

%.       2 

xa  =  a*  sin2  a, 


y3  —  a3  cos2  a. 


Adding, 


.2  2.  2 

a;3  +  y3  ~  a3",  the  rectangular  equation  of  the  hypocycloid. 


Many  problems  occur  in  which  it  is  convenient  to  use  two  param- 
eters connected  by  an  equation  of  condition.  By  using  the  latter, 
one  parameter  may  be  eliminated  from  the  equation  of  the  family 
of  curves.  It  is,  however,  often  better  to  proceed  as  in  the  following 
:xamr)le. 
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ILLUSTRATIVE  EXAMPLE  4.  Find  the  envelope  of  the  family  of  ellipses  whose 
axes  coincide  and  whose  area  is  constant. 


Solution.   (16)      +  j    =  l 

is  the  equation  of  the  ellipse,  where  a  and 
6  are  the  variable  parameters  connected 
by  the  equation 


(17) 


irab  —  k, 


irab  being  the  area  of  an  ellipse  whose 
semiaxes  are  o  and  6.  Differentiating, 
regarding  a  and  b  as  variables  and  x  and 
y  as  constants,  we  have,  using  differentials, 


=  0,  from  (16), 


and        bda  +  adb  =  0,  from  (17). 

Transposing  one  term  in  each  to  the  second  member  and  dividing,  the  result  is 


b2 


Therefore,  using  (16),         ~5  =  o 


whence 


a  =  ±  z\/2    and    6  =  ± 


K 

Substituting  these  values  in  (17),  we  get  the  envelope  xy-±—>  a  pair  of 
conjugate  rectangular  hyperbolas  (see  figure). 

234.  The  evolute  of  a  given  curve  considered  as  the  envelope  of  its 
normals.  Since  the  normals  to  a  curve  are  all  tangent  to  the  evolute 
(Art.  110),  it  is  evident  that  the  evolute  of  a  curve 
may  fee  defined  as  the  envelope  of  its  normals.  It 
is  also  interesting  to  notice  that  if  we  find  the 
parametric  equations  of  the  envelope  by  the 
method  of  the  previous  article,  we  get  the  coor- 
dinates x  and  y  of  the  center  of  curvature ;  so 
that  we  have  here  a  second  method  jor  finding  the 
coordinates  of  the  center  of  curvature.  If  we  elimi- 
nate the  variable  parameter,  we  obtain  the  rec- 
tangular equation  of  the  evolute. 

ILLUSTRATIVE  EXAMPLE.  Find  the  evolute  of  the  parabola  yz  =  4  px  considered 
as  the  envelope  of  its  normals. 

-,,.}  ia 


the  normal  to  be 

(i)         y-yi=fjt~?j'    or  ^1  +  2^-2^-^  =  0. 

Setting  the  partial  derivative  of  the  left-hand  member  with  respect  to  the 
parameter  y\  equal  to  zero,  and  solving  for  x,  we  find 


(2)  Sss. 

v  '  4  p 

Substituting  this  value  of  x  in  (1)  and  solving  for  y, 


Equations  (2)  and  (3)  are  the  coordinates  of  the  center  of  curvature  of  the  pa- 
rabola. Taken  together,  they  are  the  parametric  equations  of  the  evolute  in  terms 
of  the  parameter  y\.  Eliminating  y\,  we  obtain 

27  pyz  =  4(x-2  p):!, 

the  rectangular  equation  of  the  evolute  of  the  parabola.  This  is  the  same  result  we 
obtained  in  Illustrative  Example  1,  Art.  109,  by  the  first  method. 


PROBLEMS 

Find  the  envelopes  of  the  following  systems  of  straight  lines  and  draw 
the  figures. 

1.  y  =  mx  +  m2.  Ans.   x2  +  4  y  —  0. 

2.  y  =  -  +  m2.  27  x2  =  4  y3. 

7/tr 

3.  y  =  m2x  —  2  ra3.  27  y  =  x3. 

4.  y  =  2  mx  +  m4.  16  ys  +  27  a4  =  0. 

5.  y  -  tx  -  t2.  §.y  =  t2x  +  t.  7. 


Find  the  envelopes  of  the  following  systems  of  circles  and  draw  the 
figures. 

8.  (x  —  c)2  4-  y2  —  4  c.  Ans.   y2  —  4  x  +  4. 

9.  x2  +  (y  -  O2  =  2  t.  10.  (x  -  £)2  +  (y  +  O2  =  t2. 

Find  the  envelopes  of  the  following  systems  of  parabolas. 

11.  y2  =  c(x  —  c).  Ans.  2  y  —  ±x, 

12.  cy2  -  1  -  czx. 

13.  Find  the  evolute  of  the  ellipse  b2x2  +  a2y2  =  azb2,  taking  the  equa- 
tion of  the  normal  in  the  form  by  =  ax  tan  cj>  —  (a2  —  &2)  sin  0,  the  eccen- 
tric angle  0  being  the  parameter. 

Ans.  x  =  fl2~62  cos3  0,  y  ~  ~^  sitf  <f>  ;  or  (az)f  +  (byfi  =  (a2  -  &2)f  . 


14.  Find  the  evolute  of  the  hypocycloid  x3  4-  y'A  =  a3,  the  equation  of 
whose  normal  is  y  cos  r  _  x  sin  r  =  a  cos  2  T, 

2  22 

r  being  the  parameter.  Aws.    (x  -H  •z/)1  +  (a:  —  y^  =  2  cr. 

15.  Find  the  envelope  of  the  circles  which  pass  through  the  origin  and 
have  their  centers  on  the  hyperbola  x2  —  y2  =  c2. 

Ans.    The  lemniscate  (x2  +  y2)2  =  4  c2(#2  —  ?/2). 

16.  Find  the  envelope  of  a  line  such  that  the  sum  of  its  intercepts  on 
the  axes  equals  c.  Ans,   The  parabola  z* +  ?/  =  A 

17.  Find  the  envelope  of  the  family  of  ellipses  b2x2  +  a2y2  =  a2b2  when 
the  sum  of  its  semiaxes  equals  c.      Ans,    The  hypocycloid  cc*  +  y$  =  c*. 

18.  Projectiles  are  fired  from  a  gun  with  an  initial  velocity  »0.    Sup- 
posing the  gun  can  be  given  any  elevation  and  is  kept  always  in  the 
same  vertical  plane,  what  is  the  envelope  of  all  possible  trajectories,  the 
resistance  of  the  air  being  neglected? 

HINT.  The  equation  of  any  trajectory  is 

y  =  x  tan  a  —  - — — • 

2  Vo2  cos2  o; 

at  being  the  variable  parameter. 

Ans.   The  parabola  y  =  ~ —  •— — -  • 
2  g     2  «02 

19.  If  the  family 

t2f(x,  y}  +  tg(x>  y)  + 

has  an  envelope,  show  that  it  is 


235.  Tangent  line  and  normal  plane  to  a  skew  curve.  The  student 
is  already  familiar  with  the  parametric  representation  of  a  plane 
curve  (Art.  81).  In  order  to  extend 
this  notion  to  curves  in  space,  let  the 
coordinates  of  any  point  P(x,  y,  z)  on 
a  skew  curve  be  given  as  functions  of 
some  fourth  variable  which  we  shall 
denote  by  t ;  thus, 


X 


The  elimination  of  the  parameter 
t  between  these  equations  two  by  two    Y 
will    give    us    the    equations    of    the 


value  t  +  At  where  Az,  Ay,  Az  are  the  increments  of  x,  y,  z  due  to  the 
increment  At  as  found  from  equations  (1).  From  analytic  geometry 
of  three  dimensions,  we  know  that  the  direction  cosines  of  the  secant 
(diagonal)  PP'  are  proportional  to 

Ax,    Ay,    Az; 

or,  dividing  through  by  At  and  denoting  the  direction  angles  of  the 

secant  by  a',  /3',  -y', 

.  cos  PL'  _  cos  J3'  _  cos  y' 

(A)  — * 


Ax          Ay 
At          At 


Az 
At 


Now  let  P'  approach  P  along  the  curve.  Then  At,  and  therefore 
also  Ax,  Ay,  Az,  will  approach  zero  as  a  limit,  and  the  secant  PP'  will 
approach  the  tangent  line  to  the  curve  at  P  as  a  limiting  position. 


Now 


lim^  =  ^  = 


,  etc. 

> 


Hence,  for  the  tangent  line, 


(A) 


cos  a 
dx 
dt 


cos 


dt 


cos 
dz 
dt 


When  the  point  of  contact  is  PI(XL,  y\,  zi),  we  use  the  notation 

dx 


(3) 


dt 


=  value  of  -7-  when  x  =  xi,  y  =  y\,  z  — 

I  dt 


and  similar  notation  for  the  other  derivatives. 

Hence,  by  (2)  and  (4),  p.  5,  we  have  the  following  result. 

The  equations  of  the  tangent  line  to  the  curve  whose  equations  are 

(i)  Z  =  <KO,   y 

at  the  point  PI(XI,  y\,  z\}  are 


The  normal  plane  of  a  skew  curve  at  a  point  PI(JCI,  y\,  21)  is  the 
plane  which  passes  through  PI  and  is  perpendicular  to  the  tangent 
line  at  PI.  The  denominators  in  (#)  are  the  direction  numbers  of 
the  tangent  line  at  PI.  Hence  we  have  the  following  result. 
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The  equation  of  the  normal  plane  to  the  curve  (1)  at  PI  (xi,  y\,  21)  is 

,  ty\f..    ..  x 


(C) 


(x  - 


dth 


ILLUSTRATIVE  EXAMPLE.  Find  the  equations  of  the  tangent  line  and  the  equa- 
tion of  the  normal  plane  to  the  circular  helix  (9  being  the  parameter) 

fx  =  a  cos  6, 

(4)  J  y  =  a  sin  9, 

(z  =  bd, 

fa)  at  any  point  (xi,  yi,  Zi} ;   (b)  when  6  —  2  TT. 

Solution.       -~  =  —  a  sin  6  =  —  y,    ^  =  a  cos  9  =  x,    ~  =  b. 
av  aa  av 

Substituting  in  (5)  and  (C),  we  get,  at  (xi,  y\,  %i), 


(5) 


and 


=£^i,  tangent  line, 
b 

-  yi)  +  b(z  -  zfi  =  0, 


normal  plane. 

When   0  =  2  TT,   the   point   on  the   curve    is 
(a,  0,  2  bir),  giving 

x  —  a  _  y  —  0  _  z  —  2  bir 
0     ~     a     ~       b      ' 

or  x  =  a,    by  =  az  —  2  abir, 

the  equations  of  the  tangent  line,  and 

ay  +  bz  —  2  b2ir  =  0, 
the  equation  of  the  normal  plane. 

REMARK.  For  the  tangent  line  (5)  we  have  by  (2)  and  (4),  p.  5, 
b  b 


cos  7  = 


:  =  a  constant. 


That  is,  the  helix  cuts  all  elements  of  the  cylinder  x2  -f  y2  =  a2  under  the  same  angle. 

236.  Length  of  arc  of  a  skew  curve.   From  the  figure  of  the  pre- 
ceding article  we  have 

n ,  (Chord PPQ2 _ (Ax V     /AjA»,  /A*Y» 

~ 


Let  arc  PP'  =  As.   Proceeding  as  in  Art.  95,  we  easily  prove 
(2)  /ds\\ 

From  this  we  obtain 


The  direction  cosines  of  the  tangent  line  can  now  be  given  a  simple 
form.  For,  from  (4)  of  the  preceding  article,  and  by  the  above 
equation  (2),  using  formulas  in  (2),  p.  5,  we  have 

(3)  «»«  =  !'     cos^  =  |'     cos^  =  |' 

ILLUSTRATIVE  EXAMPLE.  Find  the  length  of  arc  of  the  skew  cubic 

(4)  x  =  t,    y  =  %t*,    z=i<3 
between  the  points  where  t  =  0  and  t  =  4. 

Solution.   Differentiating  (4),  we  obtain 

dx  =  dt,     dy^tdt,    dz  =  t2dt. 

Substituting  in  (Z>),  s  =  f*Vl+i»+t*  dt  =  23.92, 

Jo 

approximately,  by  Simpson's  Rule,  letting  n  =  8. 

PROBLEMS 

Find  the  equations  of  the  tangent  line  and  the  equation  of  the  normal 
plane  to  each  of  the  following  skew  curves  at  the  point  indicated. 

l.x-at,y  =  U\  z  =  ct*;  t=l. 


26          3  c 


Ans. 


3.  x  =  t2  -  1,  y  =  t  +  1,  z  =  i3  ;  t  =  2. 
Ans.   :Lll3  =  fcZL 

l.x  =  P-l,y  =  t2  +  t,z  =  4:t3-Bt 

Ans.  1  = 

5.  x  =  2t-3,  y  =  5-t2,  z  =  ^;  t  =  2. 

6.  x  =  a  cos  <,  T/  =  &  sin  t,  z  =  i  ;  <  =  -^  TT. 

7.  a?  =  J,  #  =  e',  «  =  e~  '  ;  f  =  0. 

8.  x  =  cos  2,  2;  =  sin  t,  z  =  tan  t  ;  t  =  Q. 

9.  Find  the  length  of  arc  of  the  circular  helix 

x  —  a  cos  8,    y  —  a,  sin  6,    z  = 


-I- 


10.  Find  the  length  of  arc  of  the  curve 

x  =  3  0  cos  0,    y  =  3  0  sin  0,     z  =  4  0 
between  the  points  where  0  =  0  and  0  =  4.  Ans.  26  +  ?•/-  In  5  =  32.70. 

11.  Find  the  length  of  arc  of  the  curve 

x  ~  2  t     ii  =  t2 2      2  =  1 t2 

between  the  points  where  t  —  0  and  t  =  2. 

12.  Given  the  two  curves 

(5)  x  =  t     y  =  2  t2     z=-  —  —• 

(6)  z  =  1  —  0,    i/  =  2  cos  0,     2  =  sin  0  ~  1. 

(a)  Show  that  the  two  curves  intersect  at  the  point  A(l,  2,  —  1). 

(b)  Find  the  direction  cosines  of  the  tangent  line  to  (5)  at  A. 

Ans.  — . — _»  — .- — *     /-— — • 

Vis  Vis  Vis 

(c)  Find  the  direction  cosines  of  the  tangent  line  to  (6)  at  A. 

(d)  Find  the  angle  of  intersection  of  the  curves  at  A.  Ans.   90°. 

13.  Given  the  two  curves 

x  =  sin  0,     y  ~  0,     z  =  1  —  cos  0. 

(a)  Show  that  the  two  curves  intersect  at  the  origin  0. 

(b)  Find  the  direction  cosines  of  the  tangent  line  to  each  curve  at  0. 

(c)  Find  the  angle  of  intersection  of  the  curves  at  0. 

14.  (a)  If  OF,  OE,  ON  in  the  first  figure  of  Art.  222  are  chosen  as  axes 
of  coordinates  OX,  OY,  OZ,  respectively,  and  if  P(x,  y,  z)  is  a  point  on  the 
sphere,  prove  that  x  —  a  cos  <j>  sin  9,  y  —  acos<j>cosO,  z=asin<£,  if  <£  and 
6  are,  respectively,  the  latitude  and  longitude  of  P. 

(b)  Using  (3),  and  (3)  on  page  5,  find  the  angle  a  at  P  between  a  curve 
on  the  sphere  for  which  0  =  /(<£)  and  the  parallel  through  P. 

Ans.  tan  a  =  sec  $  -r~,  as  in  Art.  222. 

uu 

237.  Normal  line  and  tangent  plane  to  a  surface.  A  straight  line  is 
said  to  be  tangent  to  a  surface  at  a  point  P  if  it  is  the  limiting  position 
of  a  secant  line  through  P  and  a  neighboring  point  P'  on  the  surface 
when  Pr  is  made  to  approach  P  along  a  curve  on  the  surface.  We 
now  proceed  to  establish  a  theorem  of  fundamental  importance. 

Theorem.  All  tangent  lines  to  a  surface  at  a  given  point  lie  in  a  plane. 

Proof.  Let 

(1)  F(x,  y,z)  =  0 

be  the  equation  of  the  given  surface,  and  let  P(x,  y,  z)  be  the  given 


the  secant  line  PP  approaches  the  position  01  a  tangent  line  to  the 
curve  C  at  P.  Now  let  the  equations  of  the  curve  C  be 

Then  the  equation  (1)  must  be  satisfied  identically  by  these 
values.  Hence,  if  u  =  F(x,  y,  2),  then  u  =  0,  du  =  0,  and  by  (E),  Art.  229, 

(V\  ^dXjL.dF.dy.jL  &]..  d*  —  n 

dx  dt      dy  dt      dz  dt  ~ 

This  equation  (see  (3),  Art.  4)  shows  that  the  tangent  line  to  (2), 
whose  direction  cosines  are  proportional  to 

dx     dy_     dz 
dt'     dt'    dt' 

is  perpendicular  to  a  line  whose  direction  cosines  are  proportional  to 


^  ;  dx       dy      dz 

Let  PI(XI,  y\,  Zi)  be  a  point  on  the  surface  and 

(5) 


By  (3),  P.  5 


dx 


dz 


the  values  of  the  partial  derivatives  in  (4)  when  x  =  xi,  y=y\, 
z  =  zi.  The  line  passing  through  PI  whose  direction  numbers  are 
given  by  (5)  is  called  the  normal  line  to  the  surface  at  PI.  Hence  we 
have  the  following  result : 

The  equations  of  the  normal  line  to  the  surface 
(1)  F(x,  y,20  =  0 

at  PI(XI,  yi,  21)  are 


dx 


dF 

dz 


The  preceding  argument  shows  that  all  tangent  lines  to  the  sur- 
face (1)  at  PI  are  perpendicular  to  the  normal  line  at  PI.  Hence 
they  lie  in  a  plane.  Thus  the  theorem  is  proved. 

This  plane  is  called  the  tangent  plane  at  (Pi). 

We  may  now  state  the  following  result. 

The  equation  of  the  tangent  plane  to  the  surface  (1)  at  the  point  oj 
contact  PI(XI,  y\,  z\)  is 


8F 
dx 


(x  - 


dF 


(y  - 


dp 

dz 


(z  -  z{)  -  0. 


REMARK.  If  all  the  denominators  in  (£)  vanish,  the  normal  line  and  tangent 
plane  are  indeterminate.  Such  points  are  called  singular  points  and  are  excluded 
here. 

In  case  the  equation  of  the  surface  is  given  in  the  form 
z  —  f(x,  y),  let 

(6)  F(x,  y,  z)=f(x,  y}-z  =  Q. 


—       —  o    —  o    —  n          o    —      -» 

<?£      (?a;      #£      dy      dy      dy      cz 

Hence,  by  (E),  we  have  the  following  result. 

The  equations  of  the  normal  line  to  the  surface  z  =  f(x,  y}  at  (x\, 


are 


dz 

dx 

Also,  from  (F),  we  obtain 


(x  -  xi)  + 


(y  - 


=  o, 


which  is  then  the  formula,  for  the  equation  of  a  plane  tangent  at  ($1,  y\,  z\] 
to  a  surface  whose  equation  is  given  in  the  form  z  ~  f(x,  y}. 

238.  Geometric  interpretation  of  the  total  differential.  We  are  now 
in  a  position  to  discuss  formula  (B),  Art.  227,  by  geometry,  in  a  man- 
ner entirely  analogous  to  that  in  Art.  91. 

Consider  the  surface 


(1) 

and  the  point  (x\,  y\, 
when 

(2) 


2  =/(a,  y}, 

on  it.   Then  the  total  differential  of  (1)  is, 
x  =  %i,    y  —  y\, 
dz 


dx 


dy 


Ay, 


using  (5),  Art.  227,  and  replacing  dx  and  dy  by  their  equivalents,  Az 
and  Ag/,  respectively.  Let  us  find  the  2-coordinate  of  the  point  in 
the  tangent  plane  at  PI  where 

x  =  xi  +  Ax,    y  —  y\  +  Ay. 
Substituting  these  values  in  (H)  of  Art.  237,  we  find 

-J^I   A,, 


j.  iicu.Lej.ii. 


f  erential  of  a  function  f(x,  y} 
corresponding  to  the  incre- 
ments Ax  and  Ay  equals  the 
corresponding  increment  of 
the  z-coordinate  of  the  tan- 
gent plane  to  the  surface 
2  =  /(s,  y}- 

Thus,  in  the  figure,  PP' 
is  the  plane  tangent  to 
surface  PQ  at  P(x,  y,  z). 

Let        AB  =  Ax 
and  CD  =  Ay; 

then  dz 

Notice  also  that 


—  2i  =  DP'  -  DE  =  EP'. 
Az  =  DQ  -  DE  =  EQ. 


ILLUSTRATIVE  EXAMPLE.  Find  the  equation  of  the  tangent  plane  and  the  equa- 
tions of  the  normal  line  to  the  sphere  x2  +  y2  +  z2  =  14  at  the  point  (1,  2,  3). 

Solution.  Let  F(x,  y,  z)  =  x2  +  ya  +  z2  -  14 ; 


Therefore 

dF 

TT~ 

—  2, 

dF 

"^  — 

=  4, 

dx 

1 

dy 

i 

Substituting  in  (F),    2(x  -  1)  +  4(y  -  2)  +  ( 

or 


=  14:,  the  tangent  plane. 


^~  X  _^  2/  "~~"  "  rm_  !5  **"•  o 

_________ 


Substituting  in  (£), 
giving  z  =  3x  and  2  z  =  3  y,  equations  of  the  normal  line.  Ans. 


PROBLEMS 

Find  the  equation  of  the  tangent  plane  and  the  equations  of  the  nor- 
mal line  to  each  of  the  following  surfaces  at  the  point  indicated. 


1.  **  +  »»  +  a"  =49;    (6,2,3). 

Ans.   6z  + 

2.  s  =  z2  +  2/2-l;  (2,1,4). 

Aws.  4» 
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3.  x2  +  xy*  +  y*  +  z  +  i  =  o  ;   (2,  -  3,  4). 

Ans.    13z+152/  +  z+15=:0;  2-^  =  l/~±_3  =  ^zi  . 

Id  15  1 

4.  r2  +  2  3^  +  ?/  +  z  -  7  =  0  ;  (1,  -  2,  6). 

Ans.    2x  +  2-z+S  =  Q  l  =  M± 


5.  a:2?/2  +  zz  -  2  ?/3  -  10  =  0  ;   (2,  1,  4). 

4  z  +  ?/  +  z-13  =  0    £         =  JLzil  =  Izi 


6.  ^-^  -«2  =  1;  (3,  2,  2). 

7.  z2  +  i/2  -  22  =  25  ;   (5,  5,  5). 
8.2z2  +  32/2  +  4z2=6;  (1,  1,  i). 
9.  z  +  y-22  =  3;  (3,  4,  2). 

10.  Find  the  equation  of  the  tangent  plane  to  the  hyperboloid  of  two 
--=l.t  (*,»,*).  Ans. 


11.  Find  the  equation  of  the  tangent  plane  at  the  point  (xi,  yi,  Zi)  on 
the  surface  ax2  +  by2  +  cz2  -f  <3  =  0.         Ans.   axix  4-  by\y  +  cz:z  +  d  =  0. 

12.  Show  that  the  equation  of  the  plane  tangent  to  the  sphere 

x2  +  y2  +  z*  H-  2  Lx  +  2  My  +  2  Nz  +  D  ~  0 
at  the  point  (xi,  y\,z\)  is 

Xix  +  yjy  +  2i«  +  L(x  +  Xi)  +  M(y  +  yi)  +  N(z  +  gx)  +  D  -  0. 

13.  Find  the  equation  of  the  tangent  plane  at  any  point  of  the  surface 


and  show  that  the  sum  of  the  squares  of  the  intercepts  on  the  axes  made 
by  the  tangent  plane  is  constant. 

14.  Prove  that  the  tetrahedron  formed  by  the  coordinate  planes  and 
any  tangent  plane  to  the  surface  xyz  =  a3  is  of  constant  volume. 

r2  A 

15.  The  surface  x2  —  4  y2  —  4  z  =  0  is  cut  by  the  curve  x  =  —  >  y  =  -> 

t  —  2  t2 
z  =  —  -  —  at  the  point  (2,  2,  —  3).   "What  is  the  angle  of  intersection? 

Ans.   90°  -  arc  cos-—  =  =  32°  37'. 
3V138 

16.  The  surface  x2  +  y2  +  3  z2  ~  25   and  the   curve  x  =  2t,  y  =  ^> 

v 

z=  —  2  ft  intersect  at  the  point  on  the  curve  given  by  t  =  1.    What  is 
the  angle  of  intersection  ?  ^   9QO  _  ^  cog  _19    =  3()0  ^ 


7V29 
17.  The  ellipsoid  x2  +  2  y2  4-  3  z2  =  20  and  the  skew  curve  a;  =  f  (£2  +  1), 


of  the  two  surfaces  F  (x,  y,  z)  =  0  and 
G(x,  y,  z)  —  0,  the  tangent  line  PT  at 
P(XI,  y\,  Zi)  is  the  intersection  of  the 
tangent  planes  CD  and  CE  at  that 
point,  for  it  is  also  tangent  to  both  sur- 
faces and  hence  must  lie  in  both  tangent 
planes.  The  equations  of  the  two  tan- 
gent planes  at  P  are,  from  (F), 


(1) 


dx 

dG 

dx 


(X  — 


'  —  yi) 

-yi) 


dG 
dz 


(z  -  zi)  =  0. 


Taken  simultaneously,  these  equations  are  the  equations  of  the 
tangent  line  PT  to  the  skew  curve  AB. 

If  A,  B,  C  are  direction  numbers  for  the  line  of  intersection  of  the 
planes  (1),  then,  by  (6),  Art.  4, 


dF_ 

dG 

dF 

dG 

• 

•y 

dF 

dG  _d 

F     dG 

A  — 

dy  i 

dzi 

"  dz 

i 

dy 

>    J 
i 

dz 

! 

dx  i      c 

)x  i  dz 

(2) 

\*~  J 

dF 

dc  _ 

_  dF_ 

dG 

dx 

i 

9#  i 

dy 

i 

dx 

i 

Then  the  equations  of  the 

fO\                                                       "•"  "~~  ""I    - 

tangent  line 

CPT  are 

v  '  ABC 

The  equation  of  the  normal  plane  PHI  is 
(4)  A(x-  X!)  +  B(y  -  yi)  +  C(»  -  Zi)  =  0. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  equations  of  the  tangent  line  and  the 
equation  of  the  normal  plane  at  (r,  r,  r  V§)  to  the  curve  of  intersection  of  the  sphere 
and  cylinder  whose  equations  are,  respectively,  x2  +  y2  +  zz  =  4  r2,  x2  +  yz  =  2  rx, 

Solution.  Let  F  =  x2  +  y2  -f  zz  -  4  r2  and  G  =  £2  4-  yz  -  2  raj. 
=  2r, 


a* 


dec 


=  0, 


dG 


=  2r, 


52 

dG 
dz 


=  0. 


Substituting  in  (2),  we  find 

Hence,  by  (3),  we  have 

x  _—  r  _  y  —  r  _  z  —  rVz 
_V2~     0     ~        1 


H 


or 


=  r,    x 


+  V2z  =  3r, 


the  equations  of  the  tangent  PT  at  P  to 
the  curve  of  intersection. 

Substituting  in  (4),  we  get  the  equa- 
tion of  the  normal  plane, 

-  V2(x  -  r)  +  Q(y  -  r)  +  (e  -  rV2~)  =  0, 

or  V2  x  -  z  =  0. 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  angle  of  intersection  of  the  surfaces  in  the 
preceding  example  at  the  point  given. 

Solution.  The  angle  of  intersection  equals  the  angle  between  the  tangent  planes 
or  normal  lines.  We  have  found  direction  numbers  for  these  lines  above  in  Illus- 
trative Example  1  (see  (E),  Art.  237). 


These  are 


Hence,  by  (6),  Art.  4 


a  =  2  r,  b  =  2  r,  c  =  2  r\/2. 
a'  =  0,  6'  =  2  r,  c'  =  0. 


=. 


=  60°.  An*. 


PROBLEMS 

Find  the  equations  of  the  tangent  line  and  the  equation  of  the  normal 
plane  to  each  of  the  following  curves  at  the  point  indicated. 
1.  x2  +  y2  +  z2  =  49,  x2  +  y2  =  13  ;   (3,  2,  -  6). 

Ans.   £-=^  =  2,2  +  6  =  0;  2  x  -  3  y  =  0. 


=  3Q;  (2,  1,  4). 


Aws. 


3.  z2  +  y2  -  z2  =  16,  x2  +  4  ?/2  +  4  z2  =  84  ;  (2,  4,  2). 


. 

16          —  5  o 

4.  zs  +  7/2  +  3  »8  =  32,  2  z2  +  7/2  -  z2  =  0  ;  (2,  1,  3). 
Ans,   £2  =  ILl==£l;6a; 


5.  a;2  -  7/  -  z2  =  1,  s2  -  y2  +  z2  =  9  ;  (3,  2,  2). 


DUfTJUKiUJNTIAJL-  AJND   IJNTJUUKAJU   UAJLAJUJLUtJ 

7.  The  equations  of  a  helix  (spiral)  are 

x2  +  y2  =  r2, 

y  =  x  tan  -  • 

Show  that  at  the  point  (cci,  y\,  z\)  the  equations  of  the  tangent  line  are 
c(x  -  si)  +  2/1(2  -  zi)  =  0, 
c(y  -  ?/i)  -zi(3-  «i)  =  0; 
and  the  equation  of  the  normal  plane  is 

-   yix-xiy  —  c(z  —  zi)  =  0. 

8.  The  surfaces  x2y2  +  2  x  +  z3  =  16  and  3  x2  +  yz  -  2  2  =  9  intersect 
in  a  curve  which  passes  through  the  point  (2,  1,  2).    What  are  the  equa- 
tions of  the  respective  tangent  planes  to  the  two  surfaces  at  this  point? 

Ans.   3o;  +  47/  +  6z  =  22;  6x  +  y-z  =  ll. 

9.  Show    that    the    ellipsoid   x2  +  3  y2  +  2  z2  =  9    and    the    sphere 
x2  +  y2  +  z2  ~  8  x  —  8  y  —  6  z  +  24  =  0  are  tangent  to  each  other  at  the 
point  (2,  1,  1). 

10.  Show  that  the  paraboloid  3x2  +  2y2  —  2z  =  l  and  the  sphere 
x2  +  y2  +  z2  -  4  y  -  2  z  +  2  =  0  cut  orthogonally  at  the  point  (1,  1,  2). 

240.  Law  of  the  Mean.  The  applications  of  partial  derivatives  to  be 
given  now  depend  upon  the  Law  of  the  Mean  for  functions  of  several 
variables.  The  result  to  be  derived  is  based  upon  the  discussion  in 
Art.  116.  We  proceed  to  establish  the  formula 

(1)  f(xo  +  h,yo-\~  fc)  =/(a&,  yQ)  +  hfx(xo  +  Oh,  y0  +  0fc) 

To  this  end  let 
(2) 

Apply  (Z)),  Art.  116,  to  F(t),  with  a  =  0,  and  Ao  =  1.  Then  we 
have 


(3)  *•(!)  =  F(0)  +  *"(0).  (0  <  6  <  1) 
But  from  (2),  by  (D),  Art.  229,  since  x  —  x0  +  kt,  y  =  yo  +  ktt 

(4)  F'(f)  =  A/s(ak)  +  fe«,  2/0  +  fe)  +  feACrco  +  kt,  y0  +  kt). 
Then,  from  (2),  we  get 

(5)  F(l)  =  /(a*  +  h,  yo  +  &),    F(0)  =  f(x0,  yQ}, 
and,  from  (4), 

(6)  *"(0)  = 


If  we  desire  a  formula  analogous  to  (F),  Art.  124,  we  must  form 
F"(t).  Applying  again  (Z>),  Art.  229,  we  get 

~fx(xo  +  ht,  yo  +  to)  =  hfxi(x0  4-  ht,  yo  +  to)  +  kfvx(x0  +  fa,  2/0  +  kf)  ; 

CM 

j/y(zo  +  ht,  yo  +  to)  =  tyW(xo  +  fa,  2/0  +  to)  +  fc/^xo  +  fa,  y0  +  to). 

Cv& 

Hence  from  (4),  we  have  by  differentiating  with  respect  to  t, 
(7)  F"(t)  =  h2fxx(x0  +  ht,  y0  4-  to)  +  2  M/^(ZO  +  ht,  yo  +  to) 


From  (/),  Art.  124,  letting  &  =  1,  a  =  0,  x2  =  0,  we  get 

(8)  F(l)  =  *•«))  H-  J?"(0)  +  |  ^'(fl). 

We  may  easily  prove  now  the  extended  Law  of  the  Mean  for  a 
function  of  two  variables  by  substituting  in  (8)  from  (5),  (4),  and  (7). 
Thus  we  get 

(9)  f(xo  +  h,y0  +  fc)  =/(x0,  yo)  +  hfx(xo,  yo)  +  kfv(xo,  yo) 

-f  Oh,  yo  +  0/0 

(0<6<  1). 

There  is  no  difficulty  in  establishing  the  corresponding  formulas 
for  functions  of  more  than  two  variables,  nor  in  extending  the  laws 
in  a  manner  analogous  to  that  at  the  end  of  Art.  124. 

241.  Maxima  and  minima  of  functions  of  several  variables.  In 
Art.  46,  and  again  in  Art.  125,  were  derived  necessary  and  sufficient 
conditions  for  maximum  and  minimum  values  of  a  function  of  one 
variable.  We  now  take  up  this  problem  when  several  independent 
variables  are  present. 

The  function  f(x,  y)  is  said  to  be  a  maximum  at  x  =  a,  y  —  b 
when  /(a,  6)  is  greater  than  f(x,  y)  for  all  values  of  x  and  y  in  the 
neighborhood  of  a  and  6.  Similarly,  f(x,  y)  is  said  to  be  a  minimum 
atx  =  a,y  =  b  when  f(a,  b)  is  less  than  f(x,  y)  for  all  values  of  x  and  y 
in  the  neighborhood  of  a  and  b. 

These  definitions  may  be  stated  in  analytical  form  as  follows: 

If,  for  all  values  of  h  and  k  numerically  less  than  some  small 
positive  quantity, 

(1)  /(a  +  h,  b  -f-  k)  -  f(a,  b)=&  negative  number, 
then  /(a,  6)  is  a  maximum  value  of  f(x,  y).   If 

(2)  f(a  +  h,b-\-k)~  f(a,  &)  =  a  positive  number, 


surface  in  its  neighborhood,  the  coordinate  plane  XO  Y  being  assumed 
horizontal.     Similarly, 
P'  is  a  minimum  point 
on   the   surface  when 
it  is  " lower"  than  all 
other   points    on    the 
surface  in    its    neigh- 
borhood. 
Hence  if 

„    jy •        t\ 

is  a  maximum  or  mini- 
mum, the  tangent  plane 
at  (a,  b,  Zi)  must  be  horizontal,  that  is,  parallel  to  XOY.  But  the 
tangent  plane  (H),  Art.  237,  is  parallel  to  XOY  when  the  coeffi- 
cients of  x  and  y  are  zero.  Hence  we  have  the  following  result. 

A  necessary  condition  that  /(a,  6)  shall  be  a  maximum  or  minimum 
value  off(xf  y}  is  that  the  equations 

/f\\  uj  f\        OJ  r\ 

dx       '    dy~~ 
shall  "be  satisfied  by  x  =  a,  y  =  b. 

The  conditions  (3)  may  be  obtained  without  use  of  the  tangent 
plane.  For,  when  y  =  b,  the  function  f(x,  b)  can  neither  increase  nor 
decrease  when  x  passes  through  a  (see  Art.  45).  Hence  follows  the 
first  of  equations  (3).  The  same  statement  applies  to  the  function 
f(a,  y).  Thus  we  have  the  second  equation  in  (3). 

The  method  just  expounded  applies  to  a  function  of  three  variables 
f(x,  y,  2).  That  is,  a  necessary  condition  that  /(a,  6,  c)  shall  be  a 
maximum  or  a  minimum  value  is  that  the  equations 


(4) 


. 

dx 


— "~    \Jy  Q          ~—    \Jy  «          — 


shall  have  the  common  solution  x  =  a,  y  =  b,  z  =  c. 

For  necessary  and  sufficient  conditions  the  problem  is  much  more 
difficult  (see  below) .  But  in  many  applied  problems  the  existence  of 
a  maximum  or  minimum  value  is  known  in  advance,  and  no  test  is 
necessary. 


ILLUSTRATIVE  EXAMPLE  1.  A  long  piece  of  tin  24  in.  wide  is  to  be  made 
into  a  trough  by  bending  up  two  sides.  Find  the  width 
and  inclination  of  each  side  if  the  carrying  capacity  is  a 
maximum. 

Solution.  The  area  of  the  cross  section  shown  in  the 
figure  must  be  a  maximum.  The  cross  section  is  a 
trapezoid  of  upper  base  24  —  2  x  +2  x  cos  a,  lower  **  24  -2  a?  »j 

base  24  —  2  x,  and  altitude  cc  sin  a.   The  area  A  is  given  by 

(5)  A  =  24  x  sin  a.  —  2  tc2  sin  a  +  x2  sin  a  cos  a. 

By  differentiation  we  have 

dA 

-r—  =  24  sin  a  —  4  x  sin  a  +  2  x  sin  a  cos  a. 

dx 

dA 

-r--  =  24  x  cos  a  —  2  x2  cos  a  +  a;z(cos2  a  —  sin2  a). 

da 

Setting  the  partial  derivatives  equal  to  zero,  we  have  the  two  equations 
2  sin  a(12  —  2  tc  +  a;  cos  a)  =  0. 
z[24  cos  a  —  2  cc  cos  a  +  a;  (cos2  o;  —  sin2  a)]  =  0. 

One  solution  of  this  system  is  a  =  0,  x  —  0,  which  has  no  meaning  in  the 
physical  problem.  Assuming  a.  ^  0,  x  ^  0,  and  solving  the  equations,  we  get 
cos  a  =  y,  x  =  8. 

A  consideration  of  the  physical  problem  shows  that  there  must  exist  a  maxi- 
mum value  of  the  area.  Hence  this  maximum  value  occurs  when  a  =  60°  and 
*  =  8". 

We  now  establish  a  sufficient  condition.  Assuming  that  equa- 
tions (3)  hold,  we  obtain  from  (9),  Art.  240,  substituting  XQ  =  a, 
2/o  =  b,  and  transposing, 


(6)    f(a  +  h,b  +  k)~  /(a,  6)  =  ,    [Wfxx(x,  y}  +  2  hkfxy(x, 


where  we  have  setx  —  a+6h,y  —  b-\-  Ok.  By  (1)  and  (2),  /(a,  &)  will 
be  a  maximum  (or  a  minimum)  if  the  right-hand  member  is  negative 
(or  positive)  for  all  values  of  h  and  k  sufficiently  small  in  numerical 
value  (zero  excluded).  Set 

(7)  A  =  fxx(x,  y},     B  -  fxy(x,  y),     C=  fw(x,  y), 
and  consider  the  identity 

(8)  Ah*  +  2Bhk+  C/c2  =  l[(Afe  +  Bky  +  (AC  -  B*)k*]. 


-A 

The  expression  within  the  square  brackets  in  the  right-hand 
member  in  (8)  is  always  positive  if 


and  the  left-hand  member  therefore  has  the  same  sign  as  A  (or  C, 
since,  by  (9),  A  and  C  must  agree  in  sign).  The  question  now  is, 
therefore,  to  interpret  the  criterion  (9)  for  the  right-hand  member  in 
(6),  in  which,  as  already  stated,  h  and  k  are  numerically  small. 
Assume  that  (9)  holds  when  x  =  a,  y  —  b.  Then,  the  derivatives  in 
(7)  being  continuous,  it  will  hold  also  for  values  of  x,  y  near  a,  b. 
Also,  the  sign  of  A  (or  C)  will  be  the  same  as  the  sign  of  fxx(a,  b} 
(or  fvy(a,  &)).  Thus-  we  have  established  the  following  rule  for  find- 
ing maximum  and  minimum  values  of  a  function  /  (x,  y). 

FIRST  STEP.  Solve  the  simultaneous  equations 

2f_A         2/_0 
7T~  —  v,       ~Z~~  —  V. 

dx  dy 

SECOND  STEP.  Calculate  for  these  values  of  x  and  y  the  value  of 

A  =  a2/  a2/    /  ay  y. 

dx2  dy2     \dxdy  / 
THIRD  STEP.   The  junction  will  have 

fj2f  I        P)2A 

a  maximum  value  if  A  >  0    and    -~  ( or  — ^ )  <  0 : 

dx2  \     dy2/ 

Q2f   I         32A 

a  minimum  value  %j  A  >  0    and    -^  ( or  -^  >  0. 

ox2  \     dy2/ 

If  A  is  negative,  it  is  not  difficult  to  see  that  f(x,  y)  will  have 
neither  a  maximum  nor  a  minimum  value. 

The  student  should  notice  that  this  rule  does  not  necessarily  give 
all  maximum  and  minimum  values.  For  a  pair  of  values  of  x  and  y 
determined  by  the  First  Step  may  cause  A  to  vanish,  and  may  lead 
to  a  maximum  or  a  minimum  or  neither.  Further  investigation  is 
therefore  necessary  for  such  values.  The  rule  is,  however,  sufficient 
for  solving  many  important  examples. 

The  question  of  maxima  and  minima  of  functions  of  three  or  more 
independent  variables  must  be  left  to  more  advanced  treatises. 

ILLUSTRATIVE  EXAMPLE  2.  Examine  the  function  3  axy  —  x3  —  y3  for  maxi- 
mum and  minimum  values. 

Solution.  f(x,  y}  =  3  axy  —  x3—y*. 

First  Step.        ^-  =  3  ay  -  3  a;2  =  0,    |£  =  3cKC-3#2  =  0. 

Solving  these  two  simultaneous  equations,  we  get 

x  =  0,     x  =  a, 


JUJiiKrlVAilVJUb 


TAird  Step.    When  x  =  0  and  p  =  0,  A  =  -  9  a2,  and  there  can  be  neither  a 
maximum  nor  a  minimum  at  (0,  0). 

When  x  =  a  and  y  =  a,  A  =  +  27  a2  ;  and  since  f^£  =  -  6  a,  we  have  the  con- 

ax^ 

ditions  for  a  maximum  value  of  the  function  fulfilled  at  (a,  a).  Substituting  x  =  a, 
y  =  a  in  the  given  function,  we  get  its  maximum  value  equal  to  a3. 

ILLUSTRATIVE  EXAMPLE  3.   Divide  a  into  three  parts  such  that  their  product 
shall  be  a  maximum. 

Solution.  Let  x  =  first  part,  y  =  second  part  ;  then  a—  (x  +  y}—a~x  —  y=( 
third  part,  and  the  function  to  be  examined  is 

f(x,  y}  =  xy(a~x~y). 

First  Step.  J-  =  ay  -  2  xy  -  y2  =  0,    ^  =  ax  -  2  xy  -  xz  =  0. 

ox  oy 

Solving  simultaneously,  we  get  as  one  pair  of  values  x  =  ~>  y  =  -• 

3          3 

SecondStep.        |^==_2y,     ~^-  =  a-2x-2y,    ¥{  =  ~2x; 
ax2  dxoy  dy2 

A=4xy~(a-2x-2  y)2. 

Third  Step.  When  x  ~  §  and  y  =  J,  A  =  $  ;  and  since  ^  =  -  —  ,  it  is  seen 
o  Jo  ox2  3 

that  our  product  is  a  maximum  when  x  =  §•>  #  =  f  •  Therefore  the  third.  part  is 

3  o 

also  -  »  and  the  maximum  value  of  the  product  is  ^ 
<j  £i 

PROBLEMS 

Discuss  for  maxima  and  minima  the  following  functions. 

1.  x2  +  xy  +  y2  -  6  x  +  2.  Ans.   x  —  4,  y  =  -  2  gives  min. 

2.  4  x  +  2  y  -  x2  +  xy  -  yz.  x  =  i£,y  =  $  gives  max. 

3.  2x2  —  2xy  +  y2  +  5x  —  By.  x=  —  %,  y  —  %  gives  min. 

4.  z3  —  3  axy  +  y3.  x=y  —  a  gives  min. 

5.  sin  x  +  sin  y  +  sin  (a&  +  y).  z  =  i/  =  ~  gives  max. 

o 

^  =  y  —  -jr  gives  min. 
o 

6.  x2  —  xy  +  y2  +  ax  +  by  +  c. 

/j3         7,3 

-  +  ~- 

x      y 

.,...  .  -  (are.  4-  hii  4-  n\Z 


y.  r  mu  tne  reciangumr  paraueiepipeu.  01  maximum   volume  wmcn 
has  three  faces  in  the  coordinate  planes  and  one  vertex  in  the  plane 

5+|+5  =  i.  Ans.   Volume  =  ^- 

a      o      c  £( 

10.  Find  the  volume  of  the  largest  rectangular  parallelepiped  that  can 

3.2          W2         £.2  g  /jTjg 

be  inscribed  in  the  ellipsoid  —  +  fr  +  -5  =  1-  Ans. 

2       2 


r>      I        -in       \  o    •»•  •  ajLll/«J.  ,_- 

a2      b2      c2  3V§ 

11.  A  pentagon  is  composed  of  a  rectangle  surmounted  by  an  isosceles 
triangle.    If  the  perimeter  of  the  pentagon  has  a  given 
value  P,  find  the  dimensions  for  maximum  area. 

P 


Ans.   a  =  30C 


2  +  2  sec  a.  —  tan  a.     y 


P        ,1   ,  i 

y  =  -5-  —  x(l  +  sec  a). 
Z 


z 


12.  Find   the   shortest    distance   between   the   lines    x  =  ^  =  -   and 
r  —  -w  —  3  —  ?  ^      o 

J/  —  J/  —  O  —  Z. 

13.  A  manufacturer  produces  two  lines  of  candy  at  constant  average 
costs  of  50  cents  and  60  cents  per  pound  respectively.   If  the  selling  price 
of  the  first  line  is  x  cents  per  pound  and  of  the  second  line  is  y  cents  per 
pound,  the  number  of  pounds  which  can  be  sold  each  week  is  given  by  the 

formulas  AT          OCA/  N         \r          oo  r\r\r\    ,    OCA/  c,     \ 

NT.  =  250  (y  —  x) ,     Nz  =  32,000  +  250  (x  —  2  y} . 

Show  that  for  maximum  profit  the  selling  prices  should  be  fixed  at  89  cents 
and  94  cents  per  pound  respectively. 

14.  A  manufacturer  produces  razors  and  blades  at  a  constant  average 
cost  of  40  cents  per  razor  and  20  cents  per  dozen  blades.    If  the  razors 
are  sold  at  x  cents  each  and  the  blades  at  y  cents  per  dozen,  the  demand 

of  the  market  each  week  is  4'QQQ>OOQ  razors  and  8'000>00°  dozen  blades. 

xy  xy 

Find  the  selling  prices  for  maximum  profit. 

242.  Taylor's  theorem  for  functions  of  two  or  more  variables.  The 
expansion  of  f(x,  y)  is  found  by  using  the  methods  and  results  of 
Arts.  194  and  240.  We  consider 

and  expand  F(f)  as  in  (5),  Art.  194.   The  result  is 
(2)  F(f)  =  F(0) 


We  obtain  the  values  of  F(0),  ^'(0),  ^"(0),  by  substituting  t  =  0 
in  (2),  (4),  (7),  Art.  240.  By  differentiating  (7),  and  putting  t  =  0, 
the  expressions  for  F"f(Q)  etc.  will  result.  These  are  omitted  here. 
Note,  however,  that  F"(0)  is  homogeneous  and  of  the  third  degree 


(3)  f(x  +  h,y  +  k}  =/(£,  y)  +  hfx(x,  y)  +  kfy(x,  y) 

+     WfIZ(x,  y-)  +  2  Wx*(3,  y)  +  k2fvv(x,  y)]  +  .  .  .  +  fl. 


The  expression  for  #  is  complicated  and  will  be  omitted  from  this 
point  on. 

In  (3)  write  x  =  a,  y  =  b,  and  then  replace  h  by  (x  —  a)  and  fc  by 
(y  —  b).  The  result  is  Taylor's  theorem  for  a  function  of  two  variables, 


-  a)2  +  2/w(a,  &)(x  -  a)(y  -  6) 


Finally,  setting  a  =  b  =  0,  we  obtain  an  expansion  corresponding 
to  Maclaurin's  series  (A),  Art.  194, 

CO  /(*,  y)  =/(o,  o)  +/,(o,  o>*  +/I,  (o,  o)y 


The  right-hand  member  in  (7)  may  be  written  as  the  infinite  series 

/•j\  ,    Ui    .    U2    , 

(4)  lto+[l+[2~H ' 

where  wo  =  /(0,  0), 

«i=/,(0,  0)a;+A(0,  0)y, 

w2  =/»(0,  0)x2  +  2/w(0,  0)«y  +/w(0,  0)2/2, 

etc. 

These  terms  in  (4)  are  homogeneous  polynomials  in  (x,  y}.  The 
degree  of  each  is  equal  to  the  subscript.  That  is,  by  (7)  the  function 
is  expanded  into  a  sum  of  polynomials  homogeneous  in  (x,  y)  and  of 
ascending  degree.  Similarly,  in  (/)  the  terms  in  the  expansion  are 
polynomials  homogeneous  in  (x  —  a,  y  —  b). 

Formula  (/)  is  called  the  expansion  of  f(x,  y}  at  the  point  (a,  6). 

Reference  must  be  made  to  more  advanced  treatises  for  proof  of 
the  problem  of  determining  those  values  of  (x,  y)  for  which  the 
expansions  (/)  and  (/)  hold. 

By  breaking  off  series  (4)  at  any  term,  an  approximate  formula  for 
f(x,  y}  is  obtained  for  values  near  (a,  6)  or  (0,  0).  Compare  Art.  200. 


ILLUSTRATIVE  EXAMPLE.  Expand 

xy2  +  sin  xy 
at  the  point  (1,  |  TT)  up  to  terms  of  the  third  degree. 

Solution.  Here  a  =  1,  b  =  j  ir, 

and  f(x,  y)  =  xy2  +  sin  xy, 

Mx,y)  =  y2  +•  y  cos  xy, 
fv(x,  y)  =  2  xy  +  x  cos  xy, 
fx*(x,  y)  =  -y2sin.xy, 
fxv(x,  y)  =  2  y  +  cos  xy  -  xy  sin  xy, 
fm(x>  y)  —  2  x  —  x2  sin  xy. 
.Substituting  x  =  1,  y  =  \  IT,  the  results  are 

/(I,  |  TT)  =  i  7T2  +  1, 
Ml,  i7r)=i7T2, 
/»(!»  f  T)  =  TT, 
/„(!,  £  TT)  =  -  f  71-2, 
/*»(!,  I  TT)  =  |  TT, 
/»»(!,  I  TT)  =  1. 
Substituting  in  (7),  we  get 


••  Ans- 


Formulas  for  expanding  a  function  of  three  variables  f(x,  y,  z)  are 
readily  derived,  and  are  left  as  problems. 


PROBLEMS 

1.  From  (1)  above,  show  that 

a3/ 


dx3 


dx2dy 


2.  Verify  the  following  expansion. 

x2  +  y2  , 


. 
cos  x  cos  y  -  1  - 


+  6  x2y2  + 
^ 


+  15 


. 
Iz 


+  15 


+  j/6 


|6 


3.  Expand  sin  x  sin  #  in  powers  of  x  and  T/. 

4.  Verify  the  following  expansion. 

ax  log  (1  +  y)  =  #  +  1(2  ST/  log  a  -  y2  +  x2y  log2  a  -  a;?/3  log  a)  +  %  y3  -{ 

5.  Expand  £3  +  xy2  at  the  point  (1,  2). 

6.  Verify  the  following  expansion. 


sin  (x  +  ,)  =  x  +  ,  - 


+ 


Verify  the  following  approximate  formulas  for  small  values  of  x  and  y. 


CHAPTER  XXV 
MULTIPLE  INTEGRALS 

243.  Partial  and  successive  integration.  Corresponding  to  partial 
differentiation  in  the  differential  calculus  we  have  the  inverse  process 
of  partial  integration  in  the  integral  calculus.  As  may  be  inferred 
from  the  connection,  partial  integration  means  that,  having  given  a 
differential  expression  involving  two  or  more  independent  variables, 
we  integrate  it,  considering  first  a  single  one  only  as  varying  and  all 
the  rest  constant.  Then  we  integrate  the  result,  considering  another 
one  as  varying  and  the  others  constant,  and  so  on.  Such  integrals 
are  called  double,  triple,  etc.,  according  to  the  number  of  variables, 
and  are  known  as  multiple  integrals. 

In  the  solution  of  this  problem  the  only  new  feature  is  that  the 
constant  of  integration  has  a  new  form.  We  shall  illustrate  this  by 
means  of  examples.  Thus,  suppose  we  wish  to  find  u,  having  given 

8. 

Integrating  this  with  respect  to  x,  considering  y  as  constant,  we 
have 

u  —  x2  +  %y  +  3  x  -f  <p, 

where  <j>  denotes  the  constant  of  integration.  But  since  y  was  re- 
garded as  constant  during  this  integration,  <f>  may  involve  y.  We 
shall  then  indicate  this  dependence  of  <£  on  y  by  replacing  <£  by  the 
symbol  </>(#).  Hence  the  most  general  form  of  u  is 


where  <f>(y)  denotes  an  arbitrary  function  of  y. 
As  another  problem  let  us  find 

u  ~  II  (x2  +  yz}dy  dx. 
This  means  that  we  wish  to  find  u,  having  given 

V      w  O       I  9 

-      ...... —   *— ;   ff&   -1—  flta 

dxdy         ^y ' 


Integrating  first  with  respect  to  y,  regarding  x  as  constant,  we  get 


where  \[/(x)  is  an  arbitrary  function  of  x. 

Now  integrating  this  result  with  respect  to  x,  regarding  y  as  con- 
stant, we  have 


where  3>(y)  is  an  arbitrary  function  of  y,  and 

=  I  \j/(x)dx. 

244.  Definite  double  integral.   Geometric  interpretation.  Let  f(x,  y} 
be  a  continuous  and  single-valued  function  of  x  and  y.  Geometrically, 

(1)  z  =  j(x,  y) 

is  the  equation  of  a  surface,  as  KL.  Take  some  area  S  in  the  XOY- 
plane  and  construct  upon  S  as  a  base  the  right  cylinder  whose 
elements  are  parallel  to  OZ.  Let  this  cylinder  inclose  the  area  S' 
on  KL.  Let  us  now  find  the  volume  V  of  the  solid  bounded  by 
S,  S',  and  the  cylindrical  surface.  We  proceed  as  follows : 

At  equal  distances  apart  (=  Aa;)  in  the  area  5  draw  a  set  of  lines 
parallel  to  OY,  and  then  a  second  set  parallel  to  OX  at  equal  distances 
apart  (=  A#).  Through  these  lines  pass  planes  parallel  to  YOZ  and 
XOZ  respectively.  Then 
within  the  areas  S  and  S' 
we  have  a  network  of 
lines,  as  in  the  figure,  that 
in  S  being  composed  of 
rectangles,  each  of  area  x 
Ax  Ay.  This  construction 


divides  the  cylinder  into 
a  number  of  vertical  col- 
umns, such   as    MNPQ, 
whose  upper  and   lower 
bases    are    corre- 
sponding  portions 
of    the    networks 
in   S'   and    S   re- 
spectively. As  the  upper  bases  of  these  columns  are  curvilinear,  we 


numerical  values.  Thus  the  column  MNPQ  is  replaced  by  the  right 
prism  MNPR,  the  upper  base  being  in  a  plane  through  P  parallel 
to  the  ZOY-plane. 

If  the  coordinates  of  P  are  (x,  y,  2),  then  MP  =  z=f(x,  y),  and 
therefore 

(2)  Volume  of  MNPR  =j(x,  y}ky  Ax. 

Calculating  the  volume  of  each  of  the  other  prisms  formed  in  the 
same  way  by  replacing  x  and  y  in  (2)  by  corresponding  values,  and 
adding  the  results,  we  obtain  a  volume  V  approximately  equal  to 
V  ;  that  is, 

(3)  V' 


where  the  double  summation  sign  indicates  that  values  of 

two  variables  x,  y  must  be  taken  account  of  in  the  quantity  to  be 
summed  up. 

If  now  in  the  figure  we  increase  the  number  of  divisions  of  the 
network  in  S  indefinitely  by  letting  Ax  and  Ly  diminish  indefinitely, 
and  calculate  in  each  case  the  double  sum  (3),  then  obviously  V  will 
approach  V  as  a  limit,  and  hence  we  have  the  fundamental  result 


(4)  V  =  Km          /(aj,  y)  &y  Ax. 


We  show  now  that  this  limit  can  be  found  by  successive  integration. 

The  required  volume  may  be  found  as  follows:  Consider  any 
one  of  the  slices  into  which  the  solid  is  divided  by  two  successive 
planes  parallel  to  YOZ  ;  for  example,  the  slice  whose  faces  are  FIHG 
and  JTZ/IT.  The  thickness  of  this  slice  is  Ax.  Now  the  values  of  z 
along  the  curve  HI  are  found  by  writing  x  =  OD  in  the  equation 
z  =/(x,  2/)  ;  that  is,  along  HI 


fDG 

Hence  Area  FIHG  =  I      f(OD,  y}dy. 

JDF 

The  volume  of  the  slice  under  discussion  is  approximately  equal 
to  that  of  a  prism  with  base  FIHG  and  altitude  Ax  ;  that  is,  equal  to 

/»jDG 

Az  •  area  FIHG  =  Ax  I     f(OD,  y}dy. 
JDF 


The  required  volume  of  the  whole  solid  is  evidently  the  limit  of 
the  sum  of  all  prisms  constructed  in  like  manner,  as  x  (=  OD)  varies 
from  OA  to  OB ;  that  is, 

r*OB         f*DG 

(5)  V=        dx        f(x,y)dy. 

JOA       JDF 

Similarly,  it  may  be  shown  that 

nOV          nEU 

(6)  V=         dy        j\x,y}dx. 

Joe        JEW 

The  integrals  (5)  and  (6)  are  also  written'in  the  more  compact  form 

rOB    nDG  rOV   fEU 

I       I     f(x,  y}dy  dx    and    I        I      f(x,  y}dx  dy. 
JOA    JDF  Joe    JEW 

In  (5)  the  limits  DF  and  DG  are  functions  of  x,  since  they  are 
found  by  solving  the  equation  of  the  boundary  curve  of  the  base  of 
the  solid  for  y. 

Similarly,  in  (6)  the  limits  EW  and  EU  are  functions  of  y.  Now 
comparison  of  (4),  (5),  and  (6)  gives  the  result 


Ay-»0 


(A)  V=  lim  22/(*,y)  Ay  •  Ax  =  f  ^  f\x, 

Ax  -»  0  Jaz     Jus 

r  t>i    r*vi 

=  1       I     f(x,y)dxdy, 

Jbz      Jun 


where  vi  and  1)2  are,  in  general,  functions  of  y,  and  ui  and  u%  functions 
of  x.  The  second  integral  sign  in  each  case  applies  to  the  first  dif- 
ferential. 

Equation  (A)  is  an  extension  of  the  Fundamental  Theorem  of 
Art.  156  to  double  sums. 

Our  result  may  be  stated  in  the  following  form. 

The  definite  double  integral 


s>ai    />«i 

I      I    j(x,  y)dy  dx 

Ja.2    Juz 


may  be  interpreted  as  that  portion  of  the  volume  of  a  right  cylinder  which 
is  included  between  the  plane  XOY  and  the  surface 

the  base  of  the  cylinder  being  the  area  in  the  XOY-plane  bounded  by  the 

curves  r-n,       r  —  nn 

y  —  wl,        y  —  M*2>  «v  ~~  1*1  j        Jj  —  (JI/Z* 

A  similar  statement  holds  for  the  second  integral. 

It  is  instructive  to  look  upon  the  above  process  of  finding  the  vol- 


Consider  a  column  with  rectangular  base  dy  dx  and  of  altitude  z  as 
an  element  of  the  volume.  Summing  up  all  such  elements  from 
y  =  DF  to  y  —  DG,  x  in  the  meanwhile  being  constant  (say  =  OD), 
gives  the  volume  of  a  thin  slice  having  FGHI  as  one  face.  The 
volume  of  the  whole  solid  is  then  found  by  summing  up  all  such 
slices  from  x  =  OA  to  x  =  OB. 

In  successive  integration  involving  two  variables  the  order  of 
integration  denotes  that  the  limits  on  the  second  integral  sign  cor- 
respond to  the  variable  whose  differential  is  written  first,  the  differ- 
entials of  the  variables  and  their  corresponding  limits  being  written 
in  the  reverse  order.  Before  attempting  to  apply  successive  integra- 
tion to  practical  problems  it  is  best  that  the  student  should  acquire 
by  practice  some  facility  in  evaluating  definite  multiple  integrals. 

ILLUSTRATIVE  EXAMPLE  1.  Find  the  value  of  the  definite  double  integral 


fa  /"Va2-z2 

I  (S  +  #)<%  dX. 

JQ  JQ    

Solution.  f a  f    a  ~*"  (»  +  y)dy  dx 
JQ  JQ  


,£(,**=*+*?£)* 


2  a3 


Ans. 


Interpreting  this  result  geometrically,  we  have  found  the  volume  of  the  solid  of 
cylindrical  shape  standing  on  OAB  as  base  and  bounded  at.  the  top  by  the  surface 
(plane)  z  =  x  +  y. 

The  solid  here  stands  on  a  base  in  the  XOY-plane  bounded  by 

y  =  0  (line  OB) 


y  =  Va2  —  x2  (quadrant  of  circle  AB) 


from  y  limits  ; 


x  =  a 


limits. 


/»  2  O     /*  ft 

ILLUSTRATIVE  EXAMPLE  2.  Verify  I       f    (a  -  y)x2dydx  = 

</&    Jo 

Solution,   f26  Ca(a-y)x*dydx  = 

«/£>      JQ 


fa  c-va'  —  x*  ^  a3 

ILLUSTRATIVE  EXAMPLE  3.  Verify  /          . xaydx  =  —~- 

JQ    l/_V(j2_a;2  o 

Solution.   fa  T  ^ x dydx  =  j     \xy\     ._ — -dx 


2  /  .       _\  a 


2   „ 
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In  successive  integration  involving  three  variables  the  order  of 
integration  is  denoted  in  the  same  way  as  for  two  variables  ;  that 
is,  the  order  of  the  limits  on  the  integral  signs,  reading  from  the 
inside  to  the  left,  is  the  same  as  the  order  of  the  corresponding 
variables  whose  differentials  are  read  from  the  inside  to  the  right. 

m5  ^^ 

xy2  dzdy  dx  =  —  • 
_     .     _  ^ 

Solution.  f  3  f  2  f5xy2  dz  dy  dx  =  P  P[  f&xy2  dz]dy  dx  =  f    f  \xy2z     dy  dx 
Jz  Ji  Jz  Jz  A  Uz  J  Jz  Ji  L       J2 

=  3  f  3  Pxy2  dydx  =  3  f  3|~  Pxy2  dy]dx 
Jz  Ji  Jz  Lyi  J 


In  Problems  1-10  in  the  following  list  the  solid  whose  volume 
equals  the  value  of  the  integral  should  be  described. 

PROBLEMS 

Work  out  the  following  definite  integrals. 

i.  r  r  &  +  wv  dx  =  s-        e-  r  rj*  (« 

Jo   Jo  Ji   Jy 

r—i  rzv 
fldy<fc?  =  ¥.  7.1       / 

JO       •Jy  +1 
xj      ,  o     |  /.i    rx2 

dy  dx  =  f  a  •          s.  f  r  (» 

^  —  1  i/O 

£ 

4.  P  [*y  dx  dy  =  J. 

*/i  *^o 

nx2  ri 

y  dj/  dx  =  -1/.  10. 

Jo 

11.  f  fap2  sin  ddddp  =  $(a3  -  &3)(cos  j8  -  cos  a). 


/>  TT    ra  cos  0 

12.  I     /         p  sin  6  dp  d6  =  J  a2. 

JO     JO 

/*  7T     /"^(l  ~h  COS  c/) 

13.  I     I  p2  sin  6  dp  d6  =  ^  a3. 

JO    JO 

I*,  rr ,, 

«/ 0     */(i  cos  & 


15.  x*y2z  dz  dy  dx  =  i  a263(a3  -  63). 

O   Ja 


mx^ 
- 

20-f  f  I 

•/O    </0    «/0 


— — -  j  dy  dx  dz  —  ^ir. 
ex+v+zdz  dy  dx  —  i  e4  —  f  e2  -f  e  -  f. 


245.  Value  of  a  definite  double  integral  taken  over  a  region  S.  In  the 
last  article  the  definite  double  integral  appeared  as  a  volume.  This 
does  not  necessarily  mean  that  every  definite  double  integral  is  a  vol- 
ume, for  the  physical  interpretation  of  the  result  depends  on  the 
nature  of  the  quantities  represented  by  x,  y,  %.  If  x,  y,  z  are  the  co- 
ordinates of  a  point  in  space,  then  the  result  is  indeed  a  volume.  In 
order  to  give  the  definite  double  integral 
in  question  an  interpretation  not  neces- 
sarily involving  the  geometric  concept  of 
volume,  we  observe  that  the  variable  z 
does  not  occur  explicitly  in  the  integral, 
and  therefore  we  may  confine  ourselves 
to  the  ZOY-plane.  In  fact,  let  us  con- 
sider simply  a  region  S  in  the  XO  7-plane, 
and  a  given  function  f(x,  y}.  Within  this 
region  construct  rectangular  elements  of 
area  by  drawing  a  network  of  lines,  as  in  Art.  244,  Choose  a  point 
(x,  y}  of  the  rectangular  element  of  area  Ax  Ay,  either  within  the  rec- 
tangle or  on  its  perimeter.  Form  the  product 

f(x,  y)Ax  Ay, 

and  similar  products  for  all  other  rectangular  elements.    Sum  up 
these  products.   The  result  is 


,  y}Ax  Ay. 


Finally  let  Ax  -5-  0,  and  Ay 
We  write  the  result 


0. 


(1) 


lirn 


and  call  it  the  double  integral  of  the  function  f(x,  y}  taken  over  the  region  S. 

By  (4)  the  value  of  the  left-hand  member  in  (1)  was  found  by 

successive  integration  when  f(x,  y)  had  no  negative  values  for  the 

region  S.  The  reasoning  of  Art.  244  will  hold,  however,  if  the  portion 
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S'  of  the  surface  z  =f(x,  y)  lies  below  the  plane  XOY.  The  limit  of 
the  double  sum  will  then  be  the  volume  with  a  negative  sign.  The 
integrals  in  (^4)  will  give  the  same  negative  number.  Finally,  if 
f(x,  y~]  is  sometimes  positive,  sometimes  negative  for  points  of  S,  we 
may  divide  S  into  subregions  in  which  f(x,  y)  will  be  either  always 
positive  or  always  negative.  The  reasoning  will  hold  for  each  sub- 
region  and  therefore  for  the  combined  region  S.  Hence  the  con- 
clusion: the  double  integral  in  (1)  may  be  evaluated  in  all  cases  by 
successive  integration. 

It  remains  to  explain  the  method  of  determining  the  limits  of 
integration.  This  is  done  in  the  next  article. 

246.  Plane  area  as  a  definite  double  integral.  Rectangular  coordi- 
nates. The  problem  of  plane  areas  has  been  solved  by  single  integra- 
tion in  Art.  145.  The  discussion  using  double  integration  is  useful 
chiefly  because  the  determination  of  limits  for  the  general  problem 
of  Art.  245  is  made  clear.  To  set  up  the  desired  double  integral, 
proceed  as  follows. 

Draw  a  network  of  rectangles  as  before.  Then,  in  the  figure, 

(1)  Element  of  area  =  Ax  A#. 

If  A  is  the  entire  area  of  the  region  S,  obviously,  by  (1),  Art.  245, 

(B)  A  =  lim 

Ax-O 

Ay-.0  S 

Referring  to  the  result  stated  in  Art.  245,  we  may  say : 

The  area  of  any  region  is  the  value  of  the  double  integral  of  the 
function  f(x,  y)  =  1  taken  over  that  region. 

Or,  also :  The  area  equals  numerically  the  volume  of  a  right  cylinder 
of  unit  height  erected  on  the  base  S.  (Art.  244.) 

The  examples  show  how  the  limits  of  integration  are  found. 

ILLUSTRATIVE  EXAMPLE  1.  Calculate  that  portion  of  the  area  above  OX  which 
is  bounded  by  the  semi  cubical  parabola  y2  =  x*  and  the  straight  line  y  =  x. 

Solution.  The  order  of  integration  is  indicated  in  the  figure.  Integrate  first 
with  respect  to  x.  That  is,  sum  up  first  the  elements  dx  dy  in  a  horizontal  strip. 
Then  we  have 

rAC  pAC 

I       dx  dy  =  dy  I        dx  =  area  of  a  horizontal  strip  of  altitude  dy. 
JAB  JAB  " 

Next,  integrate  this  result  with  respect  to  y.    This  corresponds  to  summing  up 
all  horizontal  strips.   In  this  way  we  obtain 

rOD  rAC 


of  intersection  E.    This  gives  the  point  (1,  1)  ;    hence 
OD  =  1.   Therefore 


/M  ry3  ri     2.  r       1 

A  =  dxdy  =      foa-t/)dtf=    fy«- 

Jo  Jy  Jo  I 


Or  we  may  begin  by  summing  up  the  elements  dx  dy 
in  a  vertical  strip,  and  then  sum  up  these  strips.  We 
shall  then  have  1 

r  rx  r^- (       ^-\ 

A=l     I    dy  dx  =  I    \x  —  x2)dx  =  %  —  f  =  f&. 

Jo  J  |  JQ 

In  this  example  either  order  of  integration  may  be  chosen.    This  is  not  al- 
ways the  case,  as  the  following  example  shows. 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  area  in 
the  first  quadrant  bounded  by  the  z-axis  and  the 
curves  x2  +  y2  =  10,  y2  =  9  cc. 

Solution.  Here  we  first  integrate  with  respect 
to  x  to  cover  a  horizontal  strip,  that  is,  from  the 
parabola  to  the  circle.  We  then  have,  for  the 
entire  area.  3  m 

A  =       I      dxdy, 
JQ  JHG 

since  the  point  of  intersection  S  is  (1,  3).   To  find 
HG,  solve  y2  =  9  x  for  x.   Then 

x  =  HG  =  i  y2. 
To  find  HI,  solve  xz  +  y2  =  10  for  x.  We  get 

x  =  HI  =  4-  VlO  -  y2. 
Hence 

A  =  f   f  dx  dy  =  1%  VlO  -  y2  +  5  arc  sin  -^=  -  ^-  y3]   =  6.75. 

Jo  JiV2  L*  VlO      2<     Jo 


If  we  integrate  first  with  respect  to  y,  using  ver- 
tical strips,  two  integrals  are  necessary.   Then 

A=f    f     Xdydx+f        f          *  dt/ &;  =  6.75. 
Jo  Jo  Ji       Jo 

The  order  of  integration  should  be  such  that  the 
area  is  given  by  one  integral,  if  this  is  possible. 

The  examples  above  show  that  we  set 
A  =  \fdx  dy    or     A  =  jjdy  dx 


(1,3) 


according  to  the  nature  of  the  curves  bounding  the  area.  The  figu 
below  illustrate,  m  a  general  way,  the  difference  in  the  summati 
processes  indicated  by  the  two  integrals  Animati 


res 

summation 
Animation 


-x 


PROBLEMS 


two 


/"US    "U        *  **ivv-j 

W  by  integrating  first  with  respect  to  x. 

/25x 


Ans.    (a 


=  9y,   (a)  by  integrating  first  with  respect  to  «• 

y  ' 


2.  y  =  4  x  -  x2,  y  =  x. 
3.y2  =  4x,2x-y  =  4. 
l.y  =  xz,2x-y  +  3-Q. 

5.  y2  =  2  x,  x2  =  6  77. 

6.  7/2  =  4  a;,  a;  =  12  +  2  #  —  y2. 

7.  7/2  =  2  3,  z2  +  7/2  —  4  x> 

8.  2/2  =  9  +  x,  y2  =  9  -  3  x. 

9.  (x2  +  4  a2)?/  =  8  a",  2  p  =  s,  a;  =  0. 

10.  x*  +  y*  =  a*  a;  +  j/  =  a. 

11.  ^  • 


- =  a,  a;  +  i/ =  c. 
12.  j/  =  xs  _  2  ^  0  =  6  3.  _  ^ 

U.x~6y~  7/2,  ^=33;. 

14.  42  =  3?         = 


25 


Aws. 


9. 

-¥• 

4. 

££££ 
7  5     • 

TT-f. 

;  48. 

a2(7r-l). 


-  3  vr)a2. 
16. 
16.  a;2  +  7/2  =  25,  27  y*  =  16  ^ 

'  ~  x3'  y  ~  x'  17-  (2  a  -  a:)?/2  =  a;3,  y2  ~  ax. 

=  x  +  4,  7/2  =  4  -  2  a.         18.  a;2  _    2  =  14     2          __ 


izie  A.  \j  i  -picuie,  ctJtJtu  a,  cvuimer.  me  KitJuitJiJ. bs  ui  Lilt!  cylinder  were 
parallel  to  OZ,  and  its  base  was  a  region  S  in  the  .XOy-plane.  The 
volume  of  this  solid  is,  by  (A), 


(2) 


V  =  I  lzdxdy=j  jf(x,  y}dx  dy. 
S  S 


The  order  of  integration  and  the  limits  are  the  same  as  for  the 
area  of  the  region  S.  The  volume  of  a  solid  of  this  type  is  the  "volume 
under  the  surface  (1)."  The  analogous  problem  for  the  plane,  "area 
under  a  curve/'  has  been  treated  in  Chapter  XIV.  As  a  special  case 
the  volume  may  be  bounded  by  the  surface  and  the  ZO7-plane  itself. 

Note  that  the  element  of  volume  in  (2)  is 
a  right  prism  with  base  dx  dy  and  altitude  z. 

ILLUSTRATIVE  EXAMPLES  1.    Find  the  volume 
bounded  by  the  elliptic  paraboloid 

(3)  4  2  =  16  -  4  x2  -  y2 
and  the  J£OF-plane. 

Solution.   Solving  (3)  for  z,  we  get 

(4)  z  =  4  -  xa  -  4  y2. 
Letting  z  —  0,  we  obtain 

(5)  4  x2  +  y2  =  16, 

which  is  the  equation  of  the  perimeter  of  the  base 
of  the  solid  in  the  XOY-plane.  Hence  by  (2),  using 
the  value  of  z  in  (4), 

(6)  V  =  4  f    f  *  (4  -  x2  ~  i 

JQ  Jo 


=  16  TT.  Ans. 


The  limits  are  taken  for  the  area  OAB  of  the  ellipse  (5)  lying  in  the  first  quadrant. 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  volume  of  the 
solid  bounded  by  the  paraboloid  of  revolution 

(7)  yfl  +  y2  =  az, 
the  XOY-plane,  and  the  cylinder 

(8)  x2  4-  y2  =  2  ax. 

Solution.  Solving  (7)  for  z,  and  finding  the  limits 
for  the  area  of  the  base  of  the  cylinder  (8)  in  the  XOY- 
plane,  we  get,  using  (2), 


V  =  ', 


'  a    r*~ 

JQ 


z  3 

dy  dx  =  - 
2 


Ans. 


/o     ^o  a 

For  the  area  ON  A  (see  figure),  MN  -  V2  ax  -  x2,  (solving  (8)  for  y),  and  OA  =  2  o. 
These  are  the  limits. 


PROBLEMS 

1.  Find  the  volume  under  2  =  4  -  x2,  above  2  =  0,  and  within  y2  =  4  x. 

Ans.   V  =  2  f2  f  2   *  (4  -  x2)dy  dx  =  17.24. 
Jo  Jo 

2.  Find  the  volume  under  the  plane  x  +  z  =  2,  above  0  =  0,  and  within 

y-2    i    ,y2  —  :  4  r2    A-V4-a;2 

^  y  Ans.   y  =  2  f    /  (2  -  z)cfy  dx  =  8  TT. 

J-2^0 

3.  Find  the  volume  bounded  by  the  plane  -  +  |  4-  -  =  1  and  the  co- 
ordinate planes.  a  C 


4.  Find  the  volume  bounded  above  by  x  +  z  =  4,  below  by  z  =  0,  and 
laterally  by  y2  =  4  x.  Ans.   -^f. 

5.  Find  the  volume  of  the  solid  bounded  above  by  y2  =  a2  —  az,  below 
by  z  =  0,  and  within  x2  +  y2  =  a2.  Ans.    f  ira3. 

6.  Find  the  volume  under  the  elliptic  paraboloid  2  =  1  —  %x2  —  %  y2 
and  above  2=0.  Ans.   3  TT. 

7.  Find  the  volume  under  the  plane  x  +  y  +  z  =  8,  above  2  =  0,  and 
between  the  planes  x  +  2,  y  =  %,  x  ~  2  y  =  8.  Ans.   170|. 

8.  Find  the  volume  bounded  by  the  cylindrical  surface  x2  +  az  =  a2 
and  the  planes  x  +  y  =  a,  y  =  0,  z  =  0.  Ans.   f  a3. 

9.  A  solid  is  bounded  by  the  surfaces  y2  +  zz  =•  4  ax,  x  =  3  a,  and 
lies  within  7/2  =  as.   Find  the  volume.  Ans.    (6  TT  +  9"\/3)a3. 

10.  Find  the  volume  below  the  cylindrical  surface  y2  —  a2  —  az,  above 
2  =  0,  and  within  the  cylindrical  surface  x2  +  y2  =  ax.  Ans.   £|  -rra3. 

11.  Find  the  volume   below  z  =  2  x  +  a,   above  z  =  0,    and  within 
x2  +  y2  =  2  ax.  Ans.    3  ira3. 

12.  Find  the  volume  under  y2  +  2  =  4,  above  2  =  0,  and  within  the 
cylindrical  surfaces  y2  —  2  x  =  0,  y2  =  8  —  2  x.  Arcs.  J5f^. 

13.  A  solid  is  bounded  by  the  paraboloid  x2  +  y2  =  az,  the  cylindrical 
surface  y2  =  a2  —  ax,  and  the  planes  x  =  0,  2  =  0.    Find  the  volume. 

Ans.   f  a3- 

14.  Find  the  volume  under  4  2  =  16  —  4  x2  —  y2,  above  0  =  0,  and  within 
x2  +  y2  =  2x.  Ans.   f  f  TT. 

15.  The  axes  of  two  circular  cylindrical  surfaces  intersect  at  right  angles 
and  their  radii  are  equal  (=r).   Find  the  common  volume.     Ans.   -^-r3. 

2.  J3.  2  2. 

16.  Find  the  volume  of  the  closed  surface  x'3  +  y'A  +  z3  —  a3.   (The  trace 
on  each  coordinate  plane  is  the  astroid,  Chapter  XXVI.)        Ans.   -^  ira3. 

17.  Find  the  volume  common  to  y2  +  z2  —  4  ax  and  x2  +  y2  =  2  ax. 
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248.  Directions  for  setting  up  a  double  integral.  We  shall  now  state 
a  rule  for  forming  the  double  integral  which  will  give  a  required 
property.  Applications  are  made  in  the  following  articles.  For 
single  integration  the  corresponding  rule  is  given  in  Art.  156. 

FIRST  STEP.  Draw  the  curves  which  bound  the  region,  or  area,  con- 
cerned. 

SECOND  STEP.  At  any  point  P(x,  y}  within  the  area  construct  the 
rectangular  element  of  area  Ax  Ay. 

THIRD  STEP.  Work  out  the  function  f(x,  y},  which,  when  multiplied 
by  Ax  Ay,  gives  the  required  property  for  the  rectangular  element  of  area. 

FOURTH  STEP.   The  required  integral  is 


ff> 


f(x,  y)dx  dy 


taken  over  the  given  region,  or  area.   The  order  of  integration  and  limits 
are  determined  in  the  same  manner  as  in  finding  the  area  itself. 

249.  Moment  of  area  and  centroids.  This  problem  is  treated  in 
Art.  177  by  single  integration.  Double  integration  is  often  more 
convenient. 

We  follow  the  rule  of  the  preceding  article.  The  moments  of  area 
for  the  rectangular  element  of  area  are,  respectively, 

x  Ax  Ay,  with  respect  to  OY, 
y  Ax  Ay,  with  respect  to  OX. 
Hence  for  the  entire  area,  using  the  notation  of  Art.  177,  we  have 

(0 

The  centroid  of  the  area  is  given  by 
CD) 


My  -  MX 

x= !L,      y  = 

area  area 


In  (C)  the  integrals  give  the  values  of  the 
double  integrals  of  the  functions 

f(x,  y)  =  y    and    f(x,  y)  =  x, 
respectively,  taken  over  the  area.   (Art.  245.) 

For  an  area  bounded  by  a  curve,  the  re-axis,  and  two  ordinates 
(the  "area  under  a  curve"),  we  derive  from  (C) 

nv  fb 

ydydx-%1   y2  dx, 
Ja 
s>l>   fy  fb 


<E  (1,1) 


fore  integration. 

ILLUSTRATIVE  EXAMPLE.    Find  the  centroid  of  the  area  in  the  first  quadrant 
bounded  by  the  semicubical  parabola  y2  =  x:i  and  the 
straight  line  y  =  x. 

Solution.    The  order  and  the  limits  of  integration 
were  found  in  Illustrative  Example  1,  Art.  246.   Hence,          A 
using  (C), 

ny  ^  /"I     5. 

y  dx  dy  =  J    (y    —  y  )dy  =  j>4. 
Jo 

«/o  Jy  Jo 

Since  A  =  area  =  tV, 

we  have,  from  (D),       x  =  4?  =  0.48,     y  =  A  =  0.42.   Ans. 

250.  Theorem  of  Pappus.  A  useful  relation  between  centroids  and 
volumes  of  solids  of  revolution  is  expressed  in  the  following  theorem. 

If  a  plane  area  is  revolved  about  an  axis  lying  in  its  plane  and  not 
crossing  it,  the  volume  of  the  solid  of  revolution  thus  generated  is  equal 
to  the  product  of  the  plane  area  by  the  circumference  described  by  its 
centroid. 

Proof.  Let  the  area  in  the  figure  be 
revolved  about  the  #-axis.  The  rectangu- 
lar element  of  area  within  the  region  S  at 
P  will  generate  a  hollow  circular  cylinder 
whose  volume  Ay  is  given  by 

Ay  =  ir(y  +  Ay)2  Ax  —  iry2  Ax. 
Factoring  and  simplifying,  we  get 
Ay  =  2  ir(y  +  £  Ay)  Ax  Ay. 

Now,  in  (1),  Art.  245,  (x,  y)  mf(x,  y)  is  a  point  "  either  within  the 
rectangle  PQ  or  on  its  perimeter."  But  (x,  y  + 1  Ay)  is  a  point  on 
the  perimeter  of  PQ.  Therefore  let  f(x,  y)  =  2  Try.  Then  Ay  has  the 
form  f(x,  y)  Ax  Ay,  and,  by  (1),  Art.  245,  and  (C), 


x 


(1) 


Vx  =  2  TT  CCy  Ax  Ay  =  2  TrMx. 


Finally,  using  (D),  we  get 

(2)  y,  =  2  Try  •  A, 
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where  A  is  the  area  of  the  region  S.  The  right-hand  member  is  the 
product  of  the  area  by  the  circumference  described  by  its  centroid. 
Hence  the  theorem  is  proved.  We  write  the  result 

(3)  V  =  2  Try  •  A. 

If  two  of  the  quantities  V,  y,  A  are  known,  the  other  can  be  found 
by  (3). 

ILLUSTRATIVE  EXAMPLE.  Find  the  centroid  of  the  trapezoid  OMPB  of  the 
figure  by  the  Theorem  of  Pappus. 

Solution.  Area  OMPB  =  |(3  +  5)8  =  32.  Revolving  the  figure  about  OX,  the 
solid  formed  is  a  frustum  of  a  cone  of  revolution.  Hence,  by  (12),  Art.  1,  since 
a=  8,  R  =  5,  r  =  3, 


Hence,  by  (3),    y  =  gfc  =  fff  =  2.04. 

Revolving  the  figure  about  OY,  the  volume  generated    ~~Q 
is  the  difference  of  the  volumes  of  the  cylinder  generated 
by  OCPM  and  the  cone  generated  by  the  triangle  BCP.   Hence 


V         832         1 
Hence,  by  the  theorem,  x  =       v~?  =  r^  =  4  -• 

The  centroid  is  (4f,  2.04).   Ans. 

PROBLEMS 
Find  the  centroid  of  the  area  bounded  by  each  of  "the  following  curves  : 

•» 

1.  y  —  x3,  y  =  4  x.    (Area  in  first  quadrant.)  Ans.   (yf,  ff)' 

2.y  =  6x-x2,y  =  x.  (|,  5). 

3.  y  =  4  x  -  x2,  y  =  2  x  -  3.  (1,  f  ). 

4.  x2  =  4:y,  x-2y  +  4  =  0.  (!»!)• 

5.  y  =  x2,  2z-?/  +  3  =  0.  (l.V)- 

6.  y  =  x2-2x-3,  y=  2cc-3.  (2,  -f). 

7.  y*  =  x,  x  +  y  =  2,  y  =  Q.    (First  quadrant.)  (ff,  T\). 

8.  y2  =  x,  x  +  y  =  2,  x  =  Q,  (^,  ^). 

9.  T/3  =  X25  zy  =  x.  (¥'!T)- 

10.  4  T/  =  3  x2,  2  ?/2  =  9  a;.  (iVfoO- 

11.  ?/2  -  2  x,  2/  =  x  -  x*.  (^-f,  -  U)- 

12.  ?/2  =  8x,  a?  +  «  =  6.  (-¥-'-4)- 


19.  x2  +  y2  =  l,x  +  y  =  l. 

20.  x2  +  y2  =  32,  y2  =  4  x. 

21.  y2  =  4  x,  2  a;  +  y  =  4. 

22.  z2  +  y2  -  10  a?  =  0,  x2  =  y. 
23.x2  =  y,2y  =  6x-  x2. 

24.  x%  +  y*  =  a?.    (Area  in  first  quadrant.) 

25.  x%  +  y*  =  eft,  x  =  0,  y  —  0. 


(0.585.  0.585). 


/256a    256  a  \ 
\3157r' 315  J' 


a    a 
5'  5 


26.  Find  the  centroid  of  the  area  under   one  arch  of  the  cycloid 


x  =  a(6  —  sin  0),  y  =  a(l  —  cos 


Ans 


-(-¥)• 


27.  Using  the  Theorem  of  Pappus,  find  the  centroid  of  a  semicircle. 

Ans.   Distance  from  diameter  =  f^-~ 

3  7T 


28.  Using  the  Theorem  of  Pappus,  find  the  centroid  of  the  area  of  the 

2 
2 


ellipse  2L  +  ^-  =  1  which  lies  in  the  first  quadrant. 
a,       ^z 


Ans 


/4o     46\ 
'    \3  TT'  3  7T/ 


29.  Using  the  Theorem  of  Pappus  find  the  volume  of  the  torus  gen- 
erated by  revolving  the  circle  (a;  —  &)2  +  y2  =  a2(b  >  a)  about  the  #-axis. 

Ans.   2  7r2a26. 

30.  A  rectangle  is  revolved  about  an  axis  which  lies  in  its  plane  and  is 
perpendicular  to  a  diagonal  at  its  extremity.    Find  the  volume  of  the 
solid  generated. 

251.  Center  of  fluid  pressure.  The 
problem  of  calculating  the  pressure  of 
a  fluid  on  a  vertical  wall  was  discussed 
in  Art.  179. 

The  pressures  on  the  rectangular  ele- 
ments of  the  figure  constitute  a  system 
of  parallel  forces,  since  they  are  per- 
pendicular to  the  plane  of  the  area 
XOY.  The  resultant  of  this  system  of 
forces  is  the  total  fluid  pressure  P,  given 
by  (Z>),  Art.  179. 

/»& 

(1)  P 


—  r 

=  W  I  yx  dx, 

Ja 


The  point  of  application  of  P  is  called  the  center  of  fluid  'pressure. 
We  wish  to  find  the  x-coordinate  (=  .TO)  of  this  point. 

To  this  end  we  use  the  principle  of  force  moments.  This  may  be 
stated  thus : 

The  sum  of  the  turning  moments  of  a  system  of  parallel  forces 
about  an  axis  is  equal  to  the  turning  moment  of  their  resultant  about 
this  axis. 

Now  the  fluid  pressure  dP  on  the  rectangular  element  EP  is,  by 
Art.  179, 

(2)  dP  =  Wxy  Ax. 

The  turning  moment  of  this  force  about  the  axis  07  is  the  product 
of  dP  by  its  lever  arm  OE  (=  x),  or,  using  (2), 

(3)  Turning  moment  of  dP  =  x  dP  =  Wx2y  Ace. 

Hence  we  have,  for  the  entire  turning  moment  for  the  distributed 
fluid  pressure, 

rb— 

(4)  Total  turning  moment  =  I    Wx2y  dx. 

Ja 

But  the  turning  moment  of  the  resultant  fluid  pressure  P  is 
Hence 


—  rb 
(5)  xQP  =  W  /    x2y  dx. 

Ja 


Solving  for  XQ  and  using  (1),  we  get  the  formula  for  the  depth  of  the 

center  of  pressure 

Cb 

I   x2dA 

~  - 


/ 

Ja 


xdA 


where  dA  =  element  of  area  =  y  dx. 

The  denominator  in  (6)  is  the  moment  of  area  of  ABCD  with 
respect  to  07  (see  Art.  177).  The  numerator  is  an  integral  not  met 
with  hitherto.  It  is  called  the  moment  of  inertia,  of  the  area  ABCD 
about  07. 

The  letter  I  is  commonly  used  for  moment  of  inertia  about  an 
axis,  and  a  subscript  is  attached  to  designate  the  axis.  Thus  (6) 
becomes 
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The  usual  notation  for  moment  of  inertia  about  an  axis  I  is 

(8)  Ii=J'r2dA, 
in  which 

(9)  r  =  distance  of  the  element  dA  from  the  axis  L 

The  problem  of  this  article  is  one  of  many  which  lead  to  moments 
of  inertia.  In  the  following  section  the  calculation  of  moments  of 
inertia  by  double  and  single  integration  is  explained.  Applications 
are  also  given. 

252.  Moment  of  inertia  of  an  area.  In  mechanics  the  moment  of 
inertia  of  an  area  about  an  axis  is  an  important  concept.  The  calcu- 
lation of  moments  of  inertia  will  now  be  explained.  We  follow  the 
rule  of  Art.  248. 

For  the   elementary  rectangle   PQ  at     Y 
P(x,  y)  the  moment  of  inertia  about  OX 
is  defined  as 

(1)  y2AxAy, 
and  about  the  ?/-axis  it  is 

(2)  x2AxAy. 

Then,  if  Ix  and  Iy  are  the  corresponding  moments  of  inertia  for  the 
entire  area,  we  have  (compare  (8),  Art.  251) 


=JJy*dxdy,    Iy=jjx*dxdy. 


The  radii  of  gyration  rx  and  rv  are  given  by 

/•  TTV  o  •»* 


area 


r  2  — 

/»    — 


area 


In  (£)  the  functions  whose  integrals  are  taken  over  the  area  are, 
respectively,  f(x,  y}  =  y2,  and  f(x,  y]  —  x2. 

Formulas  (£)  become  simple  for  an  area  "under  a  curve,"  that  is, 
an  area  bounded  by  a  curve,  the  cc-axis  and  two  ordinates.  Thus  we 
obtain  />&  />#  /•»& 

/*=  /     I    y2dydx  =  ^  \    y3dx, 

sn\  '-'a    ^0  J  a. 


S*b    /*y  s*b 

Iy=  I     I    x2dydx=  I   x2ydx. 

J  a    «^0  Ja 


Formulas  for  moments  of  inertia  /  are  written  in  the  form 


where  A  =  area  and  r  —  radius  of  gyration.   Solving  (f)  for  Ix  and  Iy 
will  give  this  form. 

Dimensions.    If  the  linear  unit  is  1  in.,  the  moment  of  inertia 
has  the  dimensions  in.4.    By  (F),  rx  and  ry  are  lengths,  in  inches. 

ILLUSTRATIVE  EXAMPLE  1.  Find  Ix,  Iy,  and  the  corresponding  radii  of  gyration 
for  the  area  of  Illustrative  Example  1,  Art.  246. 

Solution.  Using  the  same  order  of  integration  and 
the  same  limits  as  before,  we  have,  by  (E), 


=Cl  C 

«/0    Jy 


/„  = 


=  f  V  -  V*)dy  = 

«/0 

=  |  f  V  -  y*)dy  = 
•'O 


Since  A  —  area  =  TV  we  find,  by  (F), 

rx  =  0.48,  rv  =  0.53.  Ans. 

ILLUSTRATIVE  EXAMPLE  2.  Find  Jz  and  Iv  for  the  parabolic  segment  BOC  in 
the  figure. 

Solution.  With  the  axes  of  coordinates  as  drawn,  the  equation  of  the  bounding 
parabola  is  y 

(4)  y2=2yx. 

Since  B(a,  &)  is  a  point  on  the  curve,  we  get,  by  substitut- 
ing x  =  a,  y  =  b  in  (4),  b2  =  2  pa.  Solving  this  equation  for 
2  p  and  substituting  its  value  in  (4),  we  obtain  /  V 


(5) 


„     6%      A 
f  =  —  >     or    y  = 

a 


0 


a? 


The  moments  of  inertia  for  the  area  under  the  parab- 
ola OPB  in  the  first  quadrant  will  be  half  the  required 
moments.  Hence,  using  (3),  and  substituting  the  value  of 
y  from  (5),  we  get 


3  JQ   af 


15 


a? 


For  the  area  of  the  segment,  we  find 


Hence,  by  (F),  '  r*2  =      =     &2,     and    /*  =    A62, 
V=      =     a2,    and    Jtf=Ao». 


In  the  figure  on  page  325  the  axis  0  Y  lies  in  the  surface  of  the  fluid. 
If  we  denote  this  axis  in  any  figure  by  s,  then  the  depth  of  the  center 
of  pressure,  is  by  (7),  Art.  251 


if  rs  =  radius  of  gyration  about  the  axis  s, 

and  hs  =  depth  of  centroid  below  the  axis  s. 

ILLUSTRATIVE  EXAMPLE  3.  Find  the  depth  of  the  center  of  pressure  on  the 
trapezoidal  water  gate  of  the  figure.  Compare  Illustrative  Example  2,  Art.  179. 

Solution.  Choose  axes  OX  and  OY  as  shown,  and  draw  an  elementary  hori- 
zontal strip.  Let  the  distance  of  this  strip  from  the  axis  s  at  the  water  level  be  r. 


Then 


=  &  —  y,    dA  =2xdy. 


Hence,  by  (8),  Art.  251,  and  by  the 
definition  of  moment  of  area  (Art.  177), 
we  have 

(7)  Is=fr*dA=f(S-y)22xdy, 

(8)  M.  =frdA  =f(8  -  y)2xdy. 

The  equation  of  AB  is  y  =  2  x  —  8. 

Solving  this  for  x,  substituting  in  (7)  and  (8),  and  integrating  with  limits  y  =  0, 
y  =  4,  we  obtain  4 

Ia  =  f  (8  -  2/)2(8  +  y)dy  =  1429|, 


WATER  LEVEL    4 

1 

1 

[- 

J"                                  * 

\ 

75(6,4) 

\ 

/A«k>2// 

\ 

/  .. 

,                     0                 .4!  (4,0)     ""• 

Hence,  by  (7),  Art.  251,  x0  =  6.09.  Ans. 

253.  Polar  moment  of  inertia.  The  moment  of  inertia  of  the  ele- 
mentary rectangle  PQ  about  the  origin  0  is  the  product  of  the  area 
and  OP2,  that  is, 

(1)  (x2  +  y2)Ax&y. 

Hence,  by  Art.  248,  for  the  entire  area 

(2)  Io 


We  may,  however,  write  the  right-hand 
member  as  the  sum  of  two  integrals,  for 
(2)  is  clearly  the  same  as 

(3)  Io^fCx2dxdy  + 

Hence  we  have  the  following  theorem. 

The  moment  of  inertia  of  an  area  about  the  orinin  enuak  the  Rum  of 


MULTIPLE  INTEGRALS  511 

PROBLEMS 

Find  Ix,  Iy,  and  70  for  each  of  the  areas  described  below. 

1.  The  semicircle  which  is  to  the  right  of  the  y-axis  and  which  is 
bounded  by  x2  -f  y2  =  r2.  ,.         T  _  r  _  Ar2 

jHLflSm       JL  $   —  -    J.y   —  -    ""      ,        * 

2.  The  isosceles  triangle  of  height  h  and  base  a  whose  vertices  are 
(0,  0),  (h,  |),  (h,  -  |).  Ans.   Ix  =  ^,lv 

3.  The  right  triangle  whose  vertices  are  (0,  0),  (6,  a),  (&,  0). 


x  —      £      > 

V2       »i2  Ah2 

4.  The  ellipse  2-  +  |r  =  1.  ^MS-   -Z*  =  ~r'   v  =    r 

a*      b-*  44 

5.  The  area  in  the  first  quadrant  bounded  by  y2  =  4  x,  x  =  4,  #  =  0. 

.    J,= 


, 

/v.2          7/2 

6.  The  area  included  between  the  ellipse  —  -f  *-  =  1  and  the  circle 


7.  The  area  included  between  the  ellipses  ^-  +  ^-  =  1  and  x2  4-  y  =  1. 

J.D       y  Q 

I  _5_A,  j  =  19  A- 

8.  The  area  included  between  the  circle  x2  +  y2  =  16  and  the  circle 

==      en     '  Iy  ^       'A      ' 


9.  The  area  included  between  the  circle  x2  +  y2  =  36  and  the  circle 
(y  +  8)>  =  4. 


10.  The  area  betwee'n  the  circle  x2  +  y2  =  4  and  the  ellipse  ~  +  f^  =  1. 

ob      ID 

,         r       23  A    r       53  A 
Ans.  Ix  =  —  c~  >  jf  y  =  — r — • 

322  '7/1 

11.  The  entire  area  bounded  by  Xs  +  y^  =  aT.      Aws.   7*  =  7j,  =  J_ii. 

64 

12.  Find  the  depth  of  the  center  of  pressure  on  a  triangular  water 
gate  having  its  vertex  below  the  base,  which  is  horizontal  and  on  a  level 
with  the  surface  of  the  water. 

13.  Find  the  depth  of  the  center  of  pressure  on  a  rectangular  water 


cylindrical  oil  tank  of  diameter  5  ft.  when  the  depth  of  oil  is  (a)  2.5  ft.; 
(b)  4  ft. ;  (c)  6  ft.          An^   (a)  I|_TT  =  L47  ft_ .  (b)  approximately  2A  ft . 

(c)  *fr  =  3.95  ft. 

254.  Polar  coordinates.  Plane  area.  When  the  equations  of  the 
curves  bounding  an  area  are  given  in  polar  coordinates,  certain  modi- 
fications are  necessary. 

The  area  is  now  divided  into  elementary  portions,  as  follows : 
Draw  arcs  of  circles  with  the  common  center  0  with  successive 
radii  differing  by  Ap.   Thus,  in  Fig.  1,  OP  —  p,  OS  =  p  +  Ap.   Then 


-x 


FIG.  1  FIG.  2 

draw  radial  lines  from  0  such  that  the  angle  between  any  two  con- 
secutive lines  is  the  same  and  equal  to  A0.  Thus,  in  Fig.  1,  angle 
FOR  =  A0. 

The  area  will  now  contain  a  large  number  of  rectangular  portions, 
such  as  PSQR  in  Fig.  1. 

Let  PSQR  =  A  A.  Now  A  A  is  the  difference  of  the  areas  of  the 
circular  sectors  FOR  and  SOQ.  Hence 

(1)  AA  =  i(p  +  Ap)2  A0  -  J  p2  A0  =  p  Ap  A0  +  \  Ap2  A0. 

The  function  f(x,  y}  of  Art.  245  is  to  be  replaced  by  a  function 
using  polar  coordinates.  Let  this  be  F(p,  6).  Then,  proceeding  as 
in  Art.  245,  we  choose  a  point  (p,  9)  of  AA,  form  the  product 

F(P,  0)AA 

for  each  A  A  within  the  region  S,  add  these  products,  and  finally  let 
Ap  — >  0  and  Ad  — »•  0.  It  is  shown  in  Art.  258  that  the  limiting  value 
of  this  double  sum  may  be  found  by  successive  integration.  We  now 
write  (compare  (1),  Art.  245) 

(2)  ton  %XF(P>  W  AA  = 


region  o. 

Note  in  (2)  that  the  value  of  AA  in  (1)  has  been  replaced  in  the 
integral  by  p  dp  dd. 

The  simplest  case  of  (2)  is  that  of  finding  the  area  of  the  region  S. 
We  then  have 


A  ~  CCp  dp  dO  =  CCp  dO  dp. 


These  are  easily  remembered  if  we  think  of  the  elements  (checks) 
as  being  rectangles  with  dimensions  p  dO  and  dp,  and  hence  of  area 
p  dd  dp. 

The  figures  below  illustrate,  in  a  general  way,  the  difference  in 
the  processes  indicated  by  the  two  integrals. 


In  the  first,  we  integrate  first  with  respect  to  p,  since  dp  precedes 
dd,  keeping  6  constant.  This  process  will  cover  the  radial  strip  KGHL 
in  Fig.  2,  p.  512.  The  limits  for  p  are  p  =  OG  and  p  =  OH,  found 
by  solving  the  equation  (or  equations)  of  the  bounding  curve  (or 
curves)  for  p  in  terms  of  Q.  Then  integrate  varying  6,  the  limits 
being  6  =  Z  JOX  and  6  =  ^  IOX. 

The  second  integral  in  (2)  is  worked  out  by  integrating  with  re- 
spect to  6,  p  remaining  constant.  This  step  covers  the  circular  strip 
ABCD  in  Fig.  1,  p.  512,  between  two  consecutive  circular  arcs. 
Then  integrate  varying  p. 

When  the  area  is  bounded  by  a  curve  and  two  of  its  radii  vectores 
(area  swept  over  by  the  radius  vector),  we  obtain  from  the  first  form 


n 


p2dB, 


which  agrees  with  (D),  Art.  159. 

Double  integrals  in  polar  coordinates  have  one  of  the  forms 

(3)  ffF(p,6}pdpdB    or    fCF(p,B}pdedp. 


Solution.  The  points   of  intersection  are 
Air,  |).  and  B/r,  -  |V    Use  the  first  form 

in  (3). 

The  limits  for  p  are 
p  =  OG  =  r, 
p  =  OH  =  2rcosQ; 

for  6  they  are  f  and  -  —•  Ans. 
6  o 

ILLUSTRATIVE  EXAMPLE  2.  Find  the  area  inside  the  circle  p  =  2  r  cos  6  and 
outside  the  circle  p  =  r. 

Solution.  From  Illustrative  Example  1  above,  we  have 


IT      T 

3 


f3 

V     TT 


.  Am. 


255.  Problems  using  polar  coordinates.    There  should  now  be  no 

difficulty  in  establishing  the  following  formulas : 

(1) 

(2) 


My= 


(3) 
(4) 
(5) 


Iv=ffp3cos2ddpdO. 
IQ=ffp*dpdd. 


The  order  of  the  differentials  will  have  to  be  changed  if  integration 
with  respect  to  6  is  performed  first. 

ILLUSTRATIVE  EXAMPLE  1.  On  account  of  important  applications  the  moments 
of  inertia  of  a  circle  are  now  worked  out. 

Let  a  =  radius.  Then,  by  (5),  the  polar  moment 
of  inertia  with  respect  to  the  center  is 


where  A  =  area  of  the  circle. 

Also,  since  Ix  =  Iy,  by  symmetry,  we  have,  by" (3), 
Art.  253, 

(7)  J«=lo=a>. 


ILLUSTRATIVE  EXAMPLE  2.   Find  the  centroid  of  a  loop  of  the  lemmscate 
p2  =  a2  cos  2  0. 

Solution.  Since  OX  is  an  axis  of  symmetry,  we 
have  y  —  0.  

iA  =  r*'rfa  cos2epdpd$  \       /o 

t/o       «/  0 


JT 


tf  =  f*77  f  a    COS2Vcos0dpd0  =  *a3  f  *'7 

•/O       «/0  t/O 

=  I  a3  f  *""  (1  -  2  sin2  0)*  cos 
«/o 

=  ^  a3  f  \1  -  «» 
b        «/o 

Hence      5  =       =     aV2  =  0.55  a.  Arcs. 


by  (5),  Art.  2 


if  sin  9  = 
\  2 


ILLUSTRATIVE  EXAMPLE  3.    Find  J0  over  the  region  bounded  by  the  circle 
p  =  2  r  cos  0. 

Solution.  Summing  up  for  the  elements  in 
the  triangular-shaped  strip  OP,  the  p-limits 
are  zero  and  2  r  cos  6  (found  from  the  equation 
of  the  circle). 

Summing  up  for  all  such  strips,  the  0-limits 

are  —  ^  and  £•    Hence,  by  (5), 
2          <-> 


Or,  summing  up  first  for  the  elements  in  a  circular  strip  (as  QB),  we  have 

-  Ane. 


PROBLEMS 

1  Find  the  .area  inside  the  circle  p  =  f  and  to  the  right  of  the  tine 
4  p  cos  0  =  3.  AnSm   3(47r-3V3). 

16 

2  Find  the  area  which  is  inside  the  circle  p  =  3  cos  0  and  outside  the 
circle  p  =  |.  A]Km  3(27r+3V3). 


-L'J.jr.r  JCjJC\iXLllN   0.  J./XXJ     .fXlN  JLV      XJLNJ.JilVJTJLVn.iJ 


3.  Find  the  area  which  is  inside  the  circle  p  =  3  cos  6  and  outside  the 
circle  p  =  cos  0.  Aws.   2  TT. 

4.  Find  the  area  inside  the  cardioid  p  =  1  +  cos  d  and  to  the  right  of 
the  line  4  p  cos  0  =  3.  „• 


. 

5.  Find  the  area  which  is  inside  the  cardioid  p  =  1  +  cos  8  and  outside 
the  circle  p  =  1.  ^   v     ^ 

4 

6.  Find  the  area  which  is  inside  the  circle  p  =  1  and  outside  the  cardi- 


4 

7.  Find  the  area  which  is  inside  the  circle  p  =  3  cos  6  and  outside  the 
cardioid  p  =  1  +  cos  0.  Aws.   T. 

8.  Find  the  area  which  is  inside  the  circle  p  =  1  and  outside  the  parab- 
ola p(l  +  cos  0)  =  1.  ,         vr_2 

Ans'   2      3 

9.  Find  the  area  which  is  inside  the  cardioid  p  =  1  +  cos  6  and  outside 

the  parabola  p(l  +  cos  0)  =  1.  A        3  TT      4 

Aws.   -4-4-3- 

10.  Find  the  area  which  is  inside  the  circle  p  =  cos  6  +  sin  6  and  out- 
side the  circle  p  =  1.  Ans.   \. 

11.  Find  the  area  which  is  inside  the  circle  p  =  sin  6  and  outside  the 
cardioid  p  =  1  —  cos  d.  .41——. 

4 

12.  Find  the  area  which  is  inside  the  lemniscate  p2  =  2  a2  cos  2  0  and 
outside  the  circle  p  =  a.  Ans.   0.684  a2. 

13.  Find  the  area  which  is  inside  the  cardioid  p  =  4(1  +  cos  6}  and 
outside  the  parabola  p(l  —  cos  0)  =  3.  Ans.    5.504. 

14.  Find  the  area  which  is  inside  the  circle  p  =  2  a  cos  6  and  outside 
the  circle  p  =  a.   Find  the  centroid  of  the  area  and  Ix  and  /„. 


A         A  ,  2     - 

Ans.  A  =  (-5-  +  -^-)  a2,    x  — 

2 


15.  Find  the  centroid  of  the  area  bounded  by  the  cardioid 

p  =  a(l  +  cos  0).  Ans.   x  =  ~ 

16.  Find  the  centroid  of  the  area  bounded  by  a  loop  of  the  curve 
p  =  a  cos  2  0.  _  _  128  Via 

X  — 


*  nr 

105  ir 

17.  Find  the  centroid  of  the  area  bounded  by  a  loop  of  the  curve 
=  acos30.  8lV3a 


18.  Find  Iy  for  the  lemniscate  p2  =  a2  cos  2  6. 

19.  Find  Ix  for  the  cardioid  p  =  a(l  +  cos  0). 

20.  Find  Ix  and  /„  for  one  loop  of  the  curve  p  =  a  cos  2  6. 

21.  Prove  from  (1),  Art.  254,  that 

AA 


Ans.  -;!  (3  TT  +  8)a2, 
4o 


lim 
AP-+O  p  Ap  A0 


=  1, 


d  therefore  AA  "differs  from  p  Ap  A0  by  an  infinitesimal  of  higher 
ier"  (Art.  99).  Then  AA  in  the  left-hand  member  of  (2),  Art.  254,  may 
replaced  by  p  Ap  A6.  (Proof  omitted.) 

256.  General  method  for  finding  the  areas  of  curved  surfaces.  The 
jthod  given  in  Art.  164  applied  only  to  the  area  of  a  surface  of 
solution.  We  shall  now  give  a  more  general  method.  Let 

(1)  *=/(*,  V) 

the  equation  of  the  surface  KL  in  the  figure,  and  suppose  it  is 
quired  to  calculate  the  area  of  the  region  S'  lying  on  the  surface. 

Denote  by  S  the  region  on  the  XO  7-plane  which  is  the  orthogonal 
ojection  of  S'  on  that  plane.  Now  pass  planes  parallel  to  YOZ  and 
OZ  at  common  distances 
c  and  Ay  respectively.  As 
Art.  244,  these  planes  form 
incated  prisms  (as  PB) 
iunded  at  the  top  by  a 
Ttion  (as  PQ)  of  the  given 
rface  whose  projection  on 
e  XOY-plane  is  a  rectangle 
area  Ax  Ay  (as  AJB).  This 
^tangle  also  forms  the  lower 
,se  of  the  prism.  The  coor- 
nates  of  P  are  (x,  y,  2). 

Now  consider  the  plane 
ngent  to  the  surface  KL 

P.  Evidently  the  same  rectangle  AB  is  the  projection  on  the 
07-plane  of  that  portion  of  the  tangent  plane  (PR)  which  is  in- 
rcepted  by  the  prism  PB.  Assuming  j  as  the  angle  the  tangent 
ane  makes  with  the  X 07-plane,  we  have 

Area  AB  =  area.  PR  •  cos  7, 

["The  projection  of  a  plane  area  upon  a  second  plane  is  equal  to  the  area  of  the"! 
[portion  projected  multiplied  by  the  cosine  of  the  angle  between  the  planes.J 

An*    A  *v»  n-non     Z3  Z?  .    nr\c*   ^/ 


cos  7  = 


Then  Area  PR  =    l  +          +  A*. 


This  we  take  as  the  element  of  area  of  the  region  S'.  We  then  define 
the  area  of  the  region  S'  as 


the  summation  extending  over  the  region  S,  as  in  Art.  245.  Denoting 
by  A  the  area  of  the  region  S',  we  have 

(/)  A 

the  limits  of  integration  depending  on  the  projection  on  the  XOY-plane 
of  the  region  whose  area  we  wish  to  calculate.  Thus,  for  (/)  we  choose 
our  limits  from  the  boundary  curve  or  curves  of  the  region  5  in  the 
-X"OY-plane  precisely  as  we  have  been  doing  in  the  previous  sections. 
Before  integrating,  the  expression 

,2 


\dx)       \dy. 

must  be  reduced  to  a  function  of  x  and  y  only,  by  using  the  equation 
of  the  curved  surface  on  which  the  area  lies. 

If  it  is  more  convenient  to  project  the  required  area  on  the  XOZ- 
plane,  use  the  formula 


(7)  A 

« 

S 

where  the  limits  are  found  from  the  boundary  of  the  region  S,  which 
is  now  the  projection  of  the  required  area  on  the  ZOZ-plane. 
Similarly,  we  may  use 


S 

the  limits  being  found  from  the  projection  of  the  required  area  on  the 
YOZ-plane. 


In  some  problems  it  is  required  to  find  the  area  of  a  portion  of  one 
surface  intercepted  by  a  second  surface.  In  such  cases  the  partial 
derivatives  required  for  substitution  in  the  formula  should  be  found 
from  the  equation  of  the  surface  whose  partial  area  is  wanted. 

Since  the  limits  are  found  by  projecting  the  required  area  on  one 
of  the  coordinate  planes,  it  should  be  remembered  that 

To  find  the  projection  of  the  area  required  on  the  XOY-plane,  elimi- 
nate z  between  the  equations  of  the  surfaces  whose  intersections  form  the 
boundary  of  the  area. 

Similarly,  we  eliminate  y  to  find  the  projection  on  the  XOZ-plane,  and 
x  to  find  it  on  the  YOZ-plane. 

This  area  of  a  curved  surface  gives  a  further  illustration  of  inte- 
gration of  a  function  over  a  given  area.  Thus  in  (/)  we  integrate  the 
function 


over  the  projection  of  the  required  curved  surface  on  the  ^07-plane. 
As  remarked  above,  (/)  and  (K)  must  be  reduced  to 

I  lf(x,  z)dz  dx    and     I  jf(yt  z)dy  dz, 

respectively,  by  means  of  the  equation  of  the  surface  on  which  the 
required  curved  surface  lies. 

ILLUSTRATIVE  EXAMPLE  1.   Find  the  area  of  the  surface  of  the  sphere 

x2  +  y2  -\-  z2  =  r2 
by  double  integration. 

Solution.  Let  ABC  in  the  figure  be  one  eighth  of  the  surface  of  the  sphere.  Here 

dz  __  _x_      dz  __     y 

i  *.'     *\  _' 

da;          z      dy          z 

yz     x2  +  y2  +  z2  r2 


, 
and 


/dz\2  . 
— 
\dx/ 


The  projection  of  the  area  required  on  the  XOY-plane  is  AOB,  a  region  bounded 

Integrating  first  with  respect  to  y,  we  sum  up 
all  the  elements  along  a  strip  (as  DEGF)  which  is 
also  projected  on  the  XOT-plane  in  a  strip  (as 
MNGF) ;  that  is,  our  r/-liniits  are  zero  and  MF 
(=  Vr2  —  £2).  Then  integrating  with  respect  to  x 
sums  up  all  such  strips  composing  the  surface  ABC ; 
that  is,  our  ^-limits  are  zero  and  OA  (~  r).  Sub- 
stituting in  (/),  we  get 

r  dy  dx        __  xrf 
Vr2  -  x2  -  y2  ~    2  '  /B    EG 

K7" ./  •         "*" 


ILLUSTRATIVE  EXAMPLE  2.  The  center  of  a  sphere  of  radius  r  is  on  the  surface 

T 

of  a  right  cylinder,  the  radius  of  whose  base  is  -•    Find  the  area  of  the  surface  of 

Li 

the  cylinder  intercepted  by  the  sphere. 

Solution.  Taking  the  origin  at  the  center  of  the  sphere,  an  element  of  the  cylin- 
der for  the  z-axis,  and  a  diameter  of  a  right  section  of  the  cylinder  for  the  z-axis,  the 
equation  of  the  sphere  is 

x2  +  y2  +  z2  =  r2, 
and  of  the  cylinder    x2  +  y2  =  rx. 

ODAPB  is  evidently  one  fourth  of  the  cylindrical 

surface  required.  Since  this  area  projects  into  the 

semicircular  arc  ODA  on  the  .X"OF-plane,  there  is 

no  region  S  from  which  to  determine  our  limits 

in  this  plane ;  hence  we  shall  project  our  area  on, 

say,  the  JfOZ-plane.    Then  the  region  S  over 

which  we  integrate  is  OACB,  which  is  bounded 

by  z  =  0  (=  OA),  x  =  0  (=  OB),  and  z2  +  rx  =  r2 

(=  ACB),  the  last  equation  being  found  by  elim-    y 

inating  y  between  the  equations  of  the  two  sur-     / 

faces.   Integrating  first  with  respect  to  z  means  that  we  sum  up  all  the  elements  in 

a  vertical  strip  (as  PD),  the  z-limits  being  zero  and  Vr2  —  rx.  Then,  on  integrating 

with  respect  to  x,  we  sum  up  all  such  strips,  the  cc-limits  being  zero  and  r. 

Since  the  required  surface  lies  on  the  cylinder,  the  partial  derivatives  required 
for  formula  (7)  must  be  found  from  the  equation  of  the  cylinder. 

dy  _r  —  2  x      dy  _ 
dx         2  y    '     dz 
Substituting  in  (J), 


Hence 


=          v,2_ 
Jo  Jo  I       \    2  y    I J 


Substituting  the  value  of  y  in  terms  of  x  from  the  equation  of  the  cylinder, 


A  =  : 


dz  dx 


dx     n  r 

=  =  2  f  \ 

—  x2          Jo 


=  2 


dx  -  4  r2. 
x 


PROBLEMS 

1.  In  the  preceding  example  find  the  surface  of  the  sphere  intercepted 
by  the  cylinder.  ^   ^  f  rr  r^T*         dy  dx    =  =  ^_  ^ 

Jo  Jo  VT2  —  x2  —  y2 

2.  The  axes  of  two  equal  right  circular  cylinders,  r  being  the  radius 
of  their  bases,  intersect  at  right  angles.    Find  the  surface  of  one  inter- 
cepted by  the  other. 

HINT.   Take  x2  +  z2  =  r2  and  x2  +  y2  =  r2  as  the  equations  of  the  cylinders. 

Ans. 


3.  Find  the  area  of  that  portion  of  the  sphere  x2  -f-  y2  +  z2  =  2  ay  cut 
out  by  one  nappe  of  the  cone  x2  +  z2  =  y2.  Ans.  2  Tro2. 

4.  Find  the  surface  of  the  cylinder  x2  +  y2  —  r2  included  between  the 
plane  z  =  mx  and  the  XO  F-plane.  Ans.   4  r2m. 

5.  Find  the  area  of  that  part  of  the  plane  -  +  %  +  -  =  1  which  is  in- 
tercepted by  the  coordinate  planes. 


Ans.   i  V62c2  +  c2a2  -f  a'2b2. 

6.  Find  the  area  of  the  portion  of  the  sphere  x2  -f  y2  +  z2  =  2  ay  which 
lies  within  the  paraboloid  by  =  x2  +  z2.  Ans.   2  irab. 

7.  In  the  preceding  example  find  the  area  of  the  portion  of  the  pa- 
raboloid which  lies  within  the  sphere. 

8.  Find  the  area  of  the  surface  of  the  paraboloid  y2  +  z2  =  4  ax  in- 
tercepted by  the  parabolic  cylinder  y2  =  ax  and  the  plane  x  =  3  a. 

Ans.  -^  vra2. 

9.  In  the  preceding  problem  find  the  area  of  the  surface  of  the  cylinder 
intercepted  by  the  paraboloid  and  plane.  .         n  3  \Xi~3  —  1    fl2 

10.  Find  the  surface  of  the  cylinder  z2  -f  (a;  cos  a.  +  y  sin  a)2  =  r2  which 
is  situated  in  the  positive  compartment  of  coordinates. 

HINT.  The  axis  of  this  cylinder  is  the  line  z  —  0,  x  cos  a  +  y  sin  a  =  0 ;  and  the 

radius  of  the  base  is  r.  .  r2 

Ans.  — 

sin  a  cos  a. 

11.  Find  the  area  of  that  portion  of  the  surface  of  the  cylinder 

£  2_  2. 

2/3  +23"  =  a3  bounded  by  a  curve  whose  projection  on  the  XT-plane  is 
x3  -j-  y3  —  a3.  Ans.  -^  a2. 

12.  Find  by  integration  the  area  of  that  portion  of  the  surface  of  the 
sphere  x2  +  y2  +  z2  =  100  which  lies  between  the  parallel  planes  x  =  —  8 
and  x  —  6. 

257.  Volumes  found  by  triple  integration.  In  many  cases  the  vol- 
ume of  a  solid  bounded  by  surfaces  whose  equations  are  given  may 
be  calculated  by  means  of  three  successive  integrations,  the  process 
being  merely  an  extension  of  the  methods  employed  in  the  preceding 
articles  of  this  chapter  (see  also  Art.  247). 

Suppose  the  solid  in  question  is  divided  by  planes  parallel  to  the 
coordinate  planes  into  rectangular  parallelepipeds  having  the  dimen- 
sions Az,  Ay,  Ax.  The  volume  of  one  of  these  parallelepipeds  is 

Az  •  Ay  -  Ax, 
and  we  choose  it  as  the  element  of  volume. 

Now  sum  up  all  such  elements  within  the  region  R  bounded  by 
the  given  surfaces  by  first  summing  up  all  the  elements  in  a  column 


that  axis,  and  finally  summing  up  all  such  slices  within  the  region  in 
question.  The  volume  V  of  the  solid  will  then  be  the  limit  of  this 
triple  sum  as  Az,  Ay,  Ax  each  approach  zero  as  a  limit.  That  is, 


Az-»0 


the  summations  being  extended  over  the  entire  region  R  bounded  by 
the  given  surfaces.  This  limit  is  denoted  by 


By  extension  of  the  principle  of  Art.  245,  we  speak  of  (I)  as  the 
triple  integral  of  the  function  f(x,  y,  z)  =  1  throughout  the  region  R. 
Many  problems  require  the  integration  of  a  variable  function  of  x,  y, 
and  z  throughout  a  given  region.  The  notation  is 


(2) 


III  /G»i  y, 


dy  dx, 


R 


which  is,  of  course,  the  limit  of  a  triple  sum  analogous  to  the  double 
sums  we  have  already  discussed.  In  more  advanced  treatises  it  is 
shown  that  the  triple  integral  (2)  is  evaluated  by  successive  integra- 
tion. The  limits  are  found  in  the  same  manner  as  for  (L). 

Simple  examples  of  (2)  are  afforded  by  the  formulas  for  the  centroid 
(x,  y,  z)  (center  of  gravity)  of  a  homogeneous  solid,  namely, 

Vx=l  I  jxdxdydz,  Vy=\  I  lydxdydz,  Vz~  f  f  jzdxdydz. 

They  are  obtained  by  reasoning  as  in  Art.  249,  using  moments  of 
volume.  In  the  integrands,  (x,  y,  z)  is  an  interior  point.  The  centroid 
will  lie  in  any  plane  of  symmetry. 

ILLUSTRATIVE  EXAMPLE  1.   Find  the  volume  of  that  portion  of  the  ellipsoid 

(j2         f)2         g2 

which  lies  in  the  first  octant. 

Solution.  Let  0-ABC  be  that  portion  of  the 
ellipsoid  whose  volume  is  required,  the  equations 
of  the  bounding  surfaces  being 

(3)       g  +  r 

(4) 

(5) 

(f\~\  T  —  n  i —  DRf}  V/D    '  rL   ff 

\QJ  «v  —  w  \—  \JJo\j),  J-/o        or    £ 


z  =  0  (=  OAB), 
y  =  Q(=  OAC-), 


region. 

Integrating  first  with  respect  to  z,  we  sum  up  all  such  elements  in  a  column 

(as  RS),  the  z-limits  being  zero  (from  (4))  and  TR  =  c-Jl  -~2 
solving  for  z).  V         a 


j 
6 


(from  (3)  by 


Integrating  next  with  respect  to  y,  we  sum  up  all  such  columns  in  a  slice  (as 
DEMNGF),  the  ^/-limits  being  zero  (from  (5))  and  MG  =  'b\/l~—  (from  the 

T2          11Z  fl2 

equation  of  the  curve  AGB,  namely  ^-  +  rr  =  1,  by  solving  for  y}. 

a2      o-* 

Lastly,  integrating  with  respect  to  x,  we  sum  up  all  such  slices  within  the  entire 
region  0-ABC,  the  x-limits  being  zero  (from  (6))  and  OA  =  a. 


Hence 


"a2    /•£ 

I 


dz  dy  dx 


irabe 


6 


Therefore  the  volume  of  the  entire  ellipsoid  is 


4  irabc 


C 


ILLUSTRATIVE  EXAMPLE  2 .  Find  the  volume  of  the  solid  bounded  by  the  surfaces 

(7)  z  -  4  -  x2  -  %  y2, 

(8)  z  =  3  a;*  +  i  ya. 

Solution.    The  surfaces  are  the  elliptic  paraboloids  of 
the  figure.  Eliminating  z  between  (7)  and  (8),  we  find 

(9)  4  x2  +  I  y2  =  4, 

which  is  the  equation  of  the  cylinder  ABCD  (see  figure) 
that  passes  through  the  curve  of  intersection  of  (7)  and 
(8)  and  has  its  elements  parallel  to  OZ. 
We  have 

dz  dy  dx. 

The  limits  are  found  as  follows : 

Integrating  with  respect  to  z,  we  sum  up  the  elements  of  volume  dz  dy  dx  in 
a  column  of  base  dy  dx  from  the  surface  (8)  to  the  surface  (7)  (MP  to  MQ  in  figure). 
The  limits  for  z  are,  then,  given  by  the  right-hand  members  in  these  equations. 

Thus  we  find 

(11) 

The  limits  on  this  double  integral  are  those  for  the  region  OAB,  the  portion  of 
the  area  of  the  base  of  the  cylinder  (9)  which  lies  in  the  first  quadrant.  Working 
out  (11),  we  find  V  =  4  TT  Vg  =  17.77  cubic  units.  Am. 

The  problem  given  may  be  such  that  the  first  integration  should 
be  performed  with  respect  to  x  or  y,  and  not  with  respect  to  z,  as 
above.  The  limits  must  then  be  determined  in  accordance  with  the 
preceding  discussion. 
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DIFFERENTIAL  AND  INTEGRAL  CALCULUS 


258.  Volumes,  using  cylindrical  coordinates.  In  many  problems  in- 
volving integration  the  work  is  much  simplified  by  employing  cy- 
lindrical coordinates  (p,  6,  z)  as  denned  in  (7),  p.  6.  The  cylindrical 
equation  of  any  one  of  the  bounding  surfaces  may  often  be  written 
down  directly  from  its  definition.  In  any  case  it  may  be  found  from 
its  rectangular  equation  by  the  substitution 


(1) 


x  =  p  cos't/,    y=psm 


Cylindrical  coordinates  are  especially  useful  when  a  bounding 
surface  is  a  surface  of  revolution.  For  the  equation  of  such  a  surface, 
when  the  axis  is  OZ,  will  have  the  form  z  =  /(p) ;  that  is,  the  coordi- 
nate 6  will  be  absent. 

Volume  under  a  surface.  Let 


(2) 


z  =  F(p,  6} 


be  the  cylindrical  equation  of  a  surface,  as  KL  in  the  figure.  We 
wish  to  find  the  volume  of  the  solid  bounded  above  by  this  surface, 
below  by  the  plane  XOY, 
and  laterally  by  the  cylin- 
drical surface  whose  right 
section  by  the  plane  XOY 
is  the  region  S.  This  cylin- 
drical surface  intercepts  on 
the  surface  (2)  the  region  Sf. 
Divide  the  solid  into  ele- 
ments of  volume  as  follows : 
Divide  S  into  elements  of 
area  A  A  by  drawing  radial 
lines  from  0  and  arcs  of  cir- 
cles about  0,  as  in  Art.  254. 
Pass  planes  through  the 
radial  lines  and  OZ.  Pass 
cylindrical  surfaces  of  revo- 
lution about  OZ  standing  on  the  circular  arcs  within  S.  Then  the 
solid  is  divided  into  columns  such  as  MNPQ,  where  area  MN  =  A  A, 


.  \J1-J  JL  J.JL     t   ll'l       J-±^t    4.  AJ  VJO-V-CiJUJU 


and  circular  arcs  within  S  increase  in  number  so  that  Ap  —->  0  and 
A0->0.   That  is, 

(4)  y  =  Hm  yy  z  AA. 

Ap-»0^^ 

A0-»o 

We  now  show  that  the  double  limit  in  (4)  may  be  found  by  suc- 
cessive integration.  (Compare  Art.  244.)  This  is  done  by  finding 
the  volume,  approximately,  of  a  slice  of  the  solid  included  between 
two  radial  planes  such  as  EOZ  and  SOZ,  and  then  taking  the  limit 
of  the  sum  of  these  slices. 

Let  DEFG  be  the  section  of  the  solid  in  the  plane  EOZ.  The 
values  of  z  along  the  curve  GPF  are  given  by  (2)  when  6  (=  angle  XOR) 
is  held  fast.  In  the  plane  EOZ  take  OR  and  OZ  as  rectangular  axes 
and  (p,  z)  as  coordinates.  Let  (p,  z)  be  the  centroid  of  area  DEFG. 
Then  by  (2)  and  (3),  Art.  177, 

_  rOE  rOE 

p  •  area  DEFG  =J      pz  dp  =J      pF(p,  B}dp. 

The  integral  will  be  a  function  of  6. 

Now  revolve  area  DEFG  about  OZ.  By  Art.  250,  the  volume  of  the 
solid  of  revolution  thus  generated  is  2  ifp  •  area  DEFG.  The  planes 
ROZ  and  SOZ  cut  out  a  wedge  from  this  solid  of  revolution  whose  vol- 
ume is  A0p  •  area  DEFG,  since  angle  ROS  =  A0  (radians).  Therefore 

rOE 

(5)  A0/      pF(p,  6)dp 

JQD 

is  equal,  approximately,  to  the  volume  of  the  slice  of  the  solid  in- 
cluded between  the  planes  ROZ  and  SOZ.   The  limit  of  the  sum  of 
the  wedges  (5)  when  A  6?  —  *  0  is  the  exact  volume. 
Hence 

(6)  V 


where  a  =  ^  XOA,  $  =  Z.  XOB,  Pi  =  OD  =fi(6),  p2  =  OE  =  /2(0), 
values  to  be  found  from  the  polar  equations  of  the  curves  bounding  -S. 

The  element  of  the  integral  in  (6),  namely, 
F(p,  6}p  dp  d6  —  zp  dp  d8, 

may  be  thought  of  as  the  volume  of  a  right  prism  of  altitude  z  and 
base  of  area  p  dp  d8.  Thus  A  A  in  (3)  is  replaced  by  p  Ap  A0,  as  in 
Art.  254. 

We  have  now  the  formula* 


(M)  V=      zpdpd8=      F(p,  6)pdpdd 

*J  \J  \J  *J 

S  S 


for  the  volume  under  the  surface  (2),  and  the  limits  are  found  as  in 
Art.  254  for  the  area  of  the  region  S. 

From  (M)  and  (4)  we  may  derive  (2),  Art.  254. 

ILLUSTRATIVE  EXAMPLE  1.  Show  that  the  volume  of  the  solid  bounded  by 
the  ellipsoid  of  revolution  W(x2  +  y2}  +  a2z2  =  a~b2  and  the  cylindrical  surface 
x2  +  y2  —  ax  =  0  is  given  by 


r   fa 

/ 

Jo 


X 


Evaluate  this  integral. 

Solution.  By  (1)  the  cylindrical  equa- 
tion of  the  ellipsoid  is  b2p2  +  a2zz  =  a262. 
Hence 

(8)  z  =  ^Va2-p2. 

The  polar  equation  of  the  circle 
x2  +  y2  —  ax  =  0  in  the  .XT-plane 
bounding  S  is,  by  (1), 

(9)  p  =  a  cos  0. 

For  the  semicircle  the  limits  for  p  are 

zero  and  o  cos  6,  when  6  is  held  fast,  and 

for  8,  zero  and  £  TT.  Substituting  in  (M)  the  value  of  z  from  (8)  and  the  above  limits, 

we  get  (7).  Integrating, 

7  =  |  a2b(3  TT  -  4)  =  1.206  a2b. 

Volume  by  triple  integration.  The  element  of  volume  A  V  will  now 
be  an  element  of  the  right  prism  used  above  in  (3),  that  is,  a  right 
prism  with  base  A  A  and  altitude  Az.  The  solid  is  divided  into  such 
elements  by  passing  through  it  the  planes  and  cylindrical  surfaces 
used  in  the  figure  at  the  beginning  of  this  article  and  also  planes 
parallel  to  the  plane  XOY  at  distances  apart  equal  to  Az.  We 
now  have 

(10)  AV  =  AzAA. 

By  summation  and  taking  the  limit  when  Az  — » 0,  Ap  —*•  0, 
A6  — >  0,  we  have 

W  v 


for  AA  may  be  replaced  by  p  Ap  A0  as  before. 
Formulas  (3)  in  Art.  257  for  the  centroid  become 

Vx  =  fffp2  cos  ddzdpdB,     Vy=  fffp2  sin  6  dz  dp  dO, 
Vz  =  l  I  I  pzdzdp  d6, 


and  whose  lower  surface  is  on  the 
paraboloid  of  revolution 

(12)  x*+y*  =  2z. 

Solution.  The  figure  shows 
the  sphere  and  the  paraboloid  in 
the  first  octant.  The  curve  of  in- 
tersection AB  lies  in  the  plane 
z  =  2.  Its  projection  DE  on  the 
XT-plane  is  the  circle 

(13)  x2  +  y2  =  4. 

The  cylindrical  equations 
are,  by  (1)  : 

(14)  p2  +  z2  =  8  (the  sphere 

(ID); 

(15)  p2  =  2  z  (the  paraboloid 


B 


(16) 


(12)); 
p  =  2  (the  circle 


(13)). 


An  element  of  area  AA  in  the  circle  (16)  is  drawn  at  M(p,  0)  in  the  figure.  An 
element  of  volume  AV  is  shown  at  P(p,  6,  «:). 
We  have,  by  (N), 


(17) 


V 


rzir  n  r 
=         I] 

Jo      JO   J 


pdzdpde. 


The  limits  are  found  as  follows  :  Integrating  with  respect  to  z  (holding  p  and 
6  fast),  we  sum  up  the  elements  of  volume  (10)  in  a  column  from  the  surface  (15) 
to  the  surface  (14)  (MP2  to  MPi  in  the  figure).  From  (15),  z  =  MP2  =  %p2; 
from  (14),  z  =  MPi  =  Vs  —  p'2,  the  s-limits.  The'  limits  for  p  and  B  are  those 
for  the  area  of  the  circle  (16).  Integrating  with  respect  to  p  gives  the  sum  of  the 
columns  in  the  slice  included  between  the  plane  passing  through  OZ  and  OM  and 
the  plane  passing  through  OZ  and  ON.  The  final  integration  sums  up  these  slices. 

Integrating  in  (17), 

Ans. 


In  the  following  problems,  formulas  (M)  and  (JV)  are  to  be  used 
when  the  equations  of  bounding  surfaces  are  in  cylindrical  coordi- 
nates (cylindrical  equations).  If  the  corresponding  rectangular  equa- 
tions are  needed  for  drawing  a  figure,  they  may  be  found  by  the 
transformation 


(18)  p2  = 

to  which  may  be  added 


6  =  arc  tan 


(19) 


sin 


cos     — 


PROBLEMS 

1.  Find  the  volume  of  the  solid  below  the  cylindrical  surface  x2  +  z  =  4, 
above  the  plane  x  +  z  =  2,  and  included  between  the  planes  y  =  0,  y  =  3. 


dz  dx  dy  =  13|  cubic  units. 

_  _  -x 

2.  Work  out  Illustrative  Example  2,  Art.  247,  using  cylindrical  co- 
ordinates. 


A  ,,        0   rjir   /"2acos0  p3  3 

Ans.    V  =  2  /       /  ^  dpd6  =  j- 

Jo     JQ  a  2 


o 

3.  Find  the  volume  of  the  solid  bounded  above  by  the  cylinder 
4  —  #2  and  below  by  the  elliptic  paraboloid  z  =  3  x2  +  y2. 


Ans 


fl    rZ  Vl  -  a;2  /"4  -  x2 

.    V"  =  4  I     /  /  as  cfa/  cfa;  =  4  TT. 

JO     ^0  J3  Z2  +  j,2 


4.  Two  planes  forming  an  angle  a  radians  with  each  other  meet  along 
a  diameter  of  a  sphere  of  radius  o.  Find  the  volume  of  the  spherical  wedge 
included  between  the  planes  and  the  spherical  surface,  using  cylindrical 
coordinates.  Ans.   §  cm3. 

5.  Find  the  volume  below  the  plane  z  =  x  and  above  the  elliptic 
paraboloid  z  =  x2  +  y2.  Ans.  -^  TT. 

6.  Work  Problem  5  using  cylindrical  coordinates. 

/"•n-  7T     /"COS  9    fO  COS  9 

Ans.   V  =  2          I        \          p  dz  dp  dd  =  &  TT. 

JQ        Jo         Jp2 

7.  Find  the  volume  bounded  by  the  sphere  p2  +  z2  =  a2  within  the 
cylinder  p  =  a  cos  0.  Ans.   f  a3(7r  —  f). 

8.  Find  the  volume  above  2  =  0,  below  the  cone  z2  =  x2  +  y2,  and 
within  the  cylinder  x2  +  y2  =  2  ax,  using  cylindrical  coordinates. 

Ans.  -3^a3. 

9.  Find  the  volume  of  the  solid  bounded  by  z  =  x  +  1  and  2  z  =  xz  -f-  y2. 

Ans.   |  TT. 

10.  In  Problem  3  show  that  integration  with  respect  to  z  gives  (with- 
out further  integration)  V  =  4  A  —  4  Jv  —  Ix,  where  A  is  the  area  of  the 
ellipse  4  x2  +  #2  =  4,  and  1^  and  !„  are  moments  of  inertia  for  this  ellipse 
as  given  by  (£),  Art.  252. 

11.  Find  the  volume  below  the  plane  2  z  =  4  +  p  cos  6,  above  0  =  0, 
and  within  the  cylinder  p  —  2  cos  6.  Ans.   f  TT. 

12.  A  solid  is  bounded  by  the  paraboloid  of  revolution  az  =  p2  and  the 
plane  z  =  c.  Find  the  centroid.  Ans.   (0,  0,  f  c). 

13.  A  solid  is  bounded  by  the  hyperboloid  z2  =  a2  +  p2  and  the  upper 
nappe  of  the  cone  z2  =  2  p2.   Find  the  volume.       Ans.      f  7ra3(V2  —  1). 

14.  Find  the  centroid  of  the  solid  in  Problem  13. 


15.  Find  the  centroid  of  the  solid  in  Problem  1.  Ans.    (J,  f,  -1/). 

16.  Find  the  centroid  of  the  solid  in  Problem  2.    Ans.    (f  a,  0,  ^  a). 

17.  Find  the  centroid  of  the  solid  in  Problem  8. 

18.  Find  the  volume  of  the  solid  bounded  below  by  z  =  0,  above  by 
the  cone  z  =  a  —  p,  and  laterally  by  p  —  a  cos  6.         Ans.   gV  a3  (9  TT  —  16). 

19.  Find  the  centroid  of  the  solid  in  the  preceding  problem. 

20.  Find  the  volume  of  the  solid  below  the  spherical  surface  p2  +  z2  =  25 
and  above  the  upper  nappe  of  the  conical  surface  z  ~  p  +  1. 

21.  Compare  Illustrative  Example  3,  Art.  165,  and  Illustrative  Ex- 
ample 1,  Art.  257,  and  derive  (N),  Art.  165,  from  (L),  Art.  257. 

22.  Derive  formula  (2),  Art.  178,  from  the  first  formula  in  (3),  Art.  257. 

ADDITIONAL  PROBLEMS 

1.  Find  the  volume  bounded  above  by  the  sphere  p2  +  zz  =  r2,  below 
by   the   cone   z  —  p  ctn  <£,    and   included   between   the   planes    d  =  /3, 
6  =  /3  +  A/?,  (j)  and  j3  being  acute  angles.    (The  solid  is  part  of  a  spherical 
wedge,  like  0-SQN  in  the  figure  of  Art.  222  when  OQ  is  drawn.) 

Ans.   -J  r3  Aj3(l  —  cos  0). 

2.  Find   (without  integration)   the  volume  bounded  by  the  sphere 
p2  -j-  zz  =  r2,  the  cones  z  =  p  ctn  (p,  z  =  p  ctn  (<£  4-  A0),  and  the  planes 
6  =  J3,  d  =  p  +  A/3,  using  the  result  in  the  preceding  problem.    (The  solid 
is  like  0-PiRQS  in  the  figure  of  Art.  222  when  OR  and  OQ  are  drawn.) 

Ans.   f  r3  A/3  sin  (<£  +  $  A<£)  sin  £  A<£. 

3.  Find  (without  integration)  the  volume  bounded  by  z  —  p  ctn  o>, 
z  =  p  ctn  (4>  +  A<£),  6  =  j8,  6  =  j8  +  A/3,  and  included  between  the  spheres 
p2  _j_  Z2  —  ,.2^  p2  _|_  Z2  —.  ^r  _j_  Ar)29  usjng  the  answer  in  Problem  2. 

Ans.  2  A/5  Ar  sin  (<£  +  i  A<£)  sin  £  A0(r2  +  r  Ar  +  $  Ar2). 
(The  solid  is  obtained  from  the  figure  in  Art.  222  by  producing  each  of  the 
radii  OPi,  OR,  OQ,  OS  a  distance  Ar  to  Pi',  R',  Q',  S'  on  the  sphere 
p2  _|_  zi  —  (y  _j_  Ar)2.  The  cones  intersect  this  sphere  in  the  circular  arcs 
Pi'R'  and  Q'S',  and  the  planes  in  the  arcs  of  great  circles  Pi'S',  R'Q'.  The 
solid  has  the  vertices  PiRQS-Pi'R'Q'S'.) 

4.  The  solid  of  Problem  3  is  the  element  of  volume  AF  when  spherical 
coordinates  (8),  p.  6,  are  used.    Replace  j3  by  0.    Then  one  vertex  P  of 

has  the  spherical  coordinates  (r,  <j>,  6}.   Prove,  from  Problem  3, 


AT--.O  r2  sin  of)  Ar  Ad>  A# 

A0-»0 
A0->0 

Therefore  AF  differs  from  r2  sin  <f>  Ar  Ao>  A#  by  an  infinitesimal  of  higher 


5.  In  the  solid  of  the  preceding  problem  prove  that  the  edges  of  AV 
meeting  at  any  vertex  are  mutually  perpendicular,  and  that  the  lengths 
of  those  intersecting  at  (r,  4>,  0)  are,  respectively,  Ar,  r  A<f>,  r  sin  0  A0. 

6.  Describe  the  three  systems  of  surfaces  (spheres,  cones,  planes) 
which  must  be  drawn  to  divide  a  solid  R  into  elements  of  volume  AV 
(Problem  4)  when  spherical  coordinates  are  used.    Let  (r,  <j>,  6}  be  any 
point  of  AV.   Then  we  write 


lim  F(r,  0,  0)AV  =         p(r,  0,  0)r2  sin  0  dr  d^>  dO. 


In  the  left-hand  member  AV  may  be  replaced  by  r2  sin  0  Ar  A0  A0 
(see  Problem  4),  that  is,  by  the  product  of  the  three  edges  in  Problem  5. 
The  right-hand  member  is  calculated  by  successive  integration.  (Proof 
omitted.) 

7.  Work  out  the  integral  in  the  preceding  problem  if  F(r,  4>,  0)  =  r, 
and  R  is  the  sphere  r  =  2  a  cos  4>,  that  is,  x2  +  y2  +  z2  =  2  az. 


Am.     f2?r  f*71"  r2ac°B0r3  sin  $  dr  d6  d6  = 
Jo     Jo      Jo 


8.  Work  out  the  integral  in  Problem  6  if  .F(r,  0,  0)  =  r2  cos  0  and  ft 
is  the  region  r  —  2  a  cos  0.  Ans.   ff  Tra5. 


CHAPTER  XXVI 
CURVES  FOR  REFERENCE 

For  the  convenience  of  the  student  a  number  of  the  more  common 
curves  employed  in  the  text  are  collected  here. 


CUBICAL  PARABOLA 

r 


y  =  ax3. 


SEMICUBICAL  PARABOLA 


y2  = 


THE  WITCH  OF  AGNESI 


O  X 

4  a2(2  a  -  y~). 


THE  CISSOID  OP  DIOCLES 

r 


p2  =  a2  cos  2  0. 


x2y2  =  (y  -\-  a)2(&2  —  2/2). 
p  =  a  csc  6  -f  &. 
(In  the  figure,  &  >  a.) 


CYCLOID,  OKDINARY  CASE 

r 

xTT^*- — 

a 


x  —  a  arc  vers  ^  —  V2  ay  —  y2. 
a 

~  a  (6  —  sin  0), 
=  a(l  —  cos  0). 


x  =  a  arc  vers  ^  -j-  V2 
a 

(x  =  a(0  +  sin  0), 
\y=  a(l  —  cos  0). 


PARABOLA 


X        y*  =  a 
x  —  a  cos3  0, 
y  =  a  sin3  0. 


CARDIOID 


p  =  a(l  —  cos  0). 


FOLIUM  or  DESCAETES 
Y 


+  ?/3  —  3  azg/  =  0. 


SINE  CURVE 


COSINE  CURVE 


O  2L 

8 


y  —  sin 


2/  =  COS  X. 


p  =  6  —  a  cos  6. 
(In  the  figure,  6  <  a.) 


9        o  a  +  x 

y2=   X2   ! 

a  —  x 


SPIRAL  OP  ARCHIMEDES 


=  a6. 


LOGARITHMIC  OR  EQUIANGULAR 
SPIRAL 


p  =  eae,  or 


log  p  =  ad. 


HYPERBOLIC  OR  RECIPROCAL 
SPIRAL 


LlTUUS 


=  a2. 


PARABOLIC  SPIRAL 


(p  —  a)2  =  4  acO. 


LOGARITHMIC  CURVE 
Y 


x. 


y  =  log  x. 


EXPONENTIAL  CURVE 


PROBABILITY  CURVE 
Y 


SECANT  CURVE 


I  sir       li 


-i 


TANGENT  CURVE 


X 


p  —  a  sin  3  6. 


p  =  a  cos  3  6. 


FOUR-LEAVED  ROSE 


FOUR-LEAVED  ROSE 


p  =  a  sin  2  0. 


=  a  cos  2  0. 


TWO-LEAVED  ROSE  LEMNISCATE 
r 


p2  =  a2  sin  2  0. 


EIGHT-LEAVED  ROSE 


p  =  a  sin  4  0. 


p  =  a  sec 


xy  =  a. 


INVOLUTE  OF  A  CIRCLE 


TKACTRIX 


x  =  r  cos  d  -f-  rd  sin  6, 
y  =  r  sin  6  —  rd  cos  6. 


=  a  sech"1  -  —  Va2  —  y2. 


x  =  t  •—  a  tanh  -» 
a 

y  =  a  sech-' 

Of 


CHAPTER  XXVII 

TABLE  OF  INTEGRALS 

Some  Elementary  Forms 
l.fdf(x)  =ff'(x)dx=f(x)  +  C. 

2.  Cadu  =  a  idu. 

3.  C(du  ±  dv  ±  dw  ±  •  •  •)  =  Cdu  ±  Cdv  ±  Cdw  db  •  •  •. 

4.  JV  du  =  ^-^j-  +  C.  (n 


Rational  Forms  containing  a  +  bu 
See  also  the  Binomial  Reduction  Formulas  96-104. 


/1/2  /7i/  1 

^j^  =  p  L4(a  +  &%)2  -  2  a  (a  +  6tt)  +  a2  In  (a 

.  +  In  (a  +  &W)1  +  C. 
' 


.,   r   u2  du         If.T  a2         0    i    /    ,  t  \  1  ,   « 

11-  1  ~t  —  r~T^l  =  7^  a  +  &tt  --  TT  --  2  a  In  (a  +  &w)    +  C. 

J  (a  +  bu)2     &3|_  a  +  &M  v     •       /j  • 

12  C    udu     =  —  [  -      1      4.         a        I  4.  r 
J  (a  +  bu)*     b2l      a  +  bu     2(a+bu)2]  ^ 

1  *  /"      <^M       _      1  !„  /a  +  &M\  ,  ^ 
**•  I  "~7  —  ,   T.   x  =  --  in    -    +  C7. 
J  u(a  -f  OM)         a      \    u     ) 

14.  f 

J  uz(a 


(a  +  bu)          au     a2 
15  r       du        _         1  1,    /o  +  5tt\      r 

I       /_     ,_  1...N2  —  /r^     i_  JwA          ^2          \         „,         I  T  O. 


du 


=  4-  arc  tan  —  +  C. 
a 


16V  a2  +  b2u2     ab 

17  C      du       -  _L_  in  (a±bu\  ,  r 
J  a2  -  b2u2  ~2ab  ln  la  -  bu)  +  C' 


du 


62%2  -  a2      2  a& 


_    1    ,    /&M  —  a\       _ 

"^ 


+  a 


(a2  >  &2u2) 
(a2  < 


in  f     udu      __     1 

J  a2  db  b2u2  ~  ±2  b2 
um  du 


In  (a2  ±  &2w2)  +  C. 


20./ 


(a2  ±  b2u2y      ±  b2(m  -  2  p  +  1)  (a2 
_         a2(m  -  1) 


__  w  —     y          r 
2a2(p-l)J  (a 


du 


_         i 
~2a2    • 


23(/-^-F^ 
24V  %™(a2  ± 


a2  ± 


a2(m 


r_____ 
J  um~2a 


du 


(a2  ± 


2  a2(p 


2  p  — 


dw 


2  a2(p  -  1)  ^  %m(a2  ± 


Forms  containing  Va  +  bu 

The  integrand  may  be  rationalized  by  setting  a  +  bu  =  v2.    See  also 
the  Binomial  Reduction  Formulas  96-104. 


26  f;c^/rr^a!u  ~  2(8  a2  ~  12  a&M  +  15  &%2)(a  +  6M)1r  I   C 
26.J%  Va  +  &wdM-  1()5&3  +G. 

n  .  O  i3/Wi^rr  -|-  ^7A^)^  2  CiTYl  C 

-,  ^  ,^ 


'a  +  bu 


362 


r    u2du     _  2(8  a2  -  4  abu  +  3  b2u2}Va  +  bu      „ 

I        /  —  -i  j~  7.3 

r_umdu    _2um'\/a  +  bu          2am       Cum~1<^u  - 
J  Va~Tbu~    6(2  m+1)        6(2  m  +  1)  •/  Va  +  bu 

81   r_^=  =  -I.  In  (^2^5)  4-  C,  for  a  >  0. 

J  wVa  +  bw      Va      \ Va  +  bu  +  Va/ 

32.; 


dw 


arc  tan 


+  c,  'for  a  <  0. 


wVa  +  bu      V-  a  \    -  a 

du         ___          Va+  bu 6(2  m  -  3)  /•          d^ . 


33./^ 
«*•/- 


a  f 

J 


it  Va  4-  &M 
(a  +  b^)^         6(2  m—  5) 


'••/— 

Forms  containing  Vu2  =fc  a2 
In  this  group  of  formulas  we  may  replace 

T/, 

In  (w  +  Vw2  +  a2)    by    sinh-1  -» 

Cv 

In  (w  +  Vw2  -  a2)    by    cosh"1  ^» 


6(2  m  -        ra        Mu 
1      2aw-l)J        M™"1 


± 


±  a2  ± 


±  a2) 


_  (u2  ±  a2)^        |  c 


(n  5t  -  2; 


+  m  +  1 


40-/7TTl^  =  ln(w 

v        I  If  &    -Jr-    /*T  ^  J  * 
Ltv        IX.    W'     / 

41  r_    dtt 

V  r-,,2  _L  n*tf     4-  a2Vw2  ±  a2 


(u*  ±  a 


o2  -  ^r-  In  (w  +  Vw2  rba2)  +  C. 


+  In  (w  +  Vw2  ±  a2)  +  C. 


(%2  ±  a2)2       (m  -  n  +  1)  (w2  ±  a2)2 
um  du  um+1 


±  a*(m  -  ±)  r 

«_!        m  —  n  +  1  ./ 


(%2±a2)2 


m  —  n  +  3 


2)2 -1 

wm  d% 


2-1 


+  ^  —  3 


53./- 

? 

54.  f- 
M./! 


^+  7t  —  5      /•_._ 
1 


2-1 


,    m  +  n  —  3    r 
±a2(n-2)J 


du 


(u2  db  a2)2 


4.7  r      "w 

Iln(a+^u2  +  a*\+n 

*••  1              i  — 

J  u(u2  +  a2)* 
f        du         _ 

a     \           u          / 

<to.  I                         — 

J  u(u2  -  a2)^ 

.      r         du 

a              a 
_      Vw2  ±  a2 

4y.  1       ~"         •      •    — 
J  u2(u2  ±  a2)^ 

r         du 

-  ~-          i        2         '    '" 

r          du 

2  o2?v2          2  «3  n\             i/ 

<u    U*     lAt                     £A    \fr               \                         it 

r         du 

222          1     O  "   ^  ^^*^  ®®^        "I"   ^" 
a  it,          £  a               d 

i 

5"'J                   « 

2-1 

^ ,   ^ 
=  V w2  —  a2  —  a  arc  sec  -  +  C. 
a 


c. 


ww(u2±  a2)2 

— r        ,    /  a  +  V  w2  +  fl2  i  ,   /i 

a2  —  a  In  i 1  +  C. 

\  u  / 


J 

w  f(? 

u2 

n 

u 

\ 

n 

Hi 

V«*  T    V  »     3C  W    y  T  O. 

01  w                           _1_  n^ftn 
14>                                 jH  w-    ^//fc 

m  —  n 

-3 

f 

« 

(u2  ±  a2)2dw 

±  a2(m 

n 

CQ   r(u2±a2)zdu           (u2  ±  c 

-1) 

n 

um-2 
--1 

(n  — 

Forms  containing  Va2  —  u2 

59.  f  (a2  -  urfdu  =  ^  Va2  -  it2  +  ^  arc  sin  -  +  C. 
J  &  Z  a 

n 

60.  f  (a2  -  u^  du  =  u(a^~^]Z  +  ~^f  (a2  -u 

61.  fu(a2  - 

•^ 


x,  2 

62.  Cum(a2  -  %2)2  du  =  - 
«/ 


im-l(n2  _ 


—  - 

2^2 


+ 


OS./ 

6*-/: 


du 


(a2 


=  arc  sin  -  +  C. 


du 


66./ 

er./ 


u2du 


n-2 


a*         .    u 


(a2  -  %2)*         2 


-  =  -  z  Va2  -  u2  +  TJ-  arc  sin  -  +  C. 


(fl2  _ 


2  - 


.    u  ,  „ 
—  arc  sin  -  +  C. 


/*)/7) 
— 


o2(m 


rfl2  __  7,2 

\\As  lAf 


69./- 


a2  (?i-2)  (a2- 


2-1       m-n  + 


m-  n  +  3  /• 

•2-i       a2(n  —  2)  J 


(n  *  -  1) 


um~2du 


umdu 

r 
(nZ  _  uZ\'t 

\\M  V(/      J 


TO./. 


du 


u(a2  -  urf          a 

du          _  _  "Va2  —  u2 
u2(a2  —  u2)^  a  u 

•yo   r         du          _      Va2 
™'J  uW_urf~~~~Ta 


, 


2u2         2  a3 
a2~ 


73./- 


m  +  n-  3 
a2(m  —  1) 


ww-2(a2  -  it2)2 


74./. 


-    22 


u2)2      a2 


m  +  n  —  3  r 
a2n~2)J 


du 


75   f 
'J 


(a 


76.  f^ 

j 

77.  f^ 

78.  f^^ 

J  i 


a2  —  w2  —  a  cosh"1  -  +  C. 

it 


(02  _  M2)j  g2n  /•(g2--U2)2         ^ 

1-1     w  — m  +  l<^  WTO 


Forms  containing  V2  au  d=  u2 
The  Binomial  Reduction  Formulas  96-104  may  be  applied  by  writing 


79.JV2aw-w2dw  =  ^^  V2  aw  -  u2  +  ^  arc  cos^l  -  ^  +  C 


.a 


81.  J  umV2  au~u2du  =  ~ 

82  fV^  aw  —  u2du 
'J  u 

83  r^/2au-u2du  __  _  2  V2  au  - 

J  97, 2  II 

'*•/ 
8»./ 
88./ 

m.f 


m  +  2 
g(2m+  1)  /.    ,_,    /TT 

.     ,-.  I    I*  V  /i 

m  +  2     ,/ 


=  V2  aw  -  M2  +  a  arc  cos  ( 1  —  -)  +  C. 

\        a/ 


_  _  (2  cm  -  u'2fs 
~  3  OM« 


TO  -         r 

w     a(2m-;iJ 


V2  aw  - 
du 


:  =  arc  cos  1 


V2  aw  +  M 
88.  fF(u,  V2a 

89-f 

17 


=  In  (u  +  a  +  V2 


/0 
V2  au  — 


-  =  ~  V2 


-     (M  +  3a)V2cm-M2  ,  3  a2 
--  -  -     -- 


.2)  +  C. 

z  —  a,  Vz2  —  a2)  cfe,  where  2  =  w  +  a. 

-  /       w\ 

2  +  a  arc  cos  1  —  - )  +  C. 
\        at 

(1-f)+c- 

j  a(2  m  —  1)  /•    um~ldu 
m        J  • 


2  -y-arccos 


V2  aii  — 


93-/; 


V2  aw  -  w2 
aw 

V2  aw  -  w2      __ranJI 
a(2m-l)Mw     a(2m~: 


M./ 


(2  au  -  w2)t     aV2  aw  - 


Binomial  Reduction  Formulas 


96. 


97.  Cum(a  +  bu^du  = a  "*"  ,  \ 

J  pq  +  m+  1 


pq 

f         dM 
J  %OT(a  +  6Mr')" 


+  6Mr')"          a(m  -  l)um~l(a  + 
__  b(m  —  g  +  pq  —  1) 
a(w  -  1) 

du 


v  um(a  +  bu«)p      aq(p  -  l)um~i(a 


m  _—  g  +  PQ  —  1  r  _  du 


PQ  —  1  r 
-  1)      J  um(a 

100  f       ^M         =  —  In  /     U"     }  I  C. 

'J  u(a  +  &wy)      ag       \a  +  buq/ 

r(a  +  bu^}du  _        (a  +  bu")J>+1 
J          um          ~      a(m  -  l}um~l 

r 
J 


a(m  -  l}um~l 

b(m  —  q  —  pq  —  1)  r(a  + 


a(m  —  1)         J          um~9 
_         (a 


ra 

J  um          ~  (pq  —  m+  l}um~l 

apq         r(a 


r 
i<J 


pq  —  m 

//I/  m  rJiji                                            ti  ^ Q.'*- 
u   au     — £ 
(a  +  buq)p      b(m  —  pq  +  1) (a  +  buq}v   l 

_  a(m  —  q  +  1)    r  um~9  du 
b(m  —  pq  +  1)J  (a  +  buq)v 

1       r    um  du     __  um+l 

'J  (a  +  6w9)p  ~  aq(p  —  l)(a  +  ~buq}p~l 

_  m  +  q  —  pq  +  1  r       u^du 
aq(p  -  1)      J  (a  +  bu9} 


Forms  containing  a  +  bu  ±  cu?  (c  >  0) 

The  expression  a  +  bu  •+  cu2  may  be  reduced  to  a  binomial  by  writing 

6     7       62  —  4  ac 

2  —  r—>  fc  =  — r — 

2c  4  c2 

Then  a+  bu  +  cu2  =  c(z2  —  fc). 

The  expression  a  +  bu  —  cu2  may  be  reduced  to  a  binomial  by  writing 

.    6     T       b2  +  4  ac 

z+2-c'k  =  -r^— 

Then  a  +  bu  —  cu2  —  c(k  —  z*}, 

106.  /•         *»          =         2          arc  tan(  '  ro  +  "  >  C, 

Ja  +  &M  +  «2      V4oc-62  \V4  ac  -  62/ wien  52  <  4  a(,. 


106.  f- 

J  a 


au 


107.  f- 

J  a 


+  bu  +  cu2      V&2 
du  1 


4=to. 

—  4  ac     \. 


2cu+b~  V62  -  4  ac 


2cu 


V&2  -  4  ac)  +  °' 
when  62  >  4  ac. 


+  bu-  cu2      V&2  +  4  ac     \  V&2  +  4  ac  -  2  CM  +  6, 
r(Mu+  N)du      ±M,     ,     .  ,      ,       ,v. 

i.   I   -i ! ~  — }j-j  l(i  _j_  foil  -J_  gjj«)  A 

•^  a  +  &M  ±  CM2       2  c        v  y 


109.  fVa 

«/ 


110. 


in./ 


4  c 

~  4,-  In  (2  CM  +  6  +  2  V^Va  +  few  +  cw2)  +  C. 
8c^ 

2  "    ~ 


4  c 


Vo  +  6%  - 


arc ^ 


C. 


Va  +  &M  +  CM2      Vc 


. 
=  ~  In  (2  CM  +  6  +  2VcVa 


C. 


=  — =  arc  sin 


JLJL*.  i        .  ,          =  —  — p:  aic  suit  — 

J  Va  +  &M  -  czt2     Vc  Wfe2  +  4  ac 

113.  f-~^M== 

J  Va  +  &M  +  CM2 


Va  +  £m  + 


(2  CM  +  6  +  2  VcVa  +  6M  +  CM2)  +  C. 


IH./ 


u  du Va  +  bu  —  CM2 




Va  +  bu  -  cu2  c 

,     b  '    I  2  cu  —  b    \  .   „ 

H :  arc  sin      =  M-  C. 

2  *-  \ V&2  +  4  ac 


Other  Algebraic  Forms 


117. 

118. 
119.J 


o  —  u 


+  (a  -  6)  loge  (Va  +  M  +  V&  + 


_ 

+  (a  +  6)  arc  sin  -    —  —  -r  +  C. 


C. 


--      (o  +  ttX&-w)  -  (o  +  6)  arc  sin 

' 


=  —  Vl  —  w2  +  arc  sin  u+  C. 


+ 


M  — a)(&  — 


=  2  arc  sin 


Exponential  and  Logarithmic  Forms 

120.  feau  du  =  —  +  C. 
J  a 

/J)dU 
bau  du  =  -^—r  +  C. 
a  in  o 

122.  fueau  du  =  ^  (au  -  1)  -f-  C. 

*)  d 

lZ3.Juneau  du  =  -^ ^jun-leau  du. 

/ni  n'hau  v,         r> 

unbau  du  =  -V~i rh:  I  «"~J  &fla  du  -f-  C. 
o  In  &      a  In  &  J 

i  OK   rfra"  C?M ba"  a  In  6  rb^_du 

J    un    ~      (n-l)un-1  + n-lJ  un~1' 

126.  /In  %'cfa*  =  u  In  M  —  u  -+•  C. 


m/  11  n  In  if  fill  —  i/n  +  1        il1  "  •*•  4_  r 

.    I   U,      ill   U,  UM  —    «•  ^  .       j_  1  N2  I 

/n ,  m  + 1                                   ft          r 
um  In"  udu  =  — — -  In71  w —  /  um  In71"1  u  du. 
m  + 1               w  +  iJ 

129.  |  eau  In  M  «!M  = /  —  du. 

J  a          aJ   u 

/rlil 
; 


In  u 


Trigonometric  Forms 


In  forms  involving  tan  u,  ctn  u,  sec  u,  esc  w,  which  do  not  appear 
below,  first  use  the  relations 

tan  u  =  sm  u>     ctn  M  =  5°A^,     sec  w  =  -  ,     csc  M  = 


cos  w  sin  %  cos  u  sin 


131.  /sin  u  du  =  —  cos  w  +  C. 
132. 1  cos  w  du  =  sin  w  +  C. 

133.  /tan  w  dw  =  —  In  cos  u  +  C  —  In  sec  u  +  Ca 

134.  I  ctn  u  du  ~  In  sin  u  +  C. 

135.  /  sec  u  du  =  \ =  In  (sec  u  +  tan  u)  +  C 

J  J  cos%  ,          . 


136.  fcsc  udu~  \    .  u    =  In  (csc  u  —  ctn  u)  +  C 
J  J  sm  u 

=  In  tan  ^  4-  C. 


139.  J  sec  u  tan  u  du  =  sec  u  +  C. 

140.  I  esc  u  ctn  u  du  =  —  esc  u  +  C. 

141.  J  sin2  M  dtt  =  £  M  —  5  sin  2  w  +  C. 

142.  J  cos2  %  dit  =  £  M  +  i  sin  2  M  +  C. 

/f>ncre  +  l  i; 
cos"  usinudu  =  -  —  —  ~  +  C. 
n+l 

/OT  -K\  ?l  "T  1      f\l 
sin"  u  cos  «  du  =  —  —  -^  +  C. 
w  +  1 

145.  f  sin  mu  sin  n%  du  =  -  si"(w  +  n]u  +  ^(m~^  +  C, 
J  2  (m  4-  w)  2  (m  —  %) 

146.  fcos  mn  cos  nu  dw  =  si^(m  +  nju  +  ™  /"»-*)«  +  C. 
J  2(??i4-w)  2(m  —  n) 

147.  fsin  mw  cos  nu  du  =  -  co;  *(m  +  n?u  -<**  (*-»>*  +  c. 

J  2(w  +  w)  2(m  —  n) 


/Cllb 
r—  -  =  2  csc  a  arc  tan  (tan  4  a  tan  4  M)  +  C. 
1  +  cos  a  cos  u 

149.  T  -  ^  -  =  csc  a  !„  A  +  tan  jotan  j«\  % 

J  cos  a  +  cos  u  \1  —  tan  |  a  tan  ^  w/ 

=  2  csc  a  tanh~  1  (tan  -J  a  tan  %u)  +  C  (tan2  ^  w  <  ctn2  -| 

//7<i/ 
7—  -  :  —  =  2  csc  a  arc  tan  (csc  a  tan  J  u  +  ctn  a)  +  C. 
1  +  cos  o  sin  u  v  J  ' 

15L  f  -  ^_  =  csc  aln  /tana-  tan  iu-  see  o\      c 
J  cos  a  +  sm  w  \tan  a  4-  tan  f  %  +  sec  a) 

[  (ctn  a  tan  \  u  +  csc  a)2  < 
=  —  2  csc  a  tanh"1  (ctn  a  tan  J  w  +  csc  a)  +  C 

[(ctn  a  tan  ^  M  +  csc  a)2  < 


i  co   f  d%  1         , 

152<  J  a2cos2W  +  62sin2u  =  ^6  &TC  t 

153.  f  e™  sin  n^  du  =  «"(«  ^  ntt  -  n  cos  nu)      c> 

J  a2  +  w2 

154.  />•  cos  nu  dw  =  ^(nsinnu+acosnu)      c> 
^  a2  +  n2 

155.  J  it  sin  u  du  =  sin  u  —  u  cos  tt  +  C. 

156.  J  u  cos  M  du  —  cos  %  +  u  sin  w  +  C. 


157.  fsin»Wdu  =  -  sn'  u  cos  u  +  2-n    fsin-'wdu. 
J  n  n    J 


158.  ueftt  =  + 

J  n  n 

IRQ  C  du    _  __  cos  u  __  .  n  —  2  r     du 
J  smnu~      (n—  l)smn~lu      n  —  lJ  sinn~2 

160  /*.  ^    ==  sin  u  __  ,  n  —  2  /-     dzt 

'J  cosnw~~   n  —  l)cosn~1%      n  —  lJ  cos"~2% 


181. 


m  +  n  m  +  n 

ico    /VnQ"  "  "         "'  rtr>°         "'        ™ 

JLU«.   I    l-UB 

C?M 


r 
J 


163. 


cosmu  sinnw.      (m  —  1)  sin""1^  cos"1"1 
m+  n  —  2  r          du 
w  —  1    J  co 


n 


w  snnw 


164.  r    rfM 

t/    ' 


cosmw  sin"M          (n  —  1)  sin71 


cos^w  sin"  ~2 16 

4  ^  e      /  \j\ja      i*  \M vb  COS  w  Tfl  <l  ~r"   ^ 

loo. 


sin"M  (n  —  1)  sin""-^          n  ~  1     J   sinn~2M 

cos7""1?* 


ice  fCQSM    u  __         cos~u         .m_— 
'J     smnu         (m  —  w)  sm"-1M     tn  — 

icy  rsin^M  du  __         sin^+^M  __  n~  •  m  +_2  /- 

'J     COSTO14     ~  (W  —  1)  COS771"1!*  W—  1      J 

i  CQ  fsi^M^M  _  __  siri'1"1^  __   ^u~. 
v    cosmw  (w~m)cosm~1tt      n— 

/i'fl'n^'^"  ^^y 
tannw  rf%  =  •        -^  - 
w  —  1 

170.  fctnnw  du  =  -  Jfoffr!* 
J  w—  1 

171.  />«*"*  dw  =  ^co^-^Cacostt 

J  a2  H-  n2 

-f  ^rV  fe™cos"-2udu. 
az  +  n2  J 

172.  />Bin-«  **  =  ^^"-^(flBinu-ncoB 

J  a2  4-  n2 


a2  +  n2 


/ni  m  —  1 
wmcos  au  du  =  —  5-  (au  sin  au  +  m  cos  era) 
(Ji 


/ym  —  l 
umsin  au  du  —  •  ••-  -  -  (m  sin  au  —  au  cos  au) 
or 

-  m(w  ~  *)  (V-2  sin  cm  <to. 
a2       J 

Inverse  Trigonometric  Functions 

175.  fare  sin  w  era  =  u  arc  sin  w  +  Vl  —  u2  +  C. 

176.  fare  cos  u  du  =  u  arc  cos  u  —  Vl  —  u2  +  C. 

177.  /  arc  tan  udu  =  u  arc  tan  u  —  In  Vl  +  u2  +  C. 

178.  J  arc  ctn  udu  =  u  arc  ctn  M  +  In  Vl  +  u2  +  C. 

179.  /  arc  sec  u  du  =  u  arc  sec  u  —  In  (u  +  Vw2  —  l)  +  C. 

=  it  arc  sec  u  —  cosh"1  u  +  C. 

180.  f  arc  esc  u  du  =  M  arc  esc  %  +  In  (u  +  Vw2  —  1  )  +  C 

=  w  arc  esc  u  +  cosh"1  w  +  C. 

Hyperbolic  Functions 

181.  J  sinh  u  du  —  cosh  u  +  C. 

182.  J  cosh  udu  =  sinh  %  +  C. 

183.  j  tanh  w  dw  =  In  cosh  M  +  C. 

184.  /  ctnh  u  du  =  In  sinh  u  -\-  C. 

185.  /  sech  u  du  =  arc  tan  (sinh  w)  +  C  =  gd  M  +  Co 

186.  I  csch  %  du  =  In  tanh  J  u  +  C. 

187.  J  sech2  u  du  =  tanh  u  +  C. 

188.  j  csch2  u  du  =  ~  ctnh  u  +  C. 

189.  /  sech  M  tanh  udu~  —  sech  -M.  4-  O. 


190.  /  csch  u  ctnh  u  du  ~  —  csch  u  +  C. 

191.  J  sinh2  udu  —  ^  sinh  2  w  —  -|  M  +  C. 

192.  I  cosh2  w  dw  =  5  sinh  2ii  +  ^u+  C. 

193.  J  tanh2  udu  =  u  —  tanh  w  +  C. 

194.  /  ctnh2  u  du  =  u  ~  ctnh  u  +  C. 

195.  J  u  sinh  %  dw  =  u  cosh  -u  —  sinh  u  +  C. 

196.  J  u  cosh  %  <iw  =  u  sinh  w  —  cosh  u  +  C. 

_____ 

sinh"1  udu  =u  sinh"1  w  —  Vl  +  w2  -j-  C. 

198.  J  cosh"1  u  du  =  u  cosh"1  w  —  V^2  —  1  +  C1. 

199.  f  tanh-1  u  f*w  =  u  tanh-1  u  +  i  In  (1  -  w2)  +  <7. 

200.  fctnh-1  udu  =  u  ctnh-1  M  +  |  In  (1  -  w2)  +  C. 

201.  I  sech"1  M  d!%  =  u  sech"1  u  +  gd  (tanh"1  %)  4-  C 

=  w  sech"1  %  +  arc  sin  %  +  C. 


.  j  csch"1  udu  =  u  csch~1  u  +  sinh"1  u  -f  C. 


sinhfrw  —  ri)u 
2(m-n) 


202 


204.  f  cosh  mtt  cosh  n«  du  =  sin0h,  (m  +  ^  +  ^  (m  ~  ^  +  C.  fm>; 
J  2(m  +  n)  2(m  —  n)  \    < 

nnK   r  .  ,  ,         ,       cosh  (m  +  ri)u  .  vosh(m~n^i  ,   „  (    > 

205.  I  sinh  mw  cosh  nw  dw  =  -  -n/    ,     /    H  --  ~  -  r2—  +  C.  (m  <  i 
J  2(m  +  n)  2(wi~w)  \    < 

206.  f  —  =  —  ~  —  :  —  =  2  csch  a  tanh-1  (tanh  £  M  tanh  J  a)  +  C. 
J  cosh  a  4-  cosh  u 

207.  T  -  —  —  ^  —  =  2  esc  a  arc  tan  (tanh  |  w  tan  f  a)  +  C. 
J  cos  a  +  cosh  w 

208.  f  -  ~  -  =  —  =  2  esc  a  tanh  "  x  (tanh  J  u  tan  |  a)  +  C 

J  1  +  cos  a  cosh  u  (tanh2  i  u  <  Ctn2  4 

ncosh  ww) 


n««  C  n,    '  i         j        eau(asnww  —  ncos   ww    ,  ^ 
209.  I  eau  sinh  n%  dw  =  —  ii  -  5  -  5  -  4  +  C. 
J  a2  —  n2 

T  n,.      -L.       j       eaa(acoshnu  —  nsinhnu)  .  „ 

/  adu  rtnoh  wo/  flti  —  -  i  -  i.  ~i-   (] 


INDEX 


(The  numbers  refer  to  pages) 


Absolute  convergence,  348 

Acceleration,  curvilinear  motion, 
121 ;  rectilinear  motion,  83 

Adiabatic  law,  70 

Agnesi,  witch  of,  531 

Anchor  ring,  267 

Angle  of  intersection,  of  plane 
curves,  43 ;  polar  form  of,  126 ; 
of  skew  curves,  475 ;  of  surfaces, 
481 

Approximate  formulas,  367,  372, 
490 

Arc,  centroid  of,  335;  differential 
of,  142, 144,  473  ;  length  of,  plane 
curve,  271 ;  skew  curve,  473 

Archimedes,  127,  128,  155,  277,  534 

Area,  of  a  curved  surface,  517 ;  mo- 
ment of,  320,  503,  514  ;  moment 
of  inertia  of,  508,  514  ;  plane,  241, 
258,  498;  in  polar  coordinates, 
262,  512 ;  of  a  surface  of  revolu- 
tion, 277 

Astroid,  119,  533 

Auxiliary  equation,  390 

Bending,  direction  of,  75 
Bernoulli,  lemniscate  of,  532 
Binomial  differentials,  299,  307 
Binomial  theorem,  1,  353 
Boyle's  law,  70 

Calculation,  of  e,  361;  of  loga- 
rithms, 362  ;  of  -7T,  366 

Cardioid,  117,  119,  125,  135,  145, 
155,  244,  271,  275,  281,  323,  335, 
516,  517,  533 

Catenary,  152,  270,  276,  282,  423, 
432,  434,  532 

Cauchy,  345 


Center  of  fluid  pressure,  506 

Centroid,  of  a  homogeneous  solid, 
522,  526;  of  a  plane  area,  320, 
337,  503 ;  of  a  solid  of  revolution, 
323 

Change  of  variable,  166,  240,  457 

Cissoid,  44,  46,  270,  277,  322,  531 

Complementary  function,  394 

Complex  number,  440 

Compound-interest  law,  399 

Conchoid,  532 

Conoid,  284 

Constant,  7;  absolute,  7;  arbi- 
trary, 7  ;  of  integration,  189,  229, 
•  233,  376 ;  numerical,  7 

Continuity  of  functions,  12,  444 

Convergence,  340 

Coordinates,  cylindrical,  6,  524- 
527;  polar,  123;  spherical,  6, 
529,  530 

Cosine  curve,  533    , 

Critical  values,  52 

Cubic,  skew,  474 

Curvature,  149 ;  center  of,  157, 
171;  circle  of,  153,  170;  radius 
of,  152 

Curve-tracing,  81 

Curvilinear  motion,  120,  146 

Cycloid,  116,  119,  144,  151,  161, 
244,  270,  274,  276,  281,  532 

Cylindrical  coordinates,  6,  524-527 

Derivative,  definition,  21 ;  inter- 
pretation of,  by  geometry,  25, 
446 ;  partial,  445 ;  as  a  rate,  64 ; 
symbols  for,  22,  445 ;  total,  455 ; 
transformation  of,  166 

Descartes,  folium  of,  46,  119,  288, 
533 


Differential,  136 ;  of  arc,  142,  144, 
473  ;  of  area,  237 ;  formulas  for, 
140 ;  geometric  interpretation, 
137,  477;  as  an  infinitesimal, 
146 ;  total,  449 

Differential  coefficient,  21,  136 

Differential  equations,  applications 
to  mechanics,  402;  definitions, 
375;  first  order,  378;  higher 
order,  387;  homogeneous,  380; 
linear,  383,  390,  407 

Differentiation,  22 ;  formulas  for, 
28,  29,  86,  87,  115,  119,  420,  425, 
426,  435  ;  general  rule  for,  23  ;  of 
implicit  functions,  40,  73,  154, 
458 ;  logarithmic,  93 ;  partial, 
445,  462 ;  successive,  73,  462 

Diodes,  cissoid  of,  44,  46,  270,  277, 
322,  531 

Direction  of  a  curve,  42 

Ellipsoid,  280,  285,  522 

Envelopes,  466 

Equations,  graphical  solution,  128 ; 
interpolation,  129;  of  motion, 
120 ;  Newton's  method,  131 

Errors,  138,  451 ;  percentage,  138 ; 
relative,  138 

E volute,  158,  469;  of  the  cycloid, 
161 ;  of  the  ellipse,  160,  533 ;  of 
the  parabola,  159,  470;  proper- 
ties of,  162 

Exponential  curve,  89,  535 

Exponential  function,  89 

Factorial  number,  338 

Family  of  curves,  230,  466 

Fluid  pressure,  325 ;  center  of,  506 

Fluxions,  19,  357 

Folium  of  Descartes,  46,  119,  288, 
533 

Formulas,  approximate,  367,  372, 
490 ;  for  reference,  1-6 

Fourier,  238 

Function,  complementary,  394 ; 
continuity  of,  12,  444;  decreas- 
ing, 50 ;  definition  of,  8,  444 ; 


derived,  21 ;  differentiate,  21, 
23 ;  discontinuous,  example  of, 
108 ;  exponential,  89  ;  of  a  func- 
tion, 37 ;  graph  of,  10,  444 ;  hy- 
perbolic, 414,  415;  implicit,  39, 
73,  458  ;  increasing,  50 ;  inverse, 
38 ;  inverse  hyperbolic,  423 ;  in- 
verse trigonometric,  105 ;  loga- 
rithmic, 89  ;  mean  value  of,  333  ; 
periodic,  97 ;  of  several  variables, 
444;  sine,  97;  table  of  hyper- 
bolics,  416  ;  transcendental,  86 ; 
trigonometric,  99 

Fundamental  theorem  of  the  in- 
tegral calculus,  254-257 

Graph  of  a  function,  10,  444 
Gravity,  center  of,  320,  323 
Greek  alphabet,  6 
Gudermann,  435 

Gudermannian,  435  ;  inverse,  435 
Gyration,  radius  of,  508 

Harmonic  vibration,  403,  405 
Helix,  circular,  473,  474,  482 
Horner's  method,  130 
Hyperboloid,  528 

Hypocycloid,  46, 119, 156,  244,  268, 
270,  276,  280,  288,  468,  533 

Increments,  19 ;  approximation  of, 
137,  451 

Indeterminate  forms,  174 

Inertia,  moment  of,  508,  514 

Infinitesimals,   17 ;    replacement 
theorem,  147 

Infinity,  13 

Inflectional  points,  79 

Initial  conditions,  229 

Integrals,  188 ;  change  in  limits, 
240;  decomposition  of  interval, 
250 ;  definite,  237 ;  discontinu- 
ous, 251 ;  geometric  representa- 
tion, 244,  492;  improper,  250- 
253 ;  indefinite,  189  ;  interchange 
of  limits,  249;  multiple,  491; 
table  of,  538 ;  use  of  table,  315 


Integrand,  195 

Integration,  187  ;  approximate,  245 ; 
of  binomial  differentials,  299 ; 
formulas  for,  191-193,  430,  432, 
433,  435  ;  fundamental  theorem 
•  of,  254 ;  by  mlscellaireotts-substi- 
tutions,^221,  305,^432^  by  parts, 
223;  by  rational fractions,  289; 
by  rationalization,  221,  296  ;  by 
reciprocal  substitution,  305;  by 
reduction  formulas,  307,  312 ; 
successive,  491 ;  'of  trigonometric 
forms,  213,  303,  312 

Interpolation,  129,  372 

Interval  of  a  variable,  7 

Involute,  163  ;  of  a  circle,  156,  276, 
288,  537 

Isothermal  expansion,  330 

Jacobi,  445 

Laplace,  19 

Laws  of  the  mean,  172,  182,  482 

Leibnitz,  26 

Lemniscate,  127,  155,  263,  515,  516, 
517,  532 

Length  of  arc,  plane  curves,  271  ; 
in  polar  coordinates,  274 ;  of 
skew  curves,  473 

Limagon,  534 

Limit  of  a  variable,  10 

Limits,  change  in,  240 ;  of  an  inte- 
gral, 238 ;  theorems  on,  11,  17 

Lituus,  534 

Logarithmic  curve,  89,  535 

Logarithmic  differentiation,  93 

Logarithmic  function,  89 

Logarithms,  common,  88 ;  natural, 
87 

Loxodrome,  439 

Maclaurin's  series,  357,  367 
Maxima  and  minima,  47 ;   analytic 

treatment,  182  ;    definitions,  52  ; 

first  method,  53 ;  functions  of  two 

variables,  483;    second  method, 

76 


Mean  value,  extended  theorem  of, 
182;  of  a  function,  333;  theo- 
rems of,  172,  482 

Mechanics,  402 

Mercator,  439  ;  chart,  439 

Moment,  of  area,  320,  503 ;  of  in- 
ertia, 507,  508,  514;  polar,  510, 
514 

Motion,  curvilinear,  120;  recti- 
linear, 65,  83 

Napierian  logarithms,  88 
Newton,  19,  27,  131,  132,  133,  332, 

401 

Nicomedes,  conchoid  of,  532 
Normal,  to  a  plane  curve,  43  ;  plane 

to  a  skew  curve,  471,  480 ;  to  a 

surface,  475 

Osculating  circle,  170 

Pappus,  theorems  of,  335,  504 
Parabola,  532,  537;    cubical,  156, 

531 ;  semicubical,  266,  498,  531 
Parabolic  rule,  247 
Paraboloid  of  revolution,  268,  521, 

528 

Parameter,  115,  466 
Parametric    equations,    115;    first 

derivative,  115;    second  deriva- 
tive, 119 

Point  of  inflection,  79 
Polar  coordinates,  123  ;  moment  of 

inertia,    514;     subnormal,    126; 

subtangent,  126 
Power  rule,  32 
Pressure,    fluid,    325;      center   of, 

506 

Probability  curve,  535 
Projectile,  121,  234,  471 

Quadratic  equation,  1 

Radius,    of    curvature,    152;     of 

gyration,  508 
Railroad  curves,  152 
Rates.  64.  455 


Rectification,  of  plane  curves,  271 ; 

in    polar    coordinates,    274;     of 

skew  curves,  473 
Reduction  formulas,  307,  312 
Replacement  theorem,  147 
Rhumb  line,  439 
Belle's  theorem,  169 
Roots  of  equations,  128 
Rose-leaf  curves,  536 

Secant  curve,  535 

Sequence,  338 

Series,  338;  absolute  convergence, 
348;  alternating,  347;  approxi- 
mate formulas  from,  367,  372; 
binomial,  353;  Cauchy's  test, 
345 ;  comparison  tests,  342 ;  con- 
vergent, 340 ;  differentiation  and 
integration  of,  365;  divergent, 
340 ;  geometric,  339 ;  harmonic, 
342;  Maclaurin's,  357;  opera- 
tions with,  362 ;  oscillating,  339 ; 
p,  344;  power,  350,  354; 
Taylor's,  369,  488 

Simpson's  rule,  247 

Sine  curve,  533 

Skew  curves,  471,  480;  length  of, 
473 

Slope  of  a  curve,  42 ;  parametric 
form,  115 ;  polar  form,  125 

Solids  of  revolution,  centroid  of, 
323 ;  surface  of,  277 ;  volume  of, 
265,  267,  268 

Speed,  121,  146 

Spherical  coordinates,  6,  529,  530 

Spheroid,  oblate,  266;  prolate, 
266 

Spiral,  of  Archimedes,  127, 128,155, 
277,  534;  hyperbolic  or  recip- 
rocal, 119,  128,  264,  277,  534; 
logarithmic  or  equiangular,  127, 
128,  534 ;  parabolic,  535 


Stirling,  357 
Strophoid,  534 
Subnormal,  43  ;  polar,  126 
Subtangent,  43  ;  polar,  126 
Successive  differentiation,  73,  462 
Successive  integration,  491 

Table,  of  hyperbolic  functions,  416 ; 

of  integrals,  538 
Tangent,  horizontal,  42,  117;  to  a 

plane  curve,  43  ;  to  a  skew  curve, 

471,  480 ;  plane  to  a  surface,  475  ; 

vertical,  42,  117 
Tangent  curve,  535 
Taylor's  theorem,  369,  488 
Telegraph  line,  428-429 
Torus,  267 
Tractrix,  85,  270,  282,  419,  423,  436, 

537 

Transformation  of  derivatives,  166 
Transition  curves,  152 
Trapezoidal  rule,  245 
Triple  integration,  521 
Trisectrix,  155,  264 

Variable,  change  of,  166,  457;  defi- 
nition, 7;  dependent,  8;  inde- 
pendent, 8  » 

Velocity,  curvilinear  motion,  120, 
146 ;  rectilinear  motion,  65 

Vibration,  damped  harmonic,  405 ; 
forced  harmonic,  405 ;  simple 
harmonic,  403 

Volume,  of  a  hollow  solid  of  revo- 
lution, 267;  of  a  solid  with 
known  cross  section,  283 ;  of  a 
solid  of  revolution,  265,  267; 
under  a  surface,  501,  524;  by 
triple  integration,  521,  526 

Witch,  62,  251,  269,  322,  531 
Work,  328 
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